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INCOMPRESSIBLE NAVIER-STOKES EQUATIONS IN
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Abstract. Including data into numerical simulations has always been an issue of paramount
relevance in the prediction of fluid geophysics phenomena, especially in weather forecast and oceanog-
raphy, since a long time. Due to advanced and efficient techniques in biomedical imaging we can now
collect a huge amount of measurements also for the cardiovascular system. Our goal is to use these
- in general - noisy and sparse data to get an accurate approximation of the blood flow in vessels
in order to predict physical quantities of medical relevance. The combination of measurements and
governing principles is known in literature as Data Assimilation (DA).

In this work we propose a DA technique for including noisy measurements of the velocity field
into the simulation of the Navier-Stokes Equations (NSE) driven by hemodynamics applications.
Specifically, the technique we present is formulated as an inverse problem where we use a Discretize-
then-Optimize approach to minimize the misfit between the recovered velocity field and the data,
subject to the state equations, i.e. the incompressible NSE. The discretization is carried out by
means of the Finite Element method. The DA procedure for this nonlinear problem is a combination
of two approaches: the Newton method for the NSE, a common iterative procedure for the treatment
of the nonlinear advection term, and the DA procedure we designed and tested for linear problems,
specifically for the Oseen problem.

In this paper we discuss in detail conditions on the location of velocity measurements that
guarantee the well-posedness of the minimization process for the Oseen problem. Numerical results,
with both noise-free and noisy data (either known by analytical solution or generated synthetically
solving a forward problem), are presented to certify the theoretical analysis. Moreover, we consider
the presence of the noise on 2D non-trivial geometries and its impact on non-primitive variables of
medical interest such as the wall shear stress.

Key words. Computational Fluid Dynamics, Optimization, Inverse Problems, Data Assimila-
tion, Hemodynamics

1. Introduction. Numerical methods for incompressible fluid dynamics have re-
cently received strong impulse from applications to the cardiovascular system (see e.g.
[7, 8, 13, 18, 19, 17]). A strong integration of data and numerical modeling is expected
to bring a great benefit to the development of mathematical and computational tools
with a clinical impact. The introduction and improvement of measurement and imag-
ing devices enhances the integration process and opens new challenges; as an example
Figure 2.1 reports an MRI [20] of the ascending aorta where blood velocity measure-
ments have been collected. Beyond validation, these additional data can be used
in simulations of cardiovascular problems to improve the accuracy of the recovered
solution and increase the reliability of numerical results. While for hemodynamics
this is a new field of investigation, the assimilation problem is well-known in other
engineering fields; among those we mention geophysics and meteorology, where sparse
and noisy data are combined with dynamic principles to get an accurate prediction of
physical phenomena. The process of combining governing principles and data, which
are in general sparse, irregularly distributed and subject to random noise is known in
literature as Data Assimilation (DA).
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In this paper we present a DA technique in computational fluid dynamics for
including noisy measurements of the blood velocity into the simulation of the Navier-
Stokes Equations (NSE) in a region of interest. The idea underneath this project
comes from an interaction with the Emory Children Healthcare of Atlanta (CHOA);
here, medical doctors are investigating on patients with the bicuspid aortic valve which
is the most common congenital heart defect. Approximately one third of patients de-
velop serious complications often starting with dilatation of the aorta. Current clinical
methods poorly predict developments of these complications and fail to guide deci-
sions for early intervention. Biomedical engineers, using 4D phase-velocity encoded
MRI, want to determine and analyze the blood flow patterns in the aortic root as an
indicator of the development of complications [20].

In this work we address a simplified test case and we refer to future work for
realistic applications. For a brief overview of DA techniques during the last 50 years
we refer to, among others, [10, 16, 21]. In Section 2 we present the mathematical
formulation of the linearization of the NSE and we introduce a numerical scheme for
its numerical solution. Other methods can be devised for this goal; some of them
have been investigated in [5]. Upon results reported there, we decide to resort to the
Discretize-then-Optimize (DO) approach to determine optimal boundary conditions
that guarantee computed velocities to match the data. In Section 3 we present a
result for the well-posedness of the formulation in terms of data availability and lo-
cation. In Section 4 we extend the formulation to the nonlinear NSE. In Section 5
we present and discuss numerical results focusing on the discretization error both for
non-noisy and noisy data; we also present validation results concerning well-posedness
and regularization techniques. Finally, in Section 6 we draw some conclusions and we
present future research guidelines.

2. The formulation of the DA problem.

2.1. Mathematical formulation. Different approaches can be pursued for as-
similating available data of the velocities with the mathematical model. Here, we
formulate the assimilation technique as a control problem where we minimize the
misfit between the numerical results (predicted data) and the data itself.

Let us denote by Ω a domain in Rd (d = 2, 3; in real applications d = 3, however
in this work we limit numerical results to the 2D case). We assume (see Figure 2.2)
that the domain of interest Ω features an inflow boundary Γin, an outflow boundary
Γout and the physical wall of the vessel Γwall. Γin and Γout can possibly consist of
more connected sections. Variables of interest are velocity u(x) and pressure p(x)
which are assumed to obey the NSE in Ω. Also, we assume to have Ns velocity
measures d available at some sites1 xmeasi ∈ Ω. We formulate the DA problem as an

1Notice that we use the word “sites” for the location of measurements, as opposed to the word
“nodes” for points where velocities are computed. In general sites and nodes are different, but we
do not exclude that the intersection of sites set and nodes set in non-empty.
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Figure 2.1. View of blood measured ve-
locities in an MRI of the ascending aorta [20].

Figure 2.2. Possible 3D domain approx-
imating an artery with associated measured
sparse data for the velocity.

inverse problem of the form

min
h
J (u, h) = dist(f(u), d) +R(h)

s.t.



