Alternating Forms and the Brauer Group
of a Field Containing the Roots of Unity
E. S. Brussel

ABSTRACT. We compute H?(G,Q/Z) for any proabelian group G, using a natural isomorphism
with the group Alt(G, Q/Z) of continuous alternating forms. We use this to establish an effective
behavioral ideal for the Brauer group Br(F) of a field F of characteristic zero that contains all

roots of unity. We show this ideal is exact in several interesting cases.

INTRODUCTION.

Let F be a field of characteristic 0 that contains p, the group of all roots of unity. Our
aim is to establish a behavioral ideal for the division algebras and Brauer group Br(F) of F.
This ideal consists of a priori bounds for a given Brauer class’s most important invariants, as
well as explicit computations of the fundamental functorial maps inflation, restriction, and core-
striction, with respect to abelian extensions. We do this by exploiting a natural isomorphism
Alt(G,Q/Z) ~ H?(G,Q/Z) where G is any proabelian group and Alt(G,Q/Z) is the group of
continuous alternating forms on G with values in Q/Z. We compute the theory of Alt(G,Q/Z)
using simple linear algebra techniques, developed and applied over Q/Z. We define and compute
the exponent, index, and canonical form of an alternating form, and we compute inflation, re-
striction, and corestriction maps. Our method here is based on the recognition that Alt(G,Q/Z)
is computable from G* = H'(G,Q/Z) as a type of exterior product. We thus obtain a detailed
and computationally effective theory of H?(G,Q/Z) and Alt(G,Q/Z) for any proabelian group
G. Letting G be a Galois group over F', we then use Kummer Theory to associate elements
in the d-torsion subgroup of G* with elements in F* /F* ¢, for each d € N. This allows us to
compute the composite Alt(G,Q/Z) — H*(G,Q/Z) — Br(F) in terms of symbol classes, con-
verting our theory of alternating forms on G into a theory of symbol classes in Br(F'). When G
is F’s absolute abelian Galois group, the map is surjective, and we obtain our behavioral ideal
for Br(F).

In certain interesting and nontrivial cases the ideal is realized, and we obtain explicit index
formulas and functorial maps, and a simple algorithm that determines a Brauer class’s repre-
sentative division algebra. This is the case, for example, when F = C((x1)) - - ((zn)), the field
of iterated power series, or any strictly henselian field (see also [B], [TW]). There we obtain a
complete theory, including the symbol decomposition of Br(F') with respect to the x;, trans-
formation formulas for symbols under restriction and corestriction, the relative Brauer group
for finite Kummer extensions, canonical decompositions into disjoint reduced symbols, and an
explicit index formula. The algorithm for placing a class in canonical form also determines a

presentation for the class’s representative division algebra.

Similarly complete results hold for the subgroup of Br(F') generated by symbols [(z;,2;)w,],
whenever the elements x; form part of a transcendence basis for F' over some subfield. In general,

however, we obtain only upper bounds for the index of a class, and a “disjoint reduced symbol
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presentation” that is only a candidate for representative division algebra. We retain the explicit

descriptions of restriction and corestriction with respect to finite abelian extensions in all cases.

To make explicit calculations in this theory we assume G is torsion-free, we identify a basis

of “Frobenius generators” for G, and we map them to “prime elements” in F'.

Ezample. Here is how our theory explicitly calculates index, representative division algebra, and
restriction and corestriction in the Brauer group. Let F' = C(x1,x2, x3,x4), the function field in
four variables. Our theory computes the part of the Brauer group that is expressible in terms
of the x;. This is a subgroup, which we call Br°(Q2/F), of the relative Brauer group Br(Q2/F),
where ) is the (infinite) Kummer extension obtained by taking all possible roots of the x;. Let
[(xi,2;),,] denote the Brauer class of the r-th tensor power of the symbol algebra of degree d
defined by z;,z;, and a primitive root of unity wy. Let o € Br(F') be the element

a = [(z1,22) 5]+ (@1, 23)0,] + (21, 24) o ] 4 [(T2, T3) o] + (22, 24) 5] + (73, 74)wss]-

a’s coeflicients define the alternating matrix

|
=
|
|~

9
0 4 20 20
1 0 1 1
A= | & ) @ TE | cAl,Q/)
I B
20 5 1 0

Although this matrix is associated directly to the given Brauer class, in our theory it is the
matrix of an alternating form on the Galois group Gg/p =~ Z*, given by specifying a basis of
generators for GG, which are “Frobenius” with respect to the “primes” z;. The index of « is

given by the formula

ind(a) = lem{|ai;|, |a12a34 — a13a24 + a14a23]}

= lem{[1/4],[1/20],[1/5], [1/40]} = 40,

computed by taking the least common multiples of the orders in Q/Z of the subpfaffians of the
alternating matrix A. To find the division algebra underlying a, we “2-block-diagonalize” A

using the standard algorithm. If

30 -1 0 4 -2 3 =2
-2 5 11 , o1 | 4 4 -5 3
P=1 58 9 of €GM@Z); Q=P"=1, 4 ¢ _4
15 7 —6 2 17 —-17 22 —13
then
0 1 0 0
-1 9 0 0
= P*AP = 2 Al 7
0 0 —5 O

where P* is P’s transpose. This shows a has canonical form

a = [(l‘/p 37/2)0.:2] + [(xgvxil)wzo]
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with representative division algebra D ~ (2], 25)w, ® (5,2} )w,,- The x} are algebraically inde-
pendent over C, and z} = z{" 24?21?27 with exponents taken from Q’s i-th row.
Now let K/F be a finite subextension of Q/F, defined by K = F(y1,y2,¥s,y4), where y; =

