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1. INTRODUCTION

Given graphs H and G, an embedding of H into G is an injective edge-
preserving map f: V(H) — V(G), that is, for every e = {u,v} € E(H), we
have f(e) = {f(u), f(v)} € E(G). We shall say that a graph H is contained
in G as a subgraphs if there is an embedding of H into G. Given a family
of graphs H, we say that G is universal with respect to ‘H, or H-universal, if
every H € H is contained in G as a subgraph.

Consider the probability space of all graphs on n labelled vertices in which
every pair of vertices forms an edge, randomly and independently, with
probability p. We use the notation G, to denote a graph chosen randomly
according to this probability measure; i.e., for any graph G on n labelled
vertices and with m edges, P|G,,, = G] = p™(1 —p)(;)fm. We say that G, ,,
possesses a property Q) asymptotically almost surely (a.a.s.) if P[G, ) €
Q1 =1-o(1).

The construction of sparse universal graphs for various families of graphs
received a considerable amount of attention, see, e.g., [1l [3l 4l 6, O [1T]
and their references. One is particularly interested in (almost) tight H-
universal graphs, i.e. graphs whose number of vertices is equal (or close) to
maxXpgeyH ‘V(H)’

In [6] it is proved that for all € > 0 and d > 0 there exists ¢ > 0 such
that a.a.s. Gnp, p = ¢/n, is T = T(d, (1 — €)n)-universal, where T is
the family of trees with (1 — ¢)n vertices and maximum degree at most d.
(See [§] for a recent improvement of this result.) In a related paper [12], the
authors obtained an algorithm for finding bounded degree trees in subgraphs
of (n,d, \)-graphs; in particular, the result of [0] is turned into an embedding
algorithm. In this paper we study the universality of random graphs with
respect to the family of all bounded degree graphs.

Let d € N be a fixed constant and let H(n,d) = {H C K,, : A(H) <d}
denote the class of (pairwise non-isomorphic) n-vertex graphs with maxi-
mum degree bounded by d and H(n,n;d) = {H C K,,, : A(H) < d} be
the corresponding class for balanced bipartite graphs.

By counting all unlabelled d-regular graphs on n vertices one can easily
show that every #(n, d)-universal graph must have

1) M = Q(n> /%)

edges (see [3] for details). This lower bound was almost matched by a
construction from [4], which was subsequently improved in [I] and [2]. Those
constructions were quite special and do not resemble a typical, or random,
graph with the same number of edges. For that reason, in [3], we also studied
the universality of random graphs.

For random graphs, slightly better lower bounds than are known.
Owing to the threshold for the property that every vertex should belong to
a copy of K441 (see [16, Theorem 3.22 (i)]), the expected number of edges

guaranteeing H(n, d)-universality of G, , must be at least n?~2/(@+1) (log n)l/(d?),
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and, similarly, by [16, Theorem 4.9], it must be at least n2=2/(d+1) for
H(n,d)-universality of G(jc),,. Similar bounds apply to the random bi-
partite graph Gy, 5 p-

In [3], it was proved that G, ., is a.a.s. H(n,n,d)-universal if p =
cn~3d logfld n and c is large enough, and that G(i4¢), is a.a.s. H(n, d)-
universal if p = en~id logé n if ¢ is large enough.

In this paper we prove two related results. The first one significantly
pushes down the edge density p guaranteeing the universality of G, 4, 5.

Theorem 1. For every d € N there exists C' such that if p = p(n) >
Cn~1/d logl/dn then the random bipartite graph Gy pp is a.a.s. H(n,n,d)-
universal.

The second one, on the cost of increase in p, establishes a tight universality
of Gy (and not of G(14c),,), and provides, as opposed to Theorem |1} a
deterministic embedding.

Theorem 2. For every d € N there exists C' such that if p = p(n) >
C n~ Y@ 1og" ey then the random graph G = Gnp is a.a.s. H(n, d)-univer-
sal. Moreover, for any H € H(n,d), the embedding H — G can be con-
structed in deterministic polynomial time.

Remark 3. Using Pittel’s inequality (JI6, p. 17]) one can use Theorem
to establish that almost all graphs on n vertices with at least p(g) edges are
H(n, d)-universal.

It would be interesting to establish the actual thresholds for the H(n, n; d)-
universality of Gy, , , and the H(n, d)-universality of Gy, .

The proof of Theorem [1is based on ideas from [21] and [22]. The embed-
ding scheme used to prove Theorem [2]is inspired by the algorithmic version
of the Blow-up Lemma of Komlds, Sarkozy, and Szemerédi [19]. In their
setting, they essentially provided an algorithm to embed bounded degree
spanning (bipartite) graphs into super-regular, dense, bipartite graphs. In
our setting, we deal with sparse random graphs.

In Section [2] we establish several typical properties of random graphs
which imply universality. The proofs of Theorems [I] and [2] are presented in
Sections [3] and [ respectively.

2. PROPERTIES OF RANDOM GRAPHS

In this section we establish properties of random graphs which will be
then shown to guarantee the universality property with respect to bounded
degree subgraphs.

We begin with some definitions.

Definition 4. Given a graph G, a vertex v € V(G), and a subset (} # S C
V(G), denote by G(v) the neighborhood of v in G and by

G"(S) =[] G(v),

vES
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the joint neighborhood of S in G. Moreover, we let G™(0) = V(G).

Lemma 5. For all d € N and v > 0 there exists C > 0 such that if p >
CnVd logl/dn then the random bipartite graph G = Gy, pn.p, with classes U
and W together with a fized subset W' C W, where |W'| = Qq(n) a.a.s.
satisfies the following properties:

(i) for every AC U (or AC W) with |A] <d
(1= v)phn <167 (A)] < (1 + v)plin;
(it) for every U' C U with |U'| > n/2 there are at most % vertices w € W
such that |G(w) NU'| < £ |U'|;
(iii) for every disjoint family F C (gd) and a subset T C W', with |F| <

(1 —v)|W'|, and |T| = |W'| — | F| > v|W'|, there exists a vertex w € T
and a set A € F such that A C G(w).