∂u
∂t
− ν ∇ · (∇u +∇uT) + (u · ∇)u +∇p = s in Ω,

∇ · u = 0 in Ω,

u = 0 on Γwall,

−ν (∇u +∇uT) · n + p · n = h on Γin,

−ν (∇u +∇uT) · n + p · n = g on Γout.

(2.1)

Here, dist(·, ·) is a distance which will be specified later on; R(·) is a regulariza-
tion term. In this formulation f is a filtering function for the velocity field, and the
constraint consist in the unsteady incompressible NSE. A Newtonian rehology is sup-
posed to hold, since it is a common assumption in large and medium vessels [7]; in
this context ν is the kinematic viscosity. Despite this realistic setting, in this work we
consider the simplified steady formulation. We present the method for the linearized
equations (Oseen problem) at first. Here, the nonlinear convection term (u · ∇)u is
replaced with (β · ∇)u, where β is a known advection field. Then, we will proceed
by treating the nonlinear case. The choice of homogeneous Dirichlet boundary condi-
tions on Γwall is due to the fact that we consider fixed geometries; conditions on Γin
and Γout correspond to the prescription of a pressure drop between the two sections.
In this case, the boundary function h is the control variable, in fact we aim at find-
ing the optimal pressure drop such that some distance between velocity and data is
minimized.

2.2. Numerical solution of the Oseen problem. For the numerical solution
of the optimization problem we focus on the linear Oseen problem introduced in
the previous section. The choice of the optimization scheme is due to a comparison
analysis presented in [5] where the DO technique proved to be the most efficient. In
this procedure we first discretize the continuous formulation, by means of the Finite
Element (FE) method; this yields the following algebraic optimization problem (for
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a ≥ 0)

min
H
J (V, H) =

1
2
‖DV − d‖22 +

a

2
‖LH‖22

s.t. SV = RT
inMinH + F.

(2.2)

For a > 0, the term a
2‖LH‖22 has a regularization purpose (Tikhonov regularization,

see [9]) and, as a matter of fact, guarantees well-posedness when the position of the
data does not ensure the existence of a unique minimizer. More in general, it improves
the conditioning of the problem, that can be affected by the presence of noise. We
select L such that LTL is positive definite. We introduce the following notations,

V =
[

U
P

]
, S =

[
C + Aβ BT

B O

]
, (2.3)

where U ∈ RNu and P ∈ RNp are the discretization of velocity, pressure belonging
to inf-sup compatible FE spaces (see e.g. [14], chapters 9, 10). H ∈ RNin is the
discretization of the control variable h. Nin is the number of Degrees Of Freedom
(DOF) of the velocity on Γin. In the following paragraph we specify matrices involved
in the formulation.

The matrices involved in the minimization process. In formulating the minimiza-
tion problem, we need to introduce some special matrices. Let Q ∈ RdNs,Nu a matrix
designed such that [QU]i is the FE numerical solution evaluated at the data sites and
corresponding to [d]i, for i = 1, ..., dNs. When measurement sites coincide with DOF
[QU]i is simply the corresponding entry of U; when measurement sites do not corre-
spond to DOF points, [QU]i is the value of the FE numerical solution evaluated at
xmi obtained by a weighted sum of the FE lagrangian basis functions. As an example,
let us consider the grid of Figure 2.3, with a P1bubble-P1 discretization for the ve-
locity and pressure. Two possible sites location on Γin are illustrated. The row of the
matrix Q (relative to the first velocity component, denoted by Qx) in correspondence
of the site x∗, is also reported for each case. While in the first case at row ∗ we have
one non-zero entry, in the second case, we have two non-zero entries corresponding
the grid nodes of the edge x∗ belongs to. In fact, if we consider the marked site (x∗)
of Figure 2.3 (right), we have

u(x∗) = Uaϕa(x∗, y∗) + Ubϕb(x∗, y∗), (2.4)

where ϕa (b)(x∗, y∗) is the lagrangian FE basis function for the velocity relative to the
node xa (xb). Consequently, in the matrix Q at the row ∗ we have a non-zero entry
at columns a and b. Similar arguments can be used for Qy (and Qz for 3D problems).
We extend the selection matrix to pressure DOF, introducing the matrix D= [Q O].

Moreover, let Rin,u ∈ RNin,Nu be a restriction matrix which selects the DOF of
the velocity on Γin. The generalization of Rin,u to velocity and pressure DOF reads

Rin = [Rin,u O] , Rin ∈ RNin,Nu+Np . (2.5)

Let Min ∈ RNin,Nin be the discretization of the mass operator restricted to inlet
boundary nodes, specifically

[Min]kl =
∫

Γin

ϕjl
∣∣
Γin

ϕik
∣∣
Γin

dσ k, l = 1, ..., Nin, (2.6)
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Figure 2.3. Possible choices of sites location and corresponding rows for the matrix Q (only
Qx is reported) in correspondence of site x∗ . Left: sites coincident with grid nodes. Right: sites
non-coincident with grid nodes.

where ϕ are the lagrangian basis functions associated with the velocity and {ik} and
{jl} are subsets of the velocity indexes, selecting DOF on Γin.