’ ’ ’ ’
91 .92 .93 . 904 / . .
Tyt wy g ay™, and the g;; are given by the matrix

T2 _1 7

15 15 5 15

- A VA S

I () — 5 30 5 30

Q= (qij) =1 _ 2 7T 1 19 € GL4(Q).

15 30 5 30

2 _ 1 1 _ 1

15 30 5 30

It is important that the y; form a basis for the subgroup they generate in ' /F*3% so that Q’s

inverse is defined over Z. Here,

3 1 -1 0

roran—1 0o 2 -7 -1
yo@)t=|5 2 T ] ewm@.

0 0 1 -1

It follows that [K : F] = |det(P’)| = 30. Let A € Alt4(Q/Z) and o € Br(F) be as above. The
matrices P’ and Q', which represent the field extension K/F, are used to perform functorial
operations on the alternating matrix A representing c. For example, 3 := res(ax) € Br(K) is

determined by the matrix

1 1 11
0 -1 35 %
1 0 ir 3
B=PAP = | 1 5 B D eAmQ/2)
i E 7
20 20 20

Explicitly,
(x) B=res(a) = [(yhy2);41]+[(y1,yS)%H[(yhy4)if;0]+[(y27y:s)i;o]‘*‘[(yz,y4)i20]+[(y3ay4);210}
where each y; = []; :c?;" is given by Q’. The index of 3 is

ind(B) = lem{|1/4],]1/5|,]1/20],|1/80 — 3/100 + 187/400|} = lem{4, 5, 20, |9/20|} = 20.

This degree 30 scalar extension K/F reduces the index of e by a factor of two.

Conversely, suppose 8 € Br(K) is given by (x). Then ~ := cor(8) € Br(F) is determined by

the matrix

€ =30(Q*BQ) = € Alt4(Q/Z).

O NIE O N
O NI O N

NI

= O NN

Thus

v =cor(B) = [(T1, ¥2)w,] + [(T1,T3)ws] + (@1, Ta)wo ] + [(T2, ¥3)ws] + [(23, T4) s ]



where z; = [[; yf“ is given by P’. Note v = cor - res(a) = 30a, as required. The index is
ind(v) = lem{|1/2],[1/4 -0+ 1/4]} = 2.

Thus the corestriction reduced 3’s index by a factor of 10.

The author thanks Adrian Wadsworth for invaluable, detailed feedback on preliminary drafts,
including the improvement of several proofs. The author thanks David Saltman and Emily
Hamilton for valuable comments and suggestions. The author also thanks the UCLA and UCSD
Math Departments for their warm hospitality during his visits.

0. CONVENTIONS

Write P for the set of rational primes. If d € N, let supp(d) denote d’s prime support. Use m
to denote a subset of P. Let N(m) denote the set of positive integers supported on m.

For each prime p, let Z, be the additive group underlying the ring of p-adic integers. If m C P
is a set of primes, let Zy denote the product [] 7Z,. Let 7 be the profinite completion of Z,
then Z = Zy,, where m is the set of all primes. Let Z[1/p] denote the additive group of the
localization of Z with respect to the prime number p, and let Z[1/p]/Z denote the quotient, a
divisible torsion p-group. Let Z[1/m]/Z denote the (divisible) direct sum [, Z[1/p]/Z. Note
Z[1/m]/Z = Q/Z when m is the set of all primes.

Each Zy, acts diagonally on Z[1/m]/Z with respect to the primary decomposition. Explicitly,
if v =[], ¢p € Zm, where x, € Z,, and a = [],, ap, where a, € Z[1/p|/Z, then x-a =[], zpa,.
In particular, if # € Z and 1/d € Q/Z, then z/d € Q/Z is the product of z(mod dZ) and 1/d.
Extend the action of Zy, on Z[1/m]/Z to all of Q/Z via the standard embedding Zy — Z, so
that the action on the other primary components is trivial.

If G is an abelian group and d € N, let G¢ (or dG) and 4G denote the d-power (or d-multiple
for additive notation) and d-torsion subgroup of G, respectively. Let |G| denote the cardinality
of G, and let exp(G), the exponent of G, denote the smallest number m € N such that G™ = {1}
(or mG = {0}).

If G is a proabelian group, say a natural number d divides |G| if d divides the order of a finite
homomorphic image of G. If o € G, say d divides the supernatural number |o| if d divides the
order of some finite homomorphic image of o.