Proof. The first two properties are obtained by standard applications of the
Chernoff inequality. Indeed, in (i), Z4 := |G"'(A)| has a binomial distribu-
tion with expectation EZ4 = npl4l > C%logn, and so,
d

3 (Z) x P(|Zs —EZ4| > vEZ4) = o(1)

a=1
for sufficiently large C'. To prove (ii) suppose that for some U’ there is a
subset S C W of 20/p vertices w € W with |G(w)NU’| < £ |U’|. Then there
are less than 10|U’| edges between S and U’, while the expected number of
such edges is 20|U’|. Thus,

P (IG(w) N U’ < £ U] < exp{~ 201U} < exp{~3n}).

There are no more than 2" choices of U’ and n2%/? choices of S and so, the
probability of the event opposite to that stated in part (ii) is o(1). We will
now prove Property (iii).

Let s,t > 1 be such that t > v|W’| and s+t = |W’|. For some fixed
disjoint family F C (<Ud) and T C W', with |F| = s and |T| = t, the
probability that there are no pairs(w, A) € T x F such that A C G(w) is

(1 —ph)* < exp{—p“st}.

The probability that there is a disjoint family F C ( g d) and T c W’
failing (iii) is at most -

-1 ' W]t
W'\ (U] dy v
[+] == exp{—p“t(|W'| 1)}
2 (O(E)
(2) <> exp{(|W'| = t)logn + ([W'| — t)dlogn — p™t(|W'| — )}

<Y exp{(IW'| = t)[(d + 1) logn — p*¢] }.
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Setting C' large enough ensures that pt > pov |[W’| > (2d + 1)logn. In
particular, [¥] < [W'| x n=% = o(1). O

Lemma 6. For all d € N and € > 0 there exists C > 0 such that if p >
C n~—1/2d) logl/dn then the random graph G, a.a.s. satisfies the following
properties:
(1) 6(G) = (1 —¢&)pn;
(i3) for every pair of sets A, B C V(G) with p|A||B| > 100e~1n there are
at least (1 — €)|B| vertices v € B such that

(1 —e)plA] < |G(v) N A] < (1 +¢)plAl;

(ii1) for every k < d, T C |V(G)| with |T| > \/n and every disjoint fam-
ily X C (V(C;)\T) with |X| > \/n, we have

(3) (1—e)ph|T||X] < ‘{(w,X) ETXX: XC G(w)}‘ < (1+e)p"|T] | X].

Proof. The first two properties are obtained by standard applications of the
Chernoff inequality. We will now prove Property (iii).

Let £ < d be fixed. For a choice of set T and family X, the number
of pairs (w, X) being counted is a binomial variable with mean p*|T||X]|.
By the Chernoff inequality, the probability this variable deviates by more
than ep¥|T||X| from the mean is at most

exp{—cp®|T] | X[} < exp{—cp|T|| X[}

for a constant ¢ = c(¢).

On the other hand, the number of possible choices for T" and the family X
with predetermined cardinalities ¢ = |T'| and r = |X| (¢,r > /n) is at
most (n?)"nt < exp{d(r +t)logn}.

Since ptr > max{C% logn, C%logn}, a large enough C = C(d,¢) im-
plies that

(4) eptr > 2d(r 4 t) log n.

Therefore, we have

q

d
> > P[@) fails for T, X]

E=1T:|T|>n X : |X|>vn

d
Z Z Z exp{d(r + t)logn — cp*tr}

k=1t>\nr>\n

—~~

ot

S~—
IN

< dn? exp{—2dy/nlogn} = o(1).

Property then follows by the union bound. ([
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3. UNIVERSALITY OF BIPARTITE GRAPHS

In this section we prove a slight strengthening of Theorem[l]} Given d,d’ €
N, and a bipartite complete graph K, ,, with vertex classes X and Y, | X| =
Y| =mn, let

H(n,n,d',d)={H C Knp : degy(z) < d for z € X and
degy(y) < dfory e Y}.

Theorem 7. For alld,d € N, d < d', there exists C such that if p = p(n) >
Cn—1/d logl/d n then the random bipartite graph Gy, 5.p s a.a.s. H(n,n,d’, d)-
universal.

Let H(n,n,d',= d) be defined as H(n,n,d’,d) but with the additional
condition that all vertices y € Y have degree exactly d. Note that, if n
is sufficiently larger than d’, then for every H' € H(n,n,d’,d) there is an
H € H(n,n,d + 1,= d) such that H' C H. Thus, it suffices to show
that Gy, np is a.a.s. H(n,n,d + 1,= d)-universal.

Let the two vertex classes of Gy, n,p be U and W, |U| = |W| = n. For
technical reasons we will need a partition of W. A partition in which the
cardinalities of any two parts differ by at most 1 is called an equipartition.
Let W = WUWLU- - -UWp be a fixed equipartition of W with D := dd’'+1.

Let v = v(d) be a constant defined later and let C' > 0 be sufficiently
large so that, in particular, Lemma [5| holds. Further, let G be a bipartite
graph that for each ¢ = 1,..., D satisfies Properties (i)-(iii) from Lemma
with W/ = W;. We will show that G contains all H € H(n,n,d +1,=d) as
subgraphs, and consequently that G is H(n,n,d’, d)-universal. Theorem
will follow, since G, .. a.a.s. satisfies Properties (i)-(iii) from Lemma

Let us fix H € H(n,n,d + 1,=d). In order to avoid certain dependency
issues later in the proof, it would be convenient to assume that the sets
H(y) are pairwise disjoint. This is not true in general, but it is possible
to partition the set Y into finitely many subsets, each satisfying the above
demand. A family of pairwise disjoint sets will be called a disjoint family.

Consider an auxiliary graph

J= (Y. {uv : u,v ey, disty(u,v) =2}).

and note that A(J) < dd'. By applying the Hajnal-Szemerédi Theorem [15]
to J, one obtains an equipartition of V' (J) with D parts:

Y=Y1U.---UYp.