Finally, let C, Aβ ∈ RNu,Nu and B ∈ RNp,Nu be the discretization of the diffusion,
advection and divergence operators. More specifically,

[C]ij =
∫
Ω

ν(∇ϕj +∇ϕT
j ) · ∇ϕi dx, i, j = 1, ..., Nu,[

Aβ
]
ij

=
∫
Ω

β · ∇ϕjϕi dx i, j = 1, ..., Nu,

[B]ij =
∫
Ω

∇ ·ϕj ψi dx, i = 1, ..., Np, j = 1, ..., Nu,

(2.7)

where ψi are the lagrangian FE basis functions associated with the pressure.
For the solution of problem (2.2), we use the Reduced Hessian method to solve

the system necessary conditions for optimality induced by the Lagrangian

L(V,H,Λ) =
1
2
‖DV − d‖22 +

a

2
‖LH‖22 + ΛT(SV − RT

inMinH− F), (2.8)

where Λ ∈ RNu+Np is the discrete lagrangian multiplier. The set of necessary condi-
tions for the optimality is given by the KKT system [12]

∂L
∂V = DT(DV − d) + STΛ = 0

∂L
∂H = aLTLH−MT

inRinΛ = 0

∂L
∂Λ = SV − RT

inMinH− F = 0.

(2.9)

By defining Z=DS−1RT
inMin and Hr = ZTZ + aLTL the reduced system reads

HrH = ZT(d−DS−1F), (2.10)

where Hr is the Reduced Hessian associated with L, defined as the projection of
∇2J on the constraints. The matrix Z can be regarded as Z=d(DV)

dH , the so-called
sensitivity matrix [12]. The spectral properties of this matrix determine conditioning
and well-posedness of the problem, as addressed in Section 3.

3. Well-posedness of the discrete minimization problem. In this Section
we address the problem of well-posedness of the DA formulation for the Oseen prob-
lem. We investigate sufficient and necessary conditions for the existence of a unique
minimizer relying on the theory of optimization problems. We consider the classical
Tikhonov regularization. Moreover, a specific regularization method inspired by the
well-posedness result will be addressed.
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3.1. Sufficient and necessary conditions. We analyze the existence of a
unique minimizer for the Partial Differential Equation (PDE) constrained problem
under suitable assumptions on the number and location of the data. It is worth to
mention that results we present are strictly related to the specific choice of the control
variable; a different choice (e.g. the total pressure, the outflow Neumann boundary
condition, etc...) would imply different optimality conditions.

According to the formulation we presented in Section 2.2 the DO technique yields
an algebraic optimization problem whose Lagrangian and system of necessary condi-
tions are defined in (2.8) and (2.9).

Proposition 3.1. [12] Necessary (sufficient) conditions for optimality: Hr is
positive semi-definite (definite).

This statement corresponds to requiring “second order” conditions, being the
“first order” automatically satisfied as long as (V, H) solves (2.9).

Since Hr is in the form ZTZ + aLTL, necessary conditions are always satisfied.
Sufficient condition is attained by proving that the matrix is non-singular.
Let v ∈ RNu+Np be the vector such that

v = S−1RT
inMinx, (3.1)

where x is a generic non-null vector. Then, we can write

xTHrx = vTDTDv + axTLTLx. (3.2)

Since x 6= 0, DTD ≥ 0 and LTL > 0, we conclude that using a regularization term, i.e.
a > 0, always yields the well-posedness of the problem, no matter how we sample the
data. The most interesting case is therefore proving a well-posedness result without
a regularizing term; hence, from now on, we assume a = 0 and we focus on the first
term in (3.2).

Proposition 3.2. For a = 0, a sufficient condition for the well-posedness of the
minimization problem (2.2) is

Null(D) ∩Range(S−1RT
inMin) = {0}. (3.3)

Proof. Take x 6= 0; then, v = S−1RTMinx 6= 0 since Min and S are non singular
and R is full rank. Under the condition (3.3) Dv 6= 0; hence, xTHrx > 0 for all x 6= 0.

We need to analyze how the fulfillment of (3.3) is subordinated to the reciprocal
location (and number) of sites and nodes. In view of Proposition 3.4, we prove the
following Lemma.

Lemma 3.3. If a generic vector x in RNin is such that x 6= 0, then Rinv 6= 0.
Proof. Let w = RT

inMinx; then, definition (3.1) implies Sv = w. Without loss of
generality, assume that inflow DOF are numbered in the first Nin entries such that

w =
[

Minx
0

]
(3.4)

We rewrite matrix S and vector v accordingly as

S =
[

A11 A12

A21 A22

]
, v =

[
v1

v2

]
, (3.5)

where A11 ∈ RNin,Nin and v1 ∈ Nin. Note that A22 is the matrix of an Oseen problem
with homogeneous Dirichlet boundary conditions, so it is not singular.
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Assume by contradiction that Rinv = 0. This implies that v1 = 0. System
Sv = w reads: [

A11 A12

A21 A22

] [
0
v2

]
=
[

Minx
0

]
. (3.6)

We get A22v2 = 0 so that v2 = 0, which implies that Minx = 0. This is not possible
since Min is non-singular and x 6= 0.

Proposition 3.4. A sufficient condition for the well-posedness of the constrained
minimization problem is that there exists a subset of sites such that the restriction Qr

of Q to such sites fulfills

Qr(I − RT
in,uRin,u) = O and rank(Qr) = Nin. (3.7)

Proof. Notice that (3.7) implies that QrRT
in,u has full rank; in fact

Nin = rank(Qr) = rank(QrRT
in,uRin,u)

≤ min{rank(QrRT
in,u), rank(Rin,u)} = min{rank(QrRT

in,u), Nin},
(3.8)

hence rank(QrRT
in,u) cannot be less than Nin.

Let us denote by Dr the sub-matrix of D corresponding to Qr, so that Dr =
[Qr O]. We prove that, under condition (3.7), for v = S−1RT

inMinx and x 6= 0,
Drv 6= 0.