A subset z = {x;}; of a (multiplicative) abelian group G is p-independent for a prime p if
for every finite subset {z;,,...,7;, }, Hle a:?]f € G?" implies p" | a;, for all j : 1 < j < k. Note
z is p-independent if and only if it is independent (mod GP). Say x is m-independent for some
m C P if it is p-independent for all p € m. Say z is Z-independent if it is P-independent. A
subgroup H of an abelian group G is pure if whenever an element of H has an n-th root in G,
it has an n-th root in H. A pure subset of G is a subset that generates a pure subgroup.

1. DuALITY
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By Pontrjagin Duality [RZ, 2.9.6], the category of proabelian groups is dual to the category of

«

discrete torsion abelian groups. In particular, there is an exact contravariant functor “ % ” from

proabelian groups to discrete torsion abelian groups, sending an object G to G* = Hom(G, Q/Z),
the group of continuous homomorphisms into the discrete group Q/Z; and sending a homomor-
phism f to its transpose f*, defined by composition f*(¢*) = ¢* - f, for ¢* € G*. In [RZ], it is
shown that there is a natural isomorphism G ~ G** = Hom(G*, Q/Z).

Suppose G is a proabelian group, and Q/Z is the continuous G-module with trivial action.
Then G* ~ H'(G,Q/Z). It will soon be shown that Pontrjagin duality extends to dimension
2, to groups ® G* and /~\ G* that correspond to the groups of continuous bilinear forms and
continuous alternating forms on G x G, with values in Q/Z. It will be proved in Theorem 2.4
below that /N\QG* = /~\2H1(G,(@/Z) is naturally isomorphic to H*(G, Q/Z).

~ 2 ~2
To construct the two functors “ Q) ” and “ A\ ” from general torsion abelian groups G* to
~ 2 2
torsion abelian groups Q) G* and A G*, the usual tensor product definition must be modified
to produce a nontrivial object should G* happen to be divisible. In particular, a direct limit

applied to the usual tensor product does not work. Here is the modified definition.

Let G* be a torsion abelian group. Let Z(G* x G*) denote the free abelian group generated
by the set G* x G*. Let R denote the subgroup generated by the following types of elements:

(¢, 9%) = (¢ 5¢7) 5
(1.1) (6", 91) + (6",3) — (&, 2457 + 22453) ;
(8,07) + (85,07) — (BL6T + D263, 47)
where m = |¢*|, n = [¢*], m; = |¢F|, n; = |[¢]|, d = ged(m,n), d; = ged(m,n;), and ¢; =
ged(m;,n).

Definition 1.2. e o)
22 . *x G*
&R G = —

=2
Let ¢*®1* denote the image of (¢*,¢*) in ®Q G*. Say the representative ¢*®@v* is reduced if
m=n=d. If f*:G* — H* is a homomorphism of torsion abelian groups, let ¢ = lem[m, n|
and ¢ = lem[|f*(¢*)|, |f*(1*)|], and let f*®2 be the function defined by

f*®2 . ®2G* _ ®2H*
" Y* — S(f*(¢7)R " (¥7)).
The function f*®2 will be shown to be well defined in Lemma 1.4.

Consequences 1.3. Here is a list of consequences of (1.1).

a. Forall r € N, r(¢*®@y*) = ¢*@(F¢*) = (57 ¢*)@y*. To see this, induct on r. When
~ 2
r =1, the result holds by the defining relations on & G*. If the result holds for r — 1,

r(¢*@y*) = ¢* @y + (r — 1)(¢*00*) = ¢* @y + ¢ o (U=myr).
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Since the order of @w* divides m,
$* @Y + ¢ R(U ") = gre(fut + Ty = oY),
By the second relation in (1.1), the result is true for all r, by induction. The other equality is

proved in the same way.

b. Every ¢*®v* has a reduced representative by (1.1). By (a), on reduced elements
r(@*@Y") = (r¢")@y" = ¢"R(rg").

In particular, if d = ged(m,n), d(¢*@y*) = d(Fo*@%5¢*) = 0@5¢* = 0. Thus |p*®*|
divides d, and ®2G* is a torsion abelian group. It will be shown in Theorem 2.3 that in fact
[¢*@y*| = d = ged(|¢™|, [¢]).

c. If (r,m) = (r,n) = 1, then r(¢*®@y*) = (r¢*)@yY* = ¢*@(ryp*), whether or not ¢*@y* is

reduced. This follows immediately from (a).

d. If r divides d, then r(¢*®v*) = (r¢*)®(rv*), whether or not ¢*®¢* is reduced. This
follows immediately from (a) and the first relation in (1.1).

e. If lem[ny, no] divides m, then ¢*®@(v¥] + v3) = ¢* @Y7 + ¢*®@15. This follows immediately
from (1.1).