Observe that, by construction, for every i = 1,.... D, {H(y) : y € Y;} is a
disjoint family of d-element sets. We renumber the sets W; so that |Y;| = |[W;]
foralli=1,...,D.

To show that G O H, our strategy is to find a bijection 7: X — U which
can be extended to an embedding f of H into G by selecting the images of
vertices in Y. More precisely, given 7, we will find a map f: XUY — UUW
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FI1GURE 1. The idea of the proof of Theorem 6.

such that f|x = m, for alli =1,..., D f(Y;) = W; and, most importantly,
forally e Y

m(H(y)) € G(f(y))-

Let m: X — U be a random bijection and let AT be an auxiliary bipartite
graph with classes Y; and W; containing as edges all pairs (y,w) € ¥; x W;
for which the m-image of the H-neighborhood of y is contained in the G-
neighborhood of w (see Figure . Namely,

(6) E(AT) ={(y,w) € Y x W; : m(H(y)) € G(w)}.

Suppose that each AT, i =1,...,D, contains a perfect matching M; and set

1
M = U?:l M;. Extend 7 to an embedding of H into G by letting, for every
y €Y, fly) = w, where (y,w) is the edge of M incident to y. We claim
that such an extension is an embedding of H into G.
The extension f is clearly a bijection. It remains to show that f is also
edge-preserving. For an edge e = (z,y) € E(H), let i, be such that y € Y], .
By construction, (y, f(y)) € AT which implies that w(H(y)) € G(f(y)) and

thus 7(z) € G(f(y)). Consequently, (f(z), f(y)) = (7(2), f(y)) € E(G) and
the map f is edge-preserving.
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Therefore, Theorem [7] immediately follows from Lemma [f] and Lemma
below. (Notice that G is fixed and the probability space in consideration
refers to the bijection .)

Lemma 8. For all i = 1,...,D, the graph AT a.a.s. contains a perfect
matching.

Proof. Let us fix an index ¢ throughout this proof and set m = |Y;|. We will
verify Hall’s condition in order to establish the result. To simplify notation,
for every V C V(AT) =Y; UW; we set

(7) NWV) = AT (v).

veV

It is well known that it suffices to show, for some integer m’ > 0, that
e |[N(S)| > |S] for all S CY; with |S] < m/ and
o [N(T)| > |T| for all T C W; with |T| <m —m/.

Set m’ = (1 — v)m and fix and arbitrary bijection 7: X — U. Observe
that {w(H(y)) : y € W;} is a disjoint family. For all S C Y; and T C W;
such that with |S| < n’ and |T| = m — |S|, Property (iii) from Lemma
yields that, setting Fs = {m(H(y)) : y € S} C (g), there is (w, A) €
T x Fg satisfying A C G(w). In particular, it follows that for every m we
have |N(S)| > |S| for all sets S C Y; with |S| <m/.

In remains to verify that Hall’s condition holds a.a.s. for all sets T' C W;
with |[T| < m —m/ = vm. We will divide this range of ¢ := |T| into two
parts and prove the following two statements.

(I) a.a.s. every T C W, 1% <t <v|W,, satisfies |[N(T')| > t;

(II) a.a.s. every T'C W;, t < 1%, satisfies |N(T")| > t.

Proof of . Let Y; = {y1,y2,---,Ym}. We will partially reveal m by
exposing w(H (yg)) one step at a time for £k = 1,2,...,m. For conve-
nience, set Hy := H(yg). Notice that if 7(Hy) C G(w) for some w € W;
then (yx,w) € AT and thus y, € N(T).

Suppose that 7(H;) has been exposed for all j < k. The set 7(Hjy) is
then a uniformly chosen d-subset of Uy, = U \ U, m(H;) (see Figure [2)).
We have |Ug| > n —md > n/2. Therefore, by Property (ii) from Lemma

1 1
®) ‘ {w €T ¢ |Gw) N Uk = 5p Ul > pf} \ > po > 0.8t.
Let
B G(w)ﬁUk
A= U ().

weT

Note that y, € N(T) iff 7(Hy) € Ai. We are going to subdivide the range

of t even further and assume first that ¢ < ﬁ.
(12p)
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vy

FIGURE 2. Illustration to the proof of Lemma 7 — Case (I).

Claim 9. Forallk=1,2,...,m and t < m, we have

def. t (pn/4
> = — .
Al > Q 2< d )
Proof. By the inclusion-exclusion principle, we have
|G(w) N Ukl |G(w) NG(w') N Uy
{Ak} Z Z < d o Z d :
weT wH#w' €T
From we conclude that
|G(w) N Ukl pn/4
> 0. .
> < J > 0.8t
weT

On the other hand, using Property (i) from Lemma applied to sets with
two elements, we have |G(w)NG(w')| < (1+v)p?n < (3/e)p?n for every w #
w’. Therefore, using the standard estimates (M /1)! < (Af) < (eM/1)!,

3 <|G(w)ﬁG;l(w’)ﬂUk|> (;) <(3/e;p2n>

wH#w' €T
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Under the assumption that ¢ < s——=7, the above inequalities imply the

1
2(12p)
claim. 0

For every k = 1,2,...,m, let By C Ai be a fixed set with exactly Q
elements (for concreteness, take the lexicographically first @ sets of Ay).
Further, define

I, = I[n(Hy) € A and Jy, = I[7(Hy) € Byl

m m
Zr = Zlk and Z = ij.
k=1 k=1

Observe that, since I, > Ji for all k,
Zr =|N(T)| > Z.

It is easy to see that the variables Jj, are independent and hence Z/. is a
generalized binomial random variable with mean

Let

’ r S Q
M = E[ZT] - (|Uk|) :
k=1 \ 4
By Claim [9] we bound
-1 d d
t C%logn
Lo> ") Py > 16t1
©) wr = ma <d> = 2e)d = 2q2(4eyd = 10HIBT

for C sufficiently large.
Applying Chernoft’s bound [16, Theorem 2.8] to Z7. yields

P(Zp < pwyp/2] < exp{—pr/8} <n~?
Therefore, by the union bound

100 1 !
P[there exists T, — <t < VANES M—T}

p 2(12p)4 2
(10) Baw m

< ; >n_2t < Zn_t =o(1).
t=100/p t=1
Hence, a.a.s. every T with % <t< 2(1;p)d satisfies
1
IN(T)| = Zi = gpg = 8tlogn > t.