As a consequence of Lemma 3.3, we have that Rinv 6= 0, this implies Rin,uvu 6= 0,
where vu is the restriction of vector v to velocity DOF. Consequently,

Drv = Qrvu = Qr(I − RT
in,uRin,u + RT

in,uRin,u)vu = QrRT
in,u Rin,uvu. (3.9)

Since QrRT
in,u has rank Nin, Drv 6= 0 and the thesis follows. Proposition 3.4 states

some constraints on the location of the sites that guarantees the well-posedness of
the minimization process. Since Qr identifies a subset of sites, we basically ask that
“enough” data are gathered at the inflow boundary. This is somehow expected; in
fact, if all data are gathered at the inflow nodes, the resulting problem corresponds to
an Oseen forward problem with Dirichlet boundary conditions, which is well-posed.
If the sites are a subset of the nodes, it is sufficient that sites cover the inflow DOF. If
the sites do not coincide with the DOF, a correct balance between number of sites and
nodes gives the well-posedness. As an example, in Figure 3.1, with P1bubble elements
for the velocity, a sufficient sites selection corresponding (left) and non-corresponding
(right) to nodes is reported.

remark 1. Relaxing assumptions of Proposition 3.4 is a nontrivial task. We
have proved that Rinv has at least one non-zero component, however its position is
not known. Even if we restrict ourselves to the case where the sites are a subset of
inflow nodes, for a given x it is not possible to guarantee that vi 6= 0 ∀ i = 1, ..., Nu.
This is illustrated in Figure 3.2; for the specific choice of x 6= 0, the vector v features
zero entries on Γin.

A result stating a maximum number z of zero entries in v for a generic x 6= 0
as a function of Nin would allow to relax assumptions in Proposition 3.4, since z + 1
sites on the inflow would be enough to guarantee the well-posedness. At the best of
our knowledge there is not such result.
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Figure 3.1. Example of sites location sufficient for the well-posedness on grid nodes (left) and
not on grid nodes (right) using P1bubble FE for the velocity

Figure 3.2. Stokes FE vector field with zero entries on the inflow boundary (left) corresponding
to the choice of vector w where the first non-zero components correspond to entries of vector Minx.
On the right, the velocity profile on Γin is reported.

3.2. Forcing well-posedness via interpolation. The well-posedness of the
minimization problem with a regularization term a > 0 does not suffer from any
constraint on sites and nodes. Despite this, there can be some drawbacks, among
those we mention the fact that it alters the problem (especially when not � 1).
Also, we point out that Tikhonov regularization requires the choice of the optimal
parameter a, which might be computationally expensive. There is however another
possible way for forcing the well-posedness, exploiting the result of Proposition 3.4.

Let us assume that some data are available at the inflow, not necessarily corre-
sponding to velocity nodes and not necessarily fulfilling the well-posedness sufficient
condition. We can extend the given data to the entire set of DOF on the inflow
boundary by interpolation (piece-wise linear) of available data and assumed bound-
ary conditions on Γwall.

In this way we fulfill the sufficient conditions for the well-posedness since we are
basically considering inflow DOF as “virtual” or approximated sites. On the other
hand, the interpolated data are clearly affected by the interpolation error. More
precisely, if we assume that on sparse sites on Γin we have

dsparse = uexact + ε, (3.10)
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where ε is the random noise; then, on boundary DOF the interpolated data can be
written as

dinterp = uexact + ηε, (3.11)

where ηε is a linear combination of the noise on the original sites. More precisely,
the stochastic features of ηε are affected by the interpolation error and the additional
error that occurs when interpolating noisy data [15]. More details will be addressed
in [4].

In this way, the functional we want to minimize can be rewritten as

1
2
‖DsparseV − dsparse‖22 +

1
2
‖DinterpV − dinterp‖22, (3.12)

where Dsparse and Dinterp select respectively components of the velocity field on
sparse and interpolation sites on Γin. In the Section 5 we investigate this strategy
and compare it with the classical Tikhonov regularization. A careful investigation of
the effect of the interpolation error will be carried out elsewhere in the more general
context of the analysis of the noise impact.

4. DA procedure for the Navier-Stokes problem. When we consider the
nonlinear advection term (u · ∇)u we get a nonlinear PDE constrained optimization
problem. In literature several methods are available for the solution of the discretized
problem; among those we mention the Newton method [12] and its variants (common
optimization methods will be addressed in future works with comparison purposes).
Here we address this issue by combining the DA procedure for the linear case ad-
dressed in the previous Section with classical fixed point linearization schemes. In
particular, we refer to both Picard and Newton methods [14]. This means that the
DA assimilation problem is solved iteratively. Let Uk be a given guess for the velocity
field at iteration k + 1. The discrete iterative procedure reads

min
H

1
2
‖DVk+1 − d‖22 +

a

2
‖LHk+1‖22

s.t. SkVk+1 = RT
inMinHk+1 + Fk

(4.1)

up to fulfillment of a convergence criteria (typically ‖Uk −Uk+1‖ ≤ δ, being δ a user
defined tolerance). We use the following notation

Sk =
[

C + Ak BT

B O

]
, and Fk = F + wYk. (4.2)

Here, Ak comes from the discretization of (u∗k · ∇)uk+1 + w(uk+1 · ∇)u∗k (w = 0 for
Picard method, 1 for Newton), while Yk is the discretization of (u∗k ·∇)u∗k. Here u∗k is
defined as ϑuk−1 +(1−ϑ)uk, being ϑ ∈ [0, 1] a predetermined weight parameter. Due
to the local convergence of the Newton method for the forward problem, a common
procedure is to perform a few Picard iterations and use the resulting velocity as initial
guess (we refer to this method as Picard-Newton). The activation of the Newton
method is driven by the parameter w ∈ [0, 1].