Lemma 1.4. Suppose f* : G* — H* is a homomorphism, and ¢*,¢* € G*. Let m = |¢*|,
n= |w*|) m' = |f*(¢*)|; n' = |f*(1/)*)|7 ¢ = lcm[m,n], d= ng(m7n)’ = lcm[mlvn/L and
d = ged(m’,n'). Then

f*®2 . ®QG* _ ®2H*
P* Y — S(f(@7)Rf(¥7))

is a well defined homomorphism. Moreover,

s(fr@Mef ()

I
—~
3o
~
*
Yo
<
*
&
~
*
<
*
I

~
*
-
*
~—
)
—~
3o
~
*
<
*
~—
S~—

Proof. Define a homomorphism

PG X G — @ H
(", ¥%) — S(fH (") f(¥7)).
Note m'n’ = ’d’. By (1.3a), S(f*(¢*)af*(¥*)) = (G f*(@*)f* (") = f*(o")(= (1)),

as desired. To show that the kernel of f**2 contains all elements of the form (1.1), use cd = mn,

lem[| ¢*[, [¢)*|] = n, and the result in the preceding sentence to check

FRe W) = FR 050 = (P (207 )RF (¥7) = (L ()@ f () = F72(¢",47),
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as desired. Similarly, f*“(gb*,% *) = f**2(¢*,9*). Thus ker(f**?) contains the first type

of element in (1.1). For the second type, let n; = [¢F|, d; = ged(m,n;), and ¢; = lem[m, n;].
Compute on one hand

FPR@00) + (0%,03)) = fH(67)R (5 [ (D) + f* (@)@ 7 (13)).

Since [, f*(¢F)] divides [f*(¢*)], this is f*(¢*)@(; 57 f* (Y1) + 72 f*(¥3)), by (1.3¢). On the
other hand, since lem[dy, d] divides m and ¢;d; = mn;,
RS, BT 4 B24p5) = fH(ON)QE fH (BT + 225) = [H(01)® (5 (V1) + Z 5 (¢3)) -

Thus ker(f**?) contains the second type of element in (1.1). Similarly, it contains the third
type. By the universal property of free abelian groups, f**? extends to the homomorphism of
the lemma.

[ ]
Definition 1.5. Define alt : ®2G* — ®2G* by ¢*®@9Y* — ¢*RY* — *®e*, and set
~2 ~ 2
N\ G* = alt(Q G)

Let ¢*Ap* = alt(¢*@y*) = ¢*@y* — Y*@¢*. If f*: G* — H* is a homomorphism of torsion
abelian groups, assume the notation of Definition 1.2, and set

Fr NG — N
8" AU S (AL W)

It is easily checked that alt is a well defined homomorphism. The map f*? is the restriction
<2
of f*®2 to A\ G*. For compute

FE" ) = [ (¢ 0" — T @e") = fr(@TeyT) - [T ReY)
(el (W) - Z(fF(@Nef (7))
= S @I @) = f72 (6" A ).

Theorem 1.6. ®2 (GE ) e (®2G*,f*®2) and /\2 (G ) - (AQG*,f*A2) are covari-

ant functors from (divisible) torsion abelian groups to (divisible) torsion abelian groups.

Proof. Suppose G* is divisible, s € N, and ¢*®@vy* € ®2G*. Let m = |¢*|, n = |¢*|, and
d = |¢*®¢*|. By (1.3b), d divides ged(m,n) Factor s = ru, where r € N is the divisor of s
whose prime support also supports d, so that (u,d) = 1. Choose a number v : uv = 1(mod d).
Since G* is divisible, there exist r-th roots %¢*, %1/)* € G* of ¢* and v¥*, respectively, and
since r’s prime support divides d, |%q5*| = mr and |%1/)*\ = nr. Now compute, using (1.3),
sv(%cb*@%@b*) = uv(¢d*@Y*) = ¢*@y*. Therefore

(1.7) (") == v(Ld* 1Y)



8

is an s-th root of p*®vY*, of order dr. Thus if G* is divisible, ®2G* is divisible, and similarly,
A°G* is divisible.
<2 ~ 2 ~ 2 ~ 2
Since A\ G* <@ G* and f*\? is the restriction of f*®2 A" is a functor if Q) is. Therefore
~ 2

it remains to show Q) preserves identity homomorphisms, and composition of homomorphisms.

If f* is the identity map on G*, then by Definition 1.2 f*®2(¢*®i*) = S(¢*@1*). Since

~ 2

c=c =lem[|¢*|, [v*]], f*®? is the identity on @ G*.

Suppose f* : G* — H* and ¢g* : H* — J* are homomorphisms, and ¢*,¥* € G*. Let
¢ =lem(|¢°], [0}, ¢ = lem[] f*(6)], |f* (&)}, and ¢ = lem|(g" - £*)(&*)], (g" - /*)(¥*)]]. Since

£*92 and ¢*®2? are homomorphisms,
g [ (¢rayt) = ¢S (9N (¥F)))
LS ((g" - D)2 W) = S (g

77

This completes the proof.
|

~ 2 =2
Remark 1.8. Composing the functors ) and A with the Pontrjagin Duality functor yields
~ 2
contravariant functors on the category of proabelian groups, defined by (G, f) — (& G*, f*®2)
=2
and (G, f) = (N G*, f?).