Consider now a set T with <t <wvm. Let Ty C T be an arbitrary

2(12 )
set with cardinality i) ) We have
N = IN ()| = s, > 25, > "0 & By s s
= 0= = "9 = 4(4e)d —12(48)d—
if we set v = v(d) sufficiently small. It follows that a.a.s. every T with 1% <
t < vm satisfies |[N(T')| > t and thus () is proved.

vm,

O
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Proof of . Since in this case the sets T are small, we will change our
strategy and consider the inverse of the random mapping 7. Recall that
N(T) has been defined in (7). Our aim will be to prove that a.a.s.

1
(11) IN(T)| > p 4d+1d2't for all TCVVZ,t—|T|<3d3
This will imply that also a.a.s. all sets T" with 575 5 <t< m satisfy
n 1 100

d
To prove , we fix a set T = {wy, ... wt} cW;,,t< 3d3 , and begin
by constructing a disjoint family N' = {N, C G(wg) : k= 1,...,t} such
that |Ni| = pn/2 for every w € T.

Claim 10. There is a disjoint family N = {N, C G(wg) : k=1,...,t}
such that |[Ng| = pn/2 for every k =1,...,t

Proof. We will construct the desired family using a simple matching argu-
ment. A folklore corollary of Hall’s theorem states that if for some integer

S
( U G(w)‘ > ||
weT’
for every T" C T then there exists in G a star-matching saturating 7', that is,
a forest whose components are stars with s arms and centers at every w € T.
For any 7" C T, Property (i) from Lemma [5| and the inclusion-exclusion
principle yield that

‘ U G(w)’ > Z |G(w)| — Z |G(w) N G(w)]

weT’ weT’ wH#w €T’
(12) > |T'|(1 = v)pn — [T'(1 + v)p?n
1
> Zon |T'
2 gpn [T,

where the third inequality holds by our assumption on ¢. The existence
of family A follows from and the above mentioned corollary of Hall’s
theorem. 0

We will estimate |N(7T')| from below by counting how many elements y €
Y; are such that, for some k = 1,...,t we have H(y) C 7~ *(Ny, ). Indeed,
this containment implies that

m(H(y)) € Nu, € G(wp)

which, by @ means that (y,wy) € E(Af) and thus y € N(T).
For k=1,...,t set

Ry=Hy €Yy : H(y) S 7 (Np)}|-
Further, let RT = R = 3"} _, Rg. Since the family N\ is disjoint, [N (T)| > R.
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Claim 11. For a sufficiently large constant C, we have
t d
(13) IP’[RT < 5(2) m} <n?t,

Observe that follows directly from Claim |11] and the union bound.
Indeed,
t /p\¢

P[H T :t<1/(3d%) and R < 5(1) m]

1/(3d°p)

my ot —t
< > (t>n <> nt=o0(1).

t=1 ¢
Proof of Claim[11]. Let Ij, = ]I[Rk > (%)dm] for every k, and Z = 2221 1.
Clearly,

]P’[R < %(g)dm} <P[Z < t/2].

For any a € {0,1}" we have

(14) P[I; = ay, for all k] = H]P’[Ik = ag ‘ L=ay,....,1_1 = ak_l].
k=1

We will show that

(15) Ply=0|L=ay,....ly-1 = aj_1] <n”°

regardless of the values aj,aq,...,ar_1. Let |a| = ZZZI ay. In view of
and ,
P[Z <t/2]= Y P[I = a for all k|
a:lal<t/2
< Z n6(t=la) < oty =8t o =2t
a:la|<t/2
This proves that implies . It remains to show .

To this end, the inverse of the random map 7 will be exposed in steps by
revealing 771 (IN}) one at a time. For 1 < k <, let

(16)

k—1
(17) Xp=X\|Jr ' (N;) and Fp ={y € Y; : H(y) C Xz}
j=1
The family {H(y) : y € Y;} is disjoint by construction. On the other
hand, every vertex in Y;\ Fj, must have some H-neighbor contained in X\ X},
which means that
Y\ Fil < IX\ X0l < (k= D5 <52 < 2,

and thus, |F;| > m/2 (see Figure [3)).
Suppose that 7~1(V;) has been exposed for all 1 < j < k — 1. In partic-
ular, Iy, Is, ..., I[;_1 are determined. We need to compute the probability
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FIGURE 3. Illustration to the proof of Lemma 7 — Case (II).

that I = 0 conditional on the exposed part of 7. In this conditional space,
the set 7~ 1(NN}) is uniformly chosen among all Br-subsets of X}.

It will be convenient to switch to a different model where independent
choices are made for each vertex of X. Formally, consider a process which

selects vertices of X}, independently with probability ¢ = 52— to form a

2| Xk
random subset of X}, denoted by (Xy),.
To link the two random models, we use Pittel’s inequality [16, p. 17]. Let

o={scxi:lyevi: Hwcs) = (2)'m}

and notice that Ry < (%)dm is equivalent to 7 ~1(N;,) ¢ Q. Pittel’s inequal-
ity then yields

P[5, =0] =P[r"'()) ¢ Q] < 3@-?’[(&)(1 ¢ Q]

where all probabilities are conditional upon 7=(Ny),..., 7 (Np_1).
Let Qr = {y € Y : H(y) C (Xk)q}|- Observe that Qi has a binomial
distribution with parameters |Fj| and ¢% and thus, with mean

m/p\?
Wk 2= \Fqud2*<§) :
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Indeed, @ is the sum of indicator random variables I[H(y) C (Xk)ql,
where y € Fjy. The independence of the variables stems from the fact
that {H(y) : y € Y;} is a disjoint family.