5. Numerical results. In this Section we test our DA technique on 2D cases.
We consider both noise-free and noisy data, the former for a consistency analysis,
the latter for a reliability discussion of the DA process. At this preliminary stage
data are synthetic, i.e. they do not come from measures, but either from a given
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system solver toll stopping criteria
Ck GMRES 1.e-9 ‖r(x)‖/‖r(x0)‖

Prec(Sk) GMRES 1.e-9 ‖r(x)‖/‖rhs‖
ZTZ GMRES 1.e-6 ‖r(x)‖/‖rhs‖

Table 5.1
Parameters setting for the iterative solvers (implemented in the AZTEC library).

analytical solution or a numerical solution of the forward problem. We present results
for a validation of Proposition 3.4. Finally, we show results obtained on 2D curved
domains, retrieving from the assimilated velocities a flow-related variable of medical
relevance, namely the Wall Shear Stress (WSS).

Implementation details. We implement the FE method with choice of compatible
FE spaces P1bubble-P1 for velocity and pressure respectively. Mesh is generated with
the software FreeFem++2. For the regularized approach we use the regularizing oper-
ator L = ∇d (a discretization of the gradient) and we generate the optimal parameter
a by means of the Discrepancy Principle (DP) [9].

A critical step in the DA procedure is the solution of the reduced system (2.10).
Despite the fact that the reduced Hessian matrix is symmetric positive definite (which
qualifies it to be solved with a conjugate gradient method), we refer to the flexible
GMRES method; in fact, the inexact solution of inner systems might compromise the
s.p.d. nature of the matrix. The bottleneck is the solution of linear systems associated
with S and ST where an efficient preconditioner is required; we solve these systems
monolithically with the Pressure-Advection-Diffusion preconditioner introduced by
Elman et al. in [6]. Table 5.1 reports stopping criteria used for each linear system
involved. Prec(Sk) stands for the preconditioned system; also, r(x) is the residual at
the current iteration and rhs is the right hand side of the current system.

Numerical results are obtained with the C++ FE library lifeV 3 and post-processed
with ParaView 4.

5.1. Analytical test case. Simulations presented in this Section are based on
the 2D Navier-Stokes flow in the domain Ω = [−0.5, 1.5] × [0, 2] whose analytic
solution [2] reads 

[u]1(x, y) = 1− eλx cos(2πy),

[u]2(x, y) =
λ

2π
eλx sin(2πy),

p(x, y) =
1
2
e2λx + C.

(5.1)

Here, the kinematic viscosity of the fluid is ν = 0.035m2/s, the adimensional param-
eter λ is such that λ = 1

2 (ν−1 −
√
ν−2 + 16π2), and C is a constant chosen to give a

zero mean pressure.
Data Generation. We assume data to be given on the inflow boundary and on

some internal points in the computational domain, not necessarily in correspondence
of grid points. In the case of noise-free tests the data coincides with the exact solution,

2An open-source C++-like software for the solution of 2D numerical PDEs; available on
www.freefem.org.

3An open-source C++ library, which the authors are developers of, available on www.lifev.org.
4An open-source, multi-platform application designed to visualize data sets, available on

www.paraview.org.
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4 EU it
0.16 4.97e-2 5 (3)
0.072 9.49e-3 4 (2)
0.05 4.73e-3 4 (2)

Ns EU it
22 (11+11) 9.01e-2 7 (3)
44 (22+22) 6.01e-2 9 (5)
88 (44+44) 4.52e-2 7 (3)

Table 5.2
On the left results for noise-free simulations; on the right results for SNR = 20 and 4 = 0.16,

in the first column Ns = (BS + IS). In brackets, the number of Newton iterations.

Figure 5.1. On the left, relative errors EU versus 4 Picard-Newton iterations with noise free
data. In the center, computed pressure and velocity vector field, with noise-free data, in white. On
the right, assimilated velocity with noisy data (black) for SNR = 20 in a region with horizontal
analytical solution.

for the noisy tests data are generated by adding random noise uniformly distributed
in space to the exact solution. We define the Signal-to-Noise Ratio (SNR) as the
ratio between the maximum magnitude of the velocity data and the noise standard
deviation. In this procedure we fix SNR; this fact determines the parameters of the
noise probability distribution in the generation process.

Noise-free data. We analyze the discretization-error with respect to the exact
solution. In this test case we set a = 0 and we consider data on Γin and on three
internal layers (in correspondence of grid nodes at x = 0, 0.5, 1).

In Table 5.2 (left) we report for Picard-Newton iterations the error EU = ‖eu −
uex‖L2/‖uex‖L2 and the number of Picard-Newton iterations, the number of Newton
iterations to get convergence is reported in brackets. Same results are reported in
Figure 5.1 (left) in a loglog scale with a reference quadratic curve, the expected FE
convergence rate is recovered. Moreover, we observe that the number of iterations
needed for the convergence is almost mesh independent. A deeper theoretical inves-
tigation is needed to prove that the algorithm preserves the quadratic convergence of
the Newton method when combined with the DA procedure. In Figure 5.1 (center)
we report the computed pressure and velocity field obtained in correspondence of
4 = 0.072 after four Picard-Newton iterations. The recovered velocity field matches
accurately the data, represented by the white vector field on Γin and on three internal
layers. More details can be found in [3].

Noisy data. We investigate the dependence of the discretization error on the num-
ber of available measures and on the amount of noise. The regularization parameter
and the data are set as in the previous paragraph. In Table 5.2 (right) we report the
discretization error and the number of iterations performed by the Picard-Newton
method in correspondence of SNR = 20 and 4 = 0.16 for different numbers of mea-
surement points Ns = (BS + IS), where BS is the number of Boundary (inflow) Sites
and IS is the number of Internal Sites. Note that, in this case w = 0.8. In Figure
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Figure 5.2. Relative errors EU versus 4 with noisy data (left); relative errors EU versus
SNR−1 (right) for Picard-Newton iterations.