2. BILINEAR FORMS, ALTERNATING FORMS, AND COHOMOLOGY

The groups ®2G* and ]\*G* are defined abstractly on any torsion abelian group G*. It
is shown in this section that if G is proabelian and G* is its dual, then ®2G* and f\*G* are
naturally isomorphic to the groups of continuous bilinear and alternating forms on G, defined
below. It is then shown that the group of alternating forms is naturally isomorphic to the Galois
cohomology group H?(G,Q/Z). These isomorphisms reduce the theory of these groups to the
theory of G*. In particular, they allow the computation of restriction, inflation, and corestriction

in Theorem 2.8 and Theorem 2.10, in terms of corresponding maps on character groups.

Definition 2.1. Suppose G is a proabelian group, and Q/Z is the continuous G-module with

trivial action.

a. Denote by Bil(G,Q/Z) the group of continuous bilinear forms on G with values in Q/Z.
If b € Bil(G,Q/Z), set radp(G) = {0 € G : b(0,G) = b(G,0) = 0}, the radical of G with respect

to b. Since b is continuous, rady(G) < G is an open subgroup.

b. Denote by Bil(G, Q/Z)sym the group of continuous symmetric bilinear forms, the subgroup
of Bil(G,Q/Z) consisting of b such that b(o,7) = b(7,0) for all 0,7 € G.
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c. Denote by Alt(G,Q/Z) the group of continuous alternating bilinear forms, the subgroup
of Bil(G,Q/Z) consisting of a such that a(o,0) =0 for all o € G. Note that a(o,7) = —a(r,0),
and rade(G) = {oc € G: a(0,G) = 0}.

It will be shown in Theorem 2.3 that all bilinear forms arise from the following construction.
Suppose ¢*,¥* € G*. Let m = |¢*|, n = |*|, and d = ged(m,n). There is a canonical injection

v: (12/2)02(12/2) — Q/Z

defined by 1/(%@3) = %b. Suppose ¢*, 19 € G*. Use v to define define bilinear forms v, (¢*®1y*)

n

and v, (¢* A*) on G with values in Q/Z by the rule

vi(¢* @) (o, 7) = v(¢"(0)@9" (7))

(2.2)
vi(@" AY7)(0,7) = (i (9" @Y") — v (P ®0")) (0, T)

for all 0,7 € G. The bilinearity of these functions follows from the bilinearity of the tensor
product, and the continuity follows from that of ¢* and ¢*. Since ¢*AY*(0,0) = 0, ¢*Ap* is
alternating.

Theorem 2.3. Suppose G is a proabelian group. Then the function
~ 2
ve: Q@ G* = Bil(G,Q/Z2),

<2
given by (2.2), is a natural isomorphism, functorial in G, whose restriction to )\ G* is an
isomorphism

ve: NGF = AlG,Q/Z) .

Consequently |¢*@v*| = ged(|¢*|, |v*|). If f: H — G is a map of proabelian groups, the maps
v.(f*®%) and v.(f*"?) are the usual transpose maps (f x f)* on Bil(G,Q/Z) and Alt(G,Q/Z).

Proof. To show v, is a well defined homomorphism, it suffices to check that the kernel of the map
(¢*, ™) — v (¢*®@Y*) on Z{G* x G*) contains the relations (1.1). Suppose ¢*, *, ¥, 935 € G*.
Set ¢35 = F-o7 + P43. Let m = [¢*|, n = [¢*|, n; = [¢]], ¢ = lem[m, n], d = ged(m,n), and
d; = ged(m,n;). Since dy,dy both divide m, d3 = nz. Suppose ¢(o) = a/m, (1) = b/n, and
;i (1) = b;/n;. Compute ¥3(7) = bs/ng = % + Z—z.

It is immediate from the definition that v.(¢*®@v¢*) = v (G ¢*®%51*), in light of the natural
isomorphism L7Z/Z®17/7 — 17/7.0%7/7 defined by 2L — 2@b which commutes with v.
Thus the first relation holds in Bil(G, Q/Z). By definition, and since dz = n3 divides m,

(¢ @U1)(0,7) + v (" @Y3)(0,7) = GH + P2 = P = v R(FUT + 2U3))(o,7) -

Thus the second relation in (1.1) holds. Similarly, the last relation holds. Thus v, is a well

defined homomorphism.