Finally, Chernoff’s inequality [16, Theorem 2.1] yields

R R O e e

for sufficiently large C'. Therefore, holds and the claim is proved. [
This finishes the proof of . O

We have proved that both and hold and therefore Lemma (8] and
consequently, Theorem [7] follows. O

4. AN EMBEDDING SCHEME FOR BOUNDED DEGREE GRAPHS

In this section we prove Theorem [2] by providing a scheme that embeds
any graph H with A(H) < d and |V(H)| = n into any given graph G
satisfying Properties (i)-(iii) from Lemma [f]

The embedding is done in two phases. It starts by embedding one vertex
at a time until almost all of the vertices of the graph are embedded. The rest
of the graph is embedded by finding a perfect matching in some auxiliary
graph. The first phase is greedy (it never regrets a decision) but takes into
consideration a few invariants that guarantee that the embedding of the
whole graph can be done. This structure is quite similar to [19]. However,
several differences and subtleties are inherent to the sparse random graph
case.

In the first phase we construct a sequence of partial embeddings fy, f1, f2,- - -

for some k > n — 37, where each embedding extends the previous by one
vertex. In the second phase all the remaining vertices are embedded in a
single step.

Let G be a fixed graph satisfying Properties (i)-(iii) from Lemmalf|with e =
e(d) sufficiently small. Fix a graph H with A(H) < d and n vertices. La-
bel the vertices of H using the elements in [n] = {1,2,...,n} in such a
way that for m = n — n/(d® + 1), the labels {m + 1,m + 2...,n} are
assigned to 2-independent vertices, that is, every two vertices are at dis-
tance at least 3 from each other. This labeling is indeed possible since the
graph J = H U H? has degrees bounded by d?. By Brook’s Theorem, there
is a proper (d? 4 1)-coloring of .J. Label some elements in the largest color
class with m+1,m+2,...,n. By construction, vertices with the same color
are at distance at least 3 from each other.

Before we describe the embedding, we introduce some notation. Denote
by Uj the set of vertices of H which are not embedded by f;. Similarly, let V;
be the set of vertices in G’ which are not in the image of f;. Define I; to be a
bipartite graph with classes (Uj, V) where for each = € U; the neighborhood

7fk7
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FIGURE 4. An illustration of the definition given by .

of x,
(18) Ij(2) = & (£(H@\ 1)) NV,

consists of all “candidates” for f;y1(z). More precisely, the set I;(z) consists
of all elements v € V; such that mapping x to v produces a valid extension
of fj. Indeed, in order for the edges incident to x in H to be preserved
under the extension, the image of x must be adjacent (in G) to all vertices
in fj(H(x) \ Uj). See Figure {4 for an illustration of the candidate set’s
definition.

In view of , the neighborhood of a vertex v € V; is completely deter-
mined. Indeed, z € I;(v) iff v € I;(x), which means that v € G (f;(H(z) \
Uj)). Consequently, one must have f;(H(z)\U;) C G(v). In particular, for
every v € Vj,

(19) Liv)={zeU; : fj(H(x)\Uj) C G(v)}.

The aim of the first phase is to produce an embedding fi which embeds
enough vertices of H so that Uy C {m+1,...,n} is 2-independent. The fact
that the vertices in Uy are independent in H implies that their images may
be chosen independently (they just need to be distinct for each vertex).

In the second phase we will find a perfect matching in I which will define
the extension of fj into a complete embedding of H into G.

4.1. Phase 1. In this section we introduce an induction hypothesis which
is maintained for each f;, j = 0,1,...,k. The induction step (embedding
extension) is introduced in Section The induction is formally proved
in Section

Induction Hypothesis. For every x € U; we have

def. (p\IHE@N\U;| n
(20) 1(@)| = ¢;(@) < (%) e
Moreover, for every v € V;, we have
n n

d
21) L] 20y and |G)NV)| = 2
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The embedding fj is an empty map and, since G"'(0) = V(G), it follows
that In = K(Uy, Vp), the complete bipartite graph with classes Uy = V(H)
and Vp = V(G). It is clear that and the first part of are satisfied
for j = 0. Moreover, since G(v) NV = G(v), Property (i) from Lemma [6]
implies that the second condition of holds as well. In particular, the
induction hypothesis is true for the base case j = 0.

Let us now consider how the auxiliary graph I, evolves from I;. Suppose
that f;j41 extends f; by mapping x;41 — vj41. For any x € Ujyq, the
candidate set Ij1(x) satisfies

() = Ii(x) \ {vjq}, ifazé¢ H(zjn)
(22) i1 () {Ij(x) NG(vj41), ifx e H(xjp).

Indeed, when x ¢ H(z;41) we have fj11(H(x)\ Uj+1) = fj(H(x) \ U;) and
since Vi1 = Vj \ {vj+1}, we infer by that Ij41(x) = Ij(x) \ {vj41}. On
the other hand, if z € H($j+1) then f]’+1 (H(l‘) \ Uj-‘,—l) = f](H(ﬂf) \ U]) @]
{vj4+1} and consequently ;11 (z) = Ij(z) N G(vj41).

Observe that every vertex v € Vj;; satisfies

)\ ({zjr1} U H(zj11)), if v ¢ Glujp).

Indeed, for every x € I;(v) with x € H(xj41) we infer by that = €
Iit1(v) if and only if v € G(vj41). In case z € I;(v) with ¢ H(z;11),
x # xj41, we have x € Ij1(v).

Notice that a vertex v may lose at most d+1 neighbors after a single vertex
extension. Therefore, the only neighborhoods that ever shrink considerably
are the neighborhoods of vertices in H(z;41) N Uj41.