5.2 (left) we report the average discretization error over 100 noise realizations and a
reference curve O(N−0.5

s ). We note that, for a given set of n independent identically
distributed random variables, the standard deviation is proportional to n−0.5; this
explains our results. In Figure 5.2 (right) we report in a loglog scale the average error
versus the inverse of SNR for SNR = {33.3, 20, 10, 8.3} and 4 = 0.072. We can
notice a linear behavior by a comparison with the dashed reference curve. Moreover,
as SNR gets smaller, more Newton iterations are required to reach convergence; this
suggests that a higher amount of noise affects the conditioning of the problem.

In Figure 5.1 (right) we report a zoom of the computed field and the noisy data
in a region with horizontal analytical solution; the presence of the noise is evident
in the vertical components. The noise mainly affects low magnitude velocities; this
happens since the amount of noise does not depend on the local magnitude of the
velocity vector field. In correspondence of these low magnitude values the recovered
assimilated field differs significantly from the data and it is closer to the exact solution,
thanks to the assimilation process. This pinpoints the role of the DA procedure as a
sophisticated way for filtering noise from the data, based on the mathematical model
of the process at hand.

Well-posedness validation results. With the purpose of investigating the well-
posedness of the formulation we consider the Oseen problem with β = uex. We focus
on the conditioning of the problem and we inspect singular values of Hr. We choose
SNR = 20 and 4 = 0.076. In this set of simulations Nin = 27. In Table 5.3 we
report the condition number K1 of Hr, with (left) and without (right) regularization,
in correspondence of different choices of parameters and number of sites; on the in-
flow boundary sites correspond to grid nodes, while inside the domain they do not
necessarily.

We point out that the value of the regularization parameter is fixed a priori and
not via DP. In Figures 5.3 and 5.4 we report in a semilogarithmic scale the singular
values of the reduced Hessian Hr corresponding to parameters listed in Table 5.3;
rows 2 and 3 are not reported since their behavior is similar to the one of rows 4-6.
From these results we can infer several facts.

Let us focus on Table 5.3 (left). When data on Γin do not satisfy assumptions
on Proposition 3.4 and no internal sites are considered, Hr can be either singular or
ill conditioned. According to the reported distribution of singular values (see Figure
5.3, top-center and top-right) we can classify the problem as rank-deficient (see [9]).
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Usually, in inverse problem theory, this issue is not solved by means of Tikhonov
regularization but with methods that are able to identify the gap between singular
values (e.g. truncated SVD [9]). In our case the system is solved by means of the
GMRES method, which can itself identify the gap provided that the tolerance for the
stopping criteria is properly chosen. This fact is confirmed by our results: comparing
rows 7 and 8 in Table 5.3 (left and right) we notice that, when the problem is rank-
deficient, the introduction of the regularization term improves the conditioning of the
problem but does not fill the gap between singular values (see Figure 5.4, top-center
and top-right). Also, due to the properties of the GMRES method the number of
iterations required is the same and the improvement in the accuracy is fairly small.

Concerning the addition of internal data, it is interesting to compare row 1 and
5 in Table 5.3 (left): the accuracy of the solution obtained with 27 sites on the inflow
boundary is comparable with that obtained with 127 sites, being 13 of them inflow
boundary nodes. This fact is an evidence of the importance of having sites on Γin. As
for the singular values, the introduction of internal data, when sufficient conditions are
not satisfied, has the effect of eliminating the gap between higher and lower singular
values and we can classify the problem as discrete ill-posed [9].

In general, when using regularization the singular values distributions have similar
behavior as in the non-regularized case, but their values are significantly larger and
the problem is always well-posed. In fact, the change in the condition number is not
dramatic when we decrease BS.

We also investigate the behavior of the procedure for different values of the kine-
matic viscosity ν, i.e. for different Reynolds numbers. The choice of ν1 = 0.1 and
ν2 = 0.01 is driven by the fact that ν2 induces ill-conditioning of the forward problem
associated with the matrix S (for this reason we consider reasonable decreasing the
tolerance of the iterative solver for the matrix S); this fact will affect the whole pro-
cedure in different ways. From results reported in Table 5.4 we can infer mainly two
considerations. With high Reynolds numbers the accuracy of the recovered solution
is worse, this is due to numerical instability which arises with problems dominated
by advection phenomena. Despite this, the conditioning of the control problem gets
better (this is consistent with the theory presented by Lions in [11]). The introduc-
tion of a stabilization technique for the dominant advection term likely gives better
performances with high Reynolds numbers.

Furthermore, if we compare rows 4-6 for ν1 and ν2 we observe an expected behav-
ior: with low Reynolds numbers the introduction of internal additional data induces
an improvement in the accuracy, especially in correspondence of sites located close
to Γin; for high Reynold numbers the solution of the forward problem has a slower
decay w.r.t. x; this fact implies that internal sites, not necessarily close to Γin can
determine a significant improvement to the accuracy of the solution.

Interpolation validation results. We report some preliminary numerical results on
the interpolation technique addressed in Section 3.2; our main aim is to investigate
its reliability and competitiveness with respect to the usual Tikhonov regularization.
Also, we point out some facts related to the dependence of the conditioning of the
problem on data displacement as a further confirmation of results presented in Section
3.1.

In Table 5.5 in correspondence of different choices of locations and number of sites
we report the relative error and the number of GMRES iterations for two different
grids. The case where neither Tikhonov regularization or interpolation are performed
is reported as a reference test. In the case of activation of Tikhonov regularization we
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BS IS K1(Hr) EU it
27 0 3.1e+05 0.0500 19
13 14 1.2e+19 0.0990 16
9 18 1.0e+19 0.1168 18
27 100 1.3e+06 0.0367 15
13 114 1.1e+11 0.0443 11
9 118 1.5e+11 0.0478 13
13 0 1.3e+20 0.0756 13
9 0 7.9e+19 0.1957 15

BS IS K1(Hr) EU it
27 0 1.1e+04 0.0492 16
13 14 1.5e+04 0.0363 12
9 18 1.9e+04 0.0548 14
27 100 3.0+04 0.0354 12
13 114 4.6e+04 0.0379 11
9 118 6.1e+04 0.0348 12
13 0 9.7e+03 0.0567 13
9 0 9.8e+03 0.1050 17

Table 5.3
Condition number, relative error and number of iterations for different choices of nodes of

measurements. SNR = 20, exact Neumann boundary condition on outflow, a = 0 (left) a = 1e-2
(right).