The bilinear form v, (¢*®1*) is clearly of order d. For since |¢*| = m and [¢*| = n, there
exist elements ¢ and 7 in G such that ¢* (o) = 1/m, ¥*(7) = 1/n, hence v, (¢*@y*)(o,7) = 1/d.
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To show v, is functorial, suppose f : H — G is a homomorphism of proabelian groups,
with transpose f* : G* — H*, and functorial map f*®2 on ®2G*. The usual transpose
(f x f)* is defined on Bil(G,Q/Z) by composition with f x f : H x H — G x G. Suppose
(f x f)(e’,7") = (o,7). Compute on one hand

(f % ) (a9 @), 7) = vl @"@0") (0,7) = %

For the other hand, let m’ = |f*(¢*)|, n’ = |f*(@¥*)|, ¢ = lem[m/,n'], and d’' = ged(m’,n’).
Then f*(¢*)(¢") = ¢*(0) = a/m = d'/m/, where @’ = am’/m € Z. Similarly f*(¢v*)(7") =V /n’,
where b’ = bn’/n € Z. Therefore compute

v (f (¢ @u) (0, 7') = v (S (F (¢ f (W) (o', 7) = L2

Since ¢d = mn and ¢/d’ = m'n’, 'V = abc’d’ /cd € Z. Therefore a'b'c/d'd = (abd'd'/ed)/c'd =
ab/d. Conclude

v(fP2 (¢ @"))(0",7') = (f x )T (v(o"@v™)) (0, 7).

~ 2
Since (o, 7) is arbitrary, this shows (f x f)*(v«(¢*®@v*)) = v (f*®%(¢*®@¢*)). Since @ G* is
generated by the elements ¢*®1*, this shows (f X f)* - v, = v, - £*®2, i.e., v, is functorial.

Now to show v, is an isomorphism. Suppose b € Bil(G,Q/Z). Assume first that G is finite,
then G has a basis {¢;}, and b is completely determined by its values on the basis {(¢;, ¢;)}
for G x G. If di; = ged(|¢il, |¢5]), then b(¢i, ¢;) = a,j/d;; for some a;;. Let {¢;} be the basis
for G* dual to {¢;}, defined by ¢} (¢;) = d;;/|¢i|, where §;; is the Kronecker delta function. By
(2.2), v (0] ©9]) (dks ¢1) = dikdji/dij, hence b= v, (32, ; aij(;®¢7)). Thus v is surjective.

To show that v, is injective, it is enough to show v,’s restriction to each p-primary compo-
nent of G is injective. First note that the ¢;®¢7 span ®2G*, where G has p-power order.
For if ¢*®v* is a reduced element of ®2G*, with ¢* = > a;¢; and * = } b;¢}, then
by the independence of the ¢, |a;¢;| and |b;¢}| divide [¢)*| = [¢*|. Therefore by (1.3e),
P*RY* = E” a;¢;@b;d;. Write a; = w;p", b = v;p%, then by (1.3¢,d), a;¢;®b;¢; =
wvi (p" o7 @p* ¢F) = uv;p™ (¢ ®¢7), where pt = [¢;®¢7|/|p" ¢ @p* ¢}|. Therefore ¢* @y
is a linear combination of the ¢;®¢7, so the ¢;®¢; span ®2G*. The V*(¢’{®¢}‘) are clearly
independent, and since |¢;®¢}| divides [v.(¢;®¢7)| = ged(|¢*], [¢0*]), the linear combination
expressing b is unique. Thus v, is injective.

Now suppose G is a general proabelian group. If b € Bil(G,Q/Z), then b factors through
G x G, where G = G/radp(Q) is finite. That is, b is in the image of the inflation map t*®? :
Bil(G,Q/Z) — Bil(G,Q/Z). By functoriality, if 7. denotes the map on ®2@*, then 1*®2 . p, =
v, - 1*®2, Therefore v, is surjective by the finite case. To show v, is injective, note that inflation
1*®2 : Bil(G, Q/Z) — Bil(G,Q/Z) is obviously injective, for any finite quotient G' of G, and if
7, denotes the map on ® G*, then 7, is injective by the finite case, hence ¢*®2
and by functoriality, v, - ¢*®? is injective. If £ € ®2G*, then by the construction of ®2G*, &is
a finite sum of elementary elements ¢*®*, so £ is supported on the dual G of a finite quotient

- Uy 18 injective,
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_ ~ 2y ~ 2
G of G. Thus ¢ is in the image of 1*®2 : @ G — @ G*. Therefore since v, - 1*®2 is injective,

v.(§) = 0 if and only if £ = 0. Thus v, is injective. This proves v, is an isomorphism.

<2
The restriction of v, to the subgroup A\ G* is, of course, injective. If @ € Alt(G,Q/Z), where
G is finite, then in the above notation, a(¢;,¢;) = —a(d;, ¢;) = ni;/d;; for some elements

n;j/di; € Q/Z, and in that case a = I/*(Zi<j nij(¢; A ¢5)). Thus V*(/\QG*) = Alt(G,Q/Z)
when G is finite. The general case follows by inflation, as above. This completes the proof.