23) L) = {?(z; \ {41}, if v e Guj11)
J

4.1.1. Induction step: extending the embedding. Here we describe how the
embeddings are extended. We postpone the proof of the induction step to
Section A succinct description of the embedding scheme is stated as
Algorithm
Suppose that the partial embedding f; has been constructed (recall that fj
is an empty embedding) and satisfies the induction hypothesis. If the set U;
is 2-independent, we immediately end the first phase and execute Phase 2.
In each extension, we will look for vertices which are dangerously close
to failing the induction hypothesis. For this, we distinguish between three
cases in the extension. We say that an extension is
H-critical: if there exists a vertex x € U such that |I;(z)| < 2¢;(x);
G-critical: if there exists a vertex v € V; for which either |I;(v)| <
pin/(4d®) or |G(v) NV;| < pn/(2d?) and
normal: otherwise.
In our analysis we will show that few extensions are critical (see Lemma.
(If the conditions for both H- and G-critical extensions hold, we use the
convention that the extension is H-critical.)
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In an H-critical extension, we choose the vertex « € U; satisfying |[;(x)| <
2¢j(x) with the smallest label to be embedded. We apply Lemma to
such z in order to obtain v € I;(x) and extend f; by setting z — v. In
case the extension is normal, take z € U; with the smallest label and use
Lemma [12] to define the image of x.

If the extension is G-critical, we choose v € Vj to be any of the vertices
satisfying either |I;(v)| < pin/(2d%) or |G(v) NV;| < pn/(2d%). We apply
Lemma |13[ to the chosen vertex v in order to find « € I;(v) and extend the
embedding f; by setting x — v.

Lemmal[l2|asserts that for any vertex = € U; there is a candidate v € I;(x)
which ensures that no candidate set shrinks too much (see (22)).

Lemma 12. For any x € U; there exists v € Ij(x) such that
p p

1) N G)| 2 2150 > Byt
for all ' € H(x) N Uj.
Proof. We may assume that H(z) NU; # ) since otherwise the lemma holds
trivially. Let 2’ € H(x) N U; and consider the sets A = I;(2'), B = I;(z) C
V(G). Notice that |H(x) \ Uj|,|H(z") \ U;] < d—1 (since z,2’ € Uj are
neighbors). It follows by the induction assumption over f; that

p\20-2 /7 N2 .
Al|B| > (7) (—) 1 :
plAlIBl 2 p(} ) > 10070

Applying Property from Lemma |§| to the sets A, B we conclude that
all but at most ¢ |B| vertices v € B = I;(z) fail to satisfy |I;(z') N G(v)| >
p|L;(a)]/2.

Repeating the same argument for every element in H(x) N U; shows that
there are at most ¢ |I;(z)| |H(x) N U;| < ed|Ij(x)| vertices in I;(x) that fail
to satisfy the conditions of the lemma. Because of our choice of ¢ < 1/d
the lemma is proved. O

Lemma 13| asserts that for any v € V; there is some z € I;(v) such that
extending the embedding by = +— v does not shrink any candidate set too
much.

Lemma 13. For any v € V; there exists v € I;(v) C U;j such that |I;(z') N
G(v)| > pcj(a’) for all 2" € H(x)NUj.

Proof. Suppose that the statement fails for some v € V;. In particular, for
each vertex « € I;(v) there is some witness

(24) ' € H(z)NU; for which |[;(z')NG()| < pej(a’).
We assume that the induction hypothesis holds for f; and thus
(25) G) NVl = pn/(4d?) and  |L;(v)] > p'n/(3d°).
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Let W be the set of all witnesses for v. Since a vertex 2’ € W can only
be a witness to a neighbor x € H(z'), and there are |I;(v)| choices for z, we
must have |[W| > |I;(v)|/d. Let

W = {fj( \U) :xIEW}.
Observe that each witness ' has a neighbor in Ij(v) C U; and thus the
sets in W have at most d — 1 elements each. We claim that every wit-
ness ' must have a neighbor which was already embedded. Indeed, other-
wise H (z')\U; = () and, in view of and (20), this implies that I;(z') = V;
and c;j(z') = n/4d?, which, by the induction assumption, then implies

[Ij(2') NG(v)| = |G(v) NV;| = pn/(4d”) = pej(a'),
contradicting (24). We have thus showed that 0 ¢ W. We will now find a
disjoint subfamily X C W with
W] _ 1) @ p'n

>
BT dr
in which every set has the same cardinality 1 < ¢ < d—1. For this, take W* C
W C V(H) to be a maximal 2-independent set (with respect to H). The
family W* = {fj (H(x’) \ Uj) S W*} is disjoint by construction and,

moreover, |W*| = |[IWW*| > d';fﬁl By the pigeonhole principle, there is 1 <

¢ < d—1 such that at least | | sets of W* have cardinality . Let X C W*

be the family of all f-sets of W* Clearly, |X| > IV > e > -

Apply Property . iii)) from Lemma@to T =G )ﬂV and X. By averaglng,
there exists some X € X for which #{w € T : X C G(w)} > (1 — &)p*|T].
This is equivalent to |GN(X)NT| > (1 — €)p|T|. Let 2’ € W be such
that X = f;(H(2') \ U;). Notice that, by (L18)), I;(z') = G"(X)NV; and
hence I ( N"NG) = G(X)NV;NGw) = G(X)NT. Since by (25),
|T| > it follows that

X >

4d2 Y
¢ pn tn
L) NGE)| > (- o5 > 1 —eup(h) 15 > pes(@).
However this contradicts the fact that =’ is a witness. O

4.1.2. Bounding the number of critical extensions. We now prove that most
of the extensions are normal. An extension that is either G-critical or H-
critical will be simply called critical. For the proof we do not need to assume
that the induction hypothesis holds.

Lemma 14. There are less than 2d>\/n critical extensions during Phase 1.

Proof. Suppose for the sake of a contradiction that the C'th critical exten-
sion, where C' = 2d3/n, occurs when extending f;_; to f;. At each normal
extension, the embedded vertex is the one with the smallest label among all
the vertices which have not been embedded so far. In particular, all ver-
tices with labels {1,2,...,J — C — 1} must have been embedded after f;_;
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was constructed and thus Ujy_y C [J — C,n]. Observe that Uj_; is not
2-independent as otherwise Phase 1 would have ended before f; was con-
structed. On the other hand, the set [n — dQLH +1, n] is 2-independent by
our particular choice of labels for V(H). Consequently,
n

26 J<n———+0C.
(26) St ET T
Since |Uy| = |Vy| =n —J, implies that |U;| = [V;| > 5 — C.

The lemma follows immediately from Claim [15{and Claim [16{which bound
the number of H- and G-critical extensions respectively.