BS IS K1(Hr) EU it
27 0 1.3e+06 0.0380 17
13 0 2.0e+21 0.0802 12
9 0 5.7e+21 0.2566 15
27 27in 2.5e+06 0.0303 15
27 27mid 1.9e+06 0.0331 14
27 27out 1.6e+06 0.0348 14

BS IS K1(Hr) EU it
27 0 1.8+05 0.0616 21
13 0 4.0e+19 0.0877 17
9 0 7.1e+19 0.1372 14
27 27in 3.7e+05 0.0574 19
27 27mid 3.7e+05 0.0461 18
27 27out 3.7e+05 0.0498 19

Table 5.4
Condition number, relative error and number of iterations with SNR = 20, exact Neumann

boundary condition on outflow. Results displayed for different choices of nodes of measurements
and viscosity, ν = 0.1 on the left, ν = 0.01 on the right (no regularization used in this case). The
subscripts in, mid and out refer respectively to internal data in areas close to the inflow, in the
middle of the domain and close to the outflow.

report the optimal parameter aDP obtained using the DP technique. The activation
of the interpolation process is determined by the flag i: when 0 no interpolation is
performed and d corresponds to the given data; when 0, d corresponds to both the
original data used for the interpolation and the interpolated values on grid nodes.
From these results, we can infer the following considerations.

According to the results presented in Section 3.1, adding a regularization term
yields the well-posedness and a better accuracy.

The interpolation process has the effect of yielding the well-posedness of the prob-
lem, as we can notice by comparing the case i=0 with i=1; moreover, interpolation
can improve both the conditioning and the accuracy of the DA procedure. We note
that, in the case of a coarse mesh, interpolation is a competitive technique (with
respect to Tikhonov regularization) but it still yields less accurate results, even if it
features a lower computational cost. If we consider a finer mesh (see Table 5.5 right),
interpolation can even guarantee better results than the usual regularization technique
at a much lower computational cost. In fact, we recall that the DP requires inner
iterations for retrieving the optimal parameter aDP , being each of those a solution of
the control problem.

Simulation results reported in Table 5.5 with regularization parameter a∗DP refer
to the case where both interpolation and regularization processes are active but no
method for the search of the optimal parameter is performed; on the converse, we use
the parameter determined by DP for the same set of measurements with i=0. As we
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Figure 5.3. Singular values of Hr with no regularization for IS = 0 and BS = 27, 13, 9 in the
top-left, center and right box respectively; for IS 6= 0 and BS = 27, 13, 9 in the bottom-left, center
and right box respectively.

Figure 5.4. Singular values of Hr with regularization for IS = 0 and BS = 27, 13, 9 in the
top-left, center and right box respectively; for IS 6= 0 and BS = 27, 13, 9 in the bottom-left, center
and right box respectively.

might expect, this is the best result we get since we force the well-conditioning of the
problem with both methods.

In order to get the picture of what has been implemented, in Figure 5.5 (left)
we report the sparse data available on the inflow and the interpolated data on grid
nodes. In Figure 5.5 (right) the DA solution in correspondence of parameters set as
in the last row of Table 5.5 (right).

remark 2. In practical applications, the DP method is not commonly used for
the search of the optimal parameter. In fact, here we look for the optimal ā such that
‖DVā − d‖22 − τ2 is minimized, being Vā the optimal solution computed with ā and
τ2 = ‖ε‖22, the norm of the noise, usually unknown. From MRIs we have an estimate
of the noise variance, therefore we use τ2 ∼= dNsσ

2, being σ2 the variance [ε]i.
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np i aDP EU it

11 (grid) 0 - 0.108 14
5 (grid) 0 - 0.831 9

6 0 - 0.182 10
6 0 0.047 0.150 11
6 1 - 0.167 14
6 1 0.047∗ 0.161 14

3 (grid) 0 - 0.888 6
4 0 - 0.312 8
4 0 0.056 0.214 14
4 1 - 0.262 13
4 1 0.056∗ 0.223 13

np i aDP EU it

27 (grid) 0 - 0.050 19
13 (grid) 0 - 0.076 13

14 0 - 0.068 14
14 0 0.021 0.061 15
14 1 - 0.059 18
14 1 0.021∗ 0.056 16

9 (grid) 0 - 0.196 15
8 0 - 0.199 11
8 0 0.038 0.137 18
8 1 - 0.139 17
8 1 0.038∗ 0.129 17

Table 5.5
Relative error and number of GMRES iterations (GMRES tolerance tol = 1.e − 6) in corre-

spondence of 4 = 1/6 (left) and 1/14 (right). IN = 0 and SNR = 20.

Figure 5.5. On the left, actual data used in the DA process (original and interpolated). On
the right, pressure and velocity regularized solution and data.

5.2. Towards real geometries. We consider a more complex geometry, which
approximates a vessel of medical interest. We reproduce in a 2D curved computational
domain a section of the carotid, where we assume that some measurements of the blood
velocity are available, see Figure 5.6 (left) for domain and data.