From now on, suppress the v,, and identify the groups ®2G* and i\ZG* with Bil(G,Q/Z)
and Alt(G,Q/Z), respectively, and use the notation ¢*®y* and ¢p*AY* instead of v, (¢p*®1Y*)
and v, (¢*AY*), and f*®2 and f*? instead of v, (f*®2?) and v.(f*?). In particular, let the map
alt of Definition 1.5 also denote the surjective map

alt : Bil(G,Q/Z) — Alt(G,Q/Z),

defined by alt(¢p*®v™*) = ¢*@Y* — P*Re* = p*AY*.
The kernel of alt is Bil(G, Q/Z)sym, the group of symmetric bilinear forms. Thus there is an
exact sequence

0 — Bil(G,Q/Z)sym — Bil(G,Q/Z) — Alt(G,Q/Z) —> 0.

If b € Bil(G,Q/Z), let b denote the bilinear form defined by b(c,7) = b(r,0). Then b+ b €
Bil(G, Q/Z)sym and b — b = alt(b) € Alt(G,Q/Z). Tt is not hard to show that Bil(G, Q/Z)sym N

Since G’s action on Q/Z is trivial, each b € Bil(G, Q/Z) satisfies the 2-cocycle condition
ab(p’ o, T) = b((f, 7—) - b(paa T) + b(pa UT) - b(pa U) =0.
Therefore naturally Bil(G,Q/Z) < Z*(G,Q/Z).

Theorem 2.4. For any proabelian group G, the natural inclusion Bil(G,Q/Z) < Z*(G,Q/Z)
induces a surjection

Bil(G,Q/Z) - H*(G,Q/Z),

whose kernel is Bil(G, Q/Z)sym. This surjection induces a well defined map

alt : H*(G,Q/Z) — Alt(G,Q/Z)

which is a natural functorial isomorphism.

Proof. Extend alt to Z2(G,Q/Z) by setting alt(f) = f — f for all f € Z%(G,Q/Z), where f
is defined by f(o,7) = f(7,0), for all o,7 € G. It is straightforward to verify that, because
G is abelian and the action of G on Q/Z is trivial, 8f(p,0,7) = —df(r,0,p), hence [ is a
cocycle. Moreover, f — f is indeed an alternating form. For it is clear from the definition that
(f = /)lo,7) = =(f — f)(1,0), and the alternating sum of the cocycle condition on f applied
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successively to the triples (p,o,7), (p,7,0), and (7, p, o) shows that f — f is linear on the left,
hence bilinear ([AT] Section 1).

The kernel of alt : Z*(G,Q/Z) — Alt(G,Q/Z) is Z*(G,Q/Z)sym = {f : f = f}. Since the
action of G on Q/Z is trivial, a coboundary f € B?(G,Q/Z) is defined by f(o,7) = h(7)—h(oT)+
h(o) for some h : G — Q/Z. Therefore since G is abelian, Z?(G, Q/Z)sym contains B*(G,Q/Z),
and alt : H*(G,Q/Z) — Alt(G,Q/Z) is well defined. Let H*(G,Q/Z)sym denote the kernel,
equal to Z%(G,Q/Z)sym/B*(G,Q/Z). Claim: H*(G,Q/Z)sym = 0. For [f] € H*(G,Q/Z)sym if
and only if f = f, if and only if [f] defines an abelian group extension of G by Q/Z. Thus
H*(G,Q/Z)sym = Exty(G,Q/Z). Since Q/Z is divisible, the claim follows. Now there is a
commutative diagram

Bil(G, Q/Z)

% N
HY(G.Q/Z) — Al(G,Q/Z).

Since alt : Bil(G,Q/Z) — Alt(G,Q/Z) is surjective, alt : H*(G,Q/Z) — Alt(G,Q/7Z), is surjec-
tive, hence bijective. It follows that the natural map Bil(G,Q/Z) — H*(G,Q/Z) is surjective,
with kernel Bil(G, Q/Z)sym. The functoriality in G is obvious. This completes the proof.

Remark 2.5. A similar result appears in [AT]. If G is any group and A is a trivial G-module,
then by the Universal Coefficient Theorem, the sequence

0 — Ext}(H(G,Z),A) — H*(G,A) — Hom(Hy(G,Z),A) — 0

is (split) exact. If G is abelian, H1(G,Z) = G, Ha2(G,Z) ~ /~\2G, and the projection is given by
[fl— f— f. This is [AT, Proposition 1.3]. If A is divisible, this is Theorem 2.4. More generally,
if A is divisible and G is any group, then H*(G,Q/Z) -~ Hom(Hy(G, Z), Q/Z).

Functoriality.
Setup 2.6. For the next few results, suppose
1— H -G X G— 1
is an exact sequence of proabelian groups, such that G has finite exponent r. Since “¢” is an
exact functor, there is a dual exact sequence

0— G ¢ 5 H" — 0.

The dual * : G* — H* is the restriction map, and 7* : G — G* is the inflation. If G is
torsion-free, then G* and H* are divisible.

For each integer d divisible by , let j4 denote the composite of exponentiation by d and ¢ =1,

9a:G -Gl — H .