Claim 15. The number of H-critical extensions before f; is at most d(d* +

)7,

Let z1,...,x, € V(H) be the vertices which were embedded in H-critical
extensions before f; was constructed. Let j; < J be such that x; was (first)
embedded by fj,. By the definition of an H-critical extension, |I;,—1(x;)| <
203'1._1(1‘1'). Let Xz = sz‘—l (H(xl)\U]Z_l) and notice that, by , Iji—l(xi) =
G"(X;)NVj,_1 2 G"(X;) NV;. In particular
1Xil n

4d?
Notice that X; # () since otherwise the above inequality implies that |V;| <
5z and this contradicts the fact that V| > ) =1 -C.

Now we will construct a disjoint family X C {X; : i = 1 ., h} where all
sets have the same cardinality ¢, 1 < ¢ < d, and |X| > d(d2+1) To this end,
we first select a maximal set I C [h] for which {x; : ¢ € I} is 2-independent.
Then we take X C X7 = {X; : i € I} to be a subfamily containing only the
sets with the most frequent cardinality in X7. Since X7 is a disjoint family
with || non-empty sets, it is clear that

i, h
d —d(d*+1)

We thus have a disjoint family X of ¢-sets in V(G) \ Vy such that for
every X € X,

20
GO (Vo < ()] < 2651 (2) © 2(8)

(27) X[ >

GN(X )mVJ|<2( )647;2 (g)ﬂvj\.

Since w € G"(X) if and only if X C G(w), we obtain
#{(w,X) eV;x X : X CGw)} = > |GUX)NV,| < (p/4)|Vy]|X].
Xex
Because |V;| > 757 — C > /n, in view of Property from Lemma |§|7
we conclude that |X| < y/n. Therefore, by (27), we have showed that h <
d(d? + 1)y/n which establishes Claim

Claim 16. The number of G-critical extensions before f; is at most 24/n.
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By the definition of G-critical extensions, if a vertex v € V(G) is the cause
of the G-critical extension from, say, fy to fr11 (¢ < J), then either:

(I) pn/(2d%) > |G(v) N V| > |G(v) N Vyl;

(I) [Ze(v)| < p™n/(4d®).

Let B be the set of all vertices v € V(G) which caused G-critical exten-
sions before f; because they satisfy (I). Since

n pn
Ll = (1 p( € 5 2
every vertex v € B satisfies |G(v) N Vy| < (1 —¢)p|Vy|. By Property
from Lemma [6] applied to A = V; and B, we must have
100e~n
p|Vil
Now consider the set T' = {vy,...,v} C V(G), t < C, of all vertices that
cause a G-critical extension before f; because (II) holds. We will construct
a disjoint family X and use Property from Lemma |§| to show that T'
must have fewer than y/n elements. Together with the upper bound on the
size of |B|, the claim follows.

For every 1 <i <'t, let j; < J be such that f;, is the first embedding in
which v; appears in the image. For such vertices, we have

p'n/(4d°) > |1 (vy)]
(28) #e € Uyr ¢ fjma(H()\ Uj—1) C o)}
>#{xeUy : fi(H(x)\Uy) C G(vi)},

where the last inequality follows since U; C Uj,_1 and therefore H(x) \
Uj,—1 C H(z) \ U;. Moreover, we also conclude by that every x € Uj
with H(z) \ Uy = () must be in I;,_1(v;). In other words, for every i,

{reUy: Hx)\Uy =0} C Ij,—1(v;).

|B| < =0(p™") = o(Vn).

It follows that all but at most p?n/(4d®) vertices x € Uy are such that H (x)\
Uy # 0.

Next we are going to construct a disjoint family X C {f;(H(x)\ Uy) :
x € Uy} where:

(a) each set has the same cardinality ¢, 1 < /¢ < d;

(b) no set in X’ contains an element of 7" and

() [X] = (|Us] = p'n — td)/(2d°) > 555

Let U} C Uy be the set of all vertices « € U; for which H(z) \ Uy # 0
and f;(H(z)\ Us) NT = @—equivalently, = ¢ H(f;'(T)). There are at
most pn/(4d®) + |H(f;1(T))| < pin + dt vertices in Uy \ U’. Let Us C U
be a maximal 2-independent subset of U’}. Take X C X* = {f;(H(z)\Uy) :
x € Uj} to be a family containing all the sets having the most frequent



UNIVERSALITY OF RANDOM GRAPHS 21

cardinality in X*. Since t < C' = 2d>y/n, it is simple to check that such X
is a disjoint family satisfying (a)-(c). By construction,

(29)
t
#H{(vi, X)eTxX : X CG(v)} < Z#{m eU;: f;(Hx)\Uy) C G(vi)}
=1
Dl € Sy,

Since |X| > /n, in view of Property from Lemma [6, we conclude
that ¢ = |T'| < v/n. Since the number of G-critical extensions before f; is
at most |B| + |T], the claim is proved.

Claim and Claim contradict our assumption that there were C
critical extensions before f; thus proving the lemma. ([l

4.1.3. Proof of the induction step. Since fy is an empty embedding, by ,
the graph Ij is a complete bipartite graph with classes (U() =V(H),V =
V(G)). Moreover, Property from Lemma |§| ensures that every ver-
tex v € Vj satisfies |G(v)NVy| = |G(v)| > pn/2. Consequently, the induction
hypothesis holds for fj.

Suppose that the induction hypothesis holds for fo, fi,..., fj—1, j > 1.
The hypothesis could fail for f; either because fails for some = € U,
or because fails for some v € V;. Claim and Claim imply that
neither nor fail thus verifying the induction step.