Data Generation. We assume data to be given on Γin and on sparse internal sites
not necessarily corresponding to grid nodes. In real applications the SNR is strongly
determined by the biomedical tools used to observe the data; when using data from a
4D scan of the aorta, it can be as low as 10 for flow measures (personal communication
of Dr. M. Brummer, Emory CHOA). in Figure 5.6 (left) a comparison between noise-
free data and noisy data is reported. Data on Γin do not correspond to sites satisfying
conditions for the well-posedness, consequently interpolation is performed. In this test
case, since we are not provided with real data and an exact solution is not available,
we consider synthetic data generated from reference solution. This solution, say UFE,
is a FE solution computed on very fine grid (300% of nodes used for the test case)
where the discretization error is considered fairly small. For the computation of UFE
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Figure 5.6. Left: actual data used in the DA process (original, in black, and interpolated).
Center: magnitude of the velocity vector field. Right: detail of the vorticity map.

we prescribe the following boundary conditions:

u = 0 on Γwall, −ν (∇u+∇uT) ·n+p ·n = 0 on Γout, u = [0 g(x)]T on Γin,
(5.2)

where g(x) = k x (r − x), ν = 3.5 mm2

s , r = 7mm and k = 12 1
ms .

In the generation process, in order to evaluate the reference solution on the coarser
grid where the DA procedure performed, we introduce the projection matrix P. Data
are generated adding random noise to PUFE on the selected sites. In this way, the
reference solution is affected both by the FE approximation error and the projection
one. This fact does not penalize the reliability of results since approximation and
projection errors can be regarded as part of the noise. Nevertheless, we consider as
an index of the accuracy for the solution the ratio E∗U = ‖U− PUFE‖2/‖PUFE‖2.

In Figure 5.6 (center) we report the magnitude of velocity field assimilated from
noisy data with SNR = 20. In this case, with Tikhonov regularization (a = 0.1),
E∗U = 8.074e-2 after 60 Picard-Newton iterations. We note that the noise mainly
affects the components of the velocity which are transversal to the flow; despite this,
the recovered field is close to the reference solution. This fact confirms the noise-
filtering property of the DA process. It is interesting to observe the stream lines,
colored by the magnitude of vorticity (see Figure 5.6, right), where we expect to have
recirculation and vortex formation.

To test the competitiveness of the DA procedure we compare the relative error of
the assimilated velocity with the one of the velocity obtained from a forward simula-
tion (here, Dirichlet boundary conditions are prescribed using the interpolated data
retrieved from sparse sites on Γin) in this case E∗U = 15.957e-2. This comparison
confirms the reliability of the DA procedure and the gain, in accuracy, that we obtain
with respect to solving a forward problem, even if computationally expensive.

The wall shear stress. We consider the computation of WSS τ which is a quantity
of medical interest . An accurate approximation of the WSS is fundamental in the
investigation of cardiovascular pathologies since it is an index of the possibility of
rupture of the vessel wall and of the formation of stenosis [7]. It is defined as the
tangential component of the stress exerted by the fluid (blood in this case) on the
arterial wall; formally

τ =
ν

2
(∇u +∇uT)n− ν

2
((

(∇u +∇uT)n
)
· n
)
n, (5.3)
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SNR E∗WSS,DA E∗WSS,FW

100 0.2536 0.2667
20 0.2591 0.3030
10 0.2738 0.3861
5 0.3149 0.6114

Table 5.6
Comparison of relative errors for the WSS computed with DA and forward solution.

where n is the normal vector in correspondence of the wall. Approximations of the
WSS retrieved from indirect measurements velocities are in general unreliable be-
cause of the post-processing numerical errors and the noise affecting the measures.
DA can be considered a way for improving the reliability of this computation thanks
to the noise-filtering properties due to the introduction of the numerical blood flow
model. By means of DA the recovered WSS catches accurately the behavior of
the reference one. These preliminary results pinpoint again the role of DA as a
way for filtering and eventually computing hemodynamical indexes with good ac-
curacy. In order to have a quantitative comparison with the reference solution we
compute an index of accuracy of the magnitude of the WSS vector field on Γwall,
E∗WSS = ‖WSS −WSSFE‖2/‖WSSFE‖2; where WSSFE is the value retrieved from the
reference solution PUFE. Table 5.6 reports, in correspondence of decreasing SNR,
errors obtained with the assimilated velocity field, E∗WSS,DA, compared with those
obtained from a forward simulation on the same grid with Dirichlet boundary con-
ditions (interpolating function retrieved from sparse data) on Γin, E∗WSS,FW. With
high SNR the gain obtained with DA process is not significant, as we decrease SNR
we can obtain up to the 50% of gain with respect to the forward simulation.

The accuracy in the computation of the WSS is still to be improved; nevertheless,
the comparison with results from a forward simulation highlight the strength of DA
and the relevance of internal data. Also, numerical tests proved that, as we increase
the number of internal data, we obtain more accurate solutions.

6. Conclusions. On the basis of a DA procedure for linear problems we de-
veloped an efficient algorithm for the integration of noisy data and the numerical
simulation of the NSE. The combination of Picard and Newton iterations in yields
convergence after few iterations. However, the computational effort is still high and
the numerical solution can be improved employing a more efficient preconditioner for
the Oseen problem. A possible choice is the Augmented Lagrangian preconditioner
which can either improve the conditioning and stabilize possible advection dominated
phenomena [1].

As expected, the noise affects both the accuracy of the solution and the efficiency
of the procedure. Also, data location plays a fundamental role in the well-conditioning
of the formulation: numerical tests proved that both regularization and a suitable
measurements distribution might improve the spectral properties of the problem.

The well-posedness of the formulation and an estimate of the discretization error
related to the noise level are the subject of future theoretical investigation. Under
a computational perspective, we aim at improving the efficiency of the numerical
procedure in the solution of the control problem and to test our method on real data
and 3D geometries.
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