Claim 17. There is no vertex x € U; for which fails.

Suppose that there is € U; for which fails; namely |I;(z)| < ¢j(x).
Let ¢, 1 < £ < j, be the largest index such that f, extends f,_1 by
embedding a neighbor z* of x. Such index exists as otherwise x would have
no embedded neighbors and this would imply that |I;(z)| = |V;| > ¢;(=).
By construction, either
(a) the image of z* under f; was chosen using Lemma [12| or
(b) z* was selected as the pre-image f, ' (v) of a vertex v € V(G) using
Lemma
In the case (a), Lemma |12 (applied with x < x*, j < ¢ — 1) provides v €
Ir_1(z*) for which fy: 2* — v. Lemma[l2] together with ensure that

|Ze(2')] = [I1(2") N G(v)] = (p/2)ce-1(2)
for all 2’ € H(x*) N Up_;.

In the case (b), similarly to (a), we use Lemma (13| and (22)) to ensure
that |I;(2")| = [Ir—1(2) N G(v)| > pee—1(2’) for all 2’ € H(z*) N Up—;. In
particular, because = € H(xz*) N Uy_q, the conclusions hold for 2/ = z and
thus in either case (a) or (b), we have

(20)
[Le(@)| = Eeea(@) = 2ei(a).
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Moreover, since no neighbor of z was embedded after f;, by , we have ¢y(x) =
et (@) = - = cjfa).

In view of (22), we conclude that |I,(z)\ Lr41(z)| < 1forall ¢ <r < j—1.
Since [I;(x)| > 2c¢j(x) and |[j(x)| < ¢j(x), for some £ < r < j —1 we
have 2¢;j(z) — 1 < |I(x)] < 2¢j(x). Consequently, |I.(x)|,...,|[j(z)] <
2cj(z). The vertex z is a witness that every extension between the embed-
dings fr, fr4+1,..., fj is H-critical. Indeed, during each such extension, some
vertex with label smaller than z satisfied the conditions for an H-critical ex-
tension.

Observe that

g == |L(@)\ (@) = I (2)] = [1;(2)] = (2¢j(x) = 1) = ¢j(x) = ¢j(x) - 1.

Consequently, our assumption that x fails implies that at least j —r >
cj(z) — 1 > 2d3\/n critical extensions occurred after f,. This contradicts
Lemma Hence, no such x € U; exists and the claim is proved.

Claim 18. There is no v € V; for which fails.

Suppose that fails to hold for f; because there is v € V; which satisfies
either |I;(v)| < pPn/(8d°) or |G(v) NV;| < pn/(4d?).
It is clear from that for every ¢ < j,

[Le—1(v)| = [Le(v)| = He—1(v)] = (d +1).
Moreover, |Vy_1 \ V4| =1 for all £. Tt follows that, for £ < j, we have

(30) [Le(v)| < [L;(0)[ + (d+ 1)(j =€)
and
(31) |G(v) NV < |G() N V| + (5 = 0).

Let ¢ < j be the largest index for which the extension from f; to foi1
was normal. By the conditions for a G-critical extension, we have |I;(v)| >
pin/(4d®) and |G(v) NV, > pn/(2d?). From and (31)), we have

. [1e(0)| = 11;()
- j = €2 max{ SEE L G(0) N Vil - [G() NV}
dn %) — i\v mn
Zmax{p /(43—){_1 |IJ( )|,§d2’G(U)m‘/j|}

If |I;(v)| < p?n/(8d°) we obtain j — £ > pin/[8d°(d+1)] and if |G(v)NV}| <
pn/(4d?) we obtain j — ¢ > pn/(4d?). Either way, the fact that v fails (21
and the definition of p imply that j — £ > p®n/(16d®) > 2d®\/n. By the
definition of ¢, at least j—/ critical extensions occurred during the embedding
process, which contradicts Lemma Therefore no such v € V; exists and
the claim is established.

We have showed that the induction hypothesis must hold for f; and there-
fore the proof of the induction is complete.
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4.2. Phase 2. Suppose that fj is the partial embedding constructed in
Phase 1. The induction hypothesis ensures that

(33 1)) > evla) > (B) ' 1y > avm

for all z € U; and
n

(34 1(0)] = 1o

> dyvn
for all v € V.

Moreover, by construction, the set U is 2-independent in H. Conse-
quently, the family F = {H(z) : x € Uy} is disjoint and each set H(x) is
contained in V(H)\ Ug. We claim that if there exists a perfect matching M
in I, the extension f of f; produced by mapping z € Uy to v € I}(v) for
all (z,v) € M is a valid embedding of H into G. The mapping f is clearly a
bijection. Moreover, for every e = zy € E(H), with both x,y ¢ Uy, the map-
ping f is such that { fx(z), fx(y)}) € E(G). Fore = zy € E(H) with x € Uy,
and y ¢ Uy, we have f(z) € Iy(z) = G"(fi(H(z))) NV, C G(f(y)) and
thus {f(z), f(y)} € E(G).

It remains to show that Ij contains a perfect matching. Set m = |Uy| =
|Vk| and assume that no perfect matching exists. Hall’s theorem implies that
there are sets A C U, and B = Vj, \ I(A) such that |[A]| > |I(A)| = m—|B].
This condition also implies that I}(B) C U \ A and thus |Ix(B)| < m —
|A| < |B|. Moreover, and imply that |Ix(A)|, |Ix(B)| > dy/n and
thus |A],|B| > dy/n.

Consider a (disjoint) sub-family X C {fx(H(x)) : = € A} in which ev-
ery set has the same cardinality and |X| > |A|/d > \/n. Given the fact
that |X| > y/n and |B| > /n, after applying Property from Lemma@
to X and B C Vi we infer that there must exist a pair (w,X) € B x X
with X C G(w)—equivalently, w € G"(fx(H(x))) for z € A such that X =
fe(H(z)). In view of (18), this means that there is an edge in I} connect-
ing w € B to z € A. This contradicts the definition of B and therefore Iy,
must contain a perfect matching.
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