Its dual is 35 : H* — (G4)* — G*. If is open and s = |G| < oo, then by [S, VIL8.Proposition 7],
7:=Js is the classical transfer homomorphism, and its dual y* : H* — G* is the cohomological
corestriction. Since ¢* is restriction, the composition 75-¢* : G* — G* is multiplication by d. On
the other hand, since ¢* is surjective, o* - g5(H*) = o* - g5 - *(G*) = *(dG*) = du*(G*) = dH*.
Thus o* - 3 : H* — H* is also multiplication by d.
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Lemma 2.7. Assume Setup 2.6. For all d € N divisible by r, there is a natural exact sequence,
0— dé* L dG* L dH* J—d> W*(é*)

If G is torsion-free, the right arrow 7} is surjective. In particular, if G is torsion-free and v is

open, 3" (sH*) ~ G, where s = |G| and j is the transfer.

Proof. Consider the commutative diagram

0—G —G —H — 0

Lol

0—G —G"—H — 0
where the vertical arrows are multiplication by d. By the Snake Lemma, the sequence
0— 4G — G — H* 24 759G /n*(dG") — G /dG* — 0

is exact. Since r divides d, dG~ = {0}, so 7*(G")/m*(dG") = 7*(G"), as desired. If G is
torsion-free then G* is divisible, and then G*/dG* = {0}, i.e., 5} is surjective. This completes
the proof.

|

Assume Setup 2.6. By [S, Chapter VII, Section 5], ¢ and 7 induce the cohomological restriction
map res and inflation map inf on H*(G,Q/Z) and H*(G,Q/Z). By the second part of Theorem
2.3, 1*®2 A2 px@2 and 72 are the natural maps on Bil(G, Q/Z), Alt(G,Q/Z), Bil(G,Q/Z),
and Alt(G,Q/Z). Therefore by Theorem 2.4, [1*®?] = alt™'(1*?) = res on H*(G,Q/Z), and
[7*®2] = alt ™! (7*"?) = inf on H*(G,Q/Z). Therefore denote 1*®2 and +**? by res, and 7*®2

and 72 by inf. In particular, the maps

res : Alt(G,Q/Z) — Alt(H,Q/Z) inf : Alt(G,Q/Z) — Alt(G,Q/7Z)

a — L*/\2(a) b — 7T*/\2(b)

are given explicitly by res(a)(o,7) = a(i(0), (1)) for each a € Alt(G,Q/Z), where 0,7 € H,
and inf (a)(o,7) = a(r(o),n(7)) for each a € Alt(G,Q/Z), where o,7 € G. On elementary
elements ¢* A * € Alt(G,Q/Z) and ¢* A ¢* € Alt(G,Q/Z), compute using Definition 1.5,
res(¢” AY*) = G((@7) At (¢7)), where ¢ = lem(|¢*[, [¢*]], ¢ = lem[[e"(¢")], [¢*(¥")[] and
inf (" A %) = 7(¢*) Am* (¥).

When ¢ : H — ( is open, define the corestriction
cor : Alt(H,Q/Z) — Alt(G,Q/7Z)

to be alt(cor), where cor : H*(H,Q/Z) — H?*(G,Q/Z) is the usual cohomological corestriction.
This map will be computed in Theorem 2.10.
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Theorem 2.8 “Inflation and Restriction”. Assume Setup 2.6, with G a general proabelian
group. The inflation is injective, and res-inf = 0 on Bil(G, Q/Z), H*(G,Q/Z), and Alt(G,Q/Z).
If G is torsion-free the restriction surjects onto Bil(H, Q/Z), H*(H,Q/Z), and Alt(H,Q/Z). The
kernel of the restriction in H*(G,Q/Z) and Alt(G,Q/Z) has exponent dividing the mazimum

order of all subgroups of G of rank at most two, so divides |G)|.

Proof. Since by Definition 2.1, Alt(G, Q/Z) is a subgroup of Bil(G, Q/Z), and since by Theorem
2.4, alt : H*(G,Q/Z) — Alt(G,Q/Z) is a natural isomorphism, it suffices to prove the first two
statements on Bil(G,Q/Z). Inflation is obviously injective on bilinear forms. To see that res -
inf = 0, suppose b = inf (a), where a € Bil(G,Q/Z), and compute res(b)(c,7) = b((a), (7)) =
a(r-u(o),m (1)) =a(l,1) =0 for all 0,7 € H, as desired.

Suppose G is torsion-free, then so is H, as H — G. Then G* and H* are divisible, and by
Theorem 1.6 and Theorem 2.3, Bil(G,Q/Z) and Bil(H,Q/Z) are divisible, and it follows that
res(Bil(G,Q/Z)) is divisible. Suppose b € Bil(H,Q/Z). For any d divisible by r = exp(G),
(@2 . 7582 (b) = (3a - 1)*®%(b) = d?b € Bil(H,Q/Z) is in the image of restriction (*®? =
res. Thus the quotient Bil(H,Q/Z)/res(Bil(G,Q/Z)) has bounded exponent, hence is trivial
by the divisibility of each group. Thus restriction is surjective. The same argument works on

Alt(G,Q/7Z), and by Theorem 2.4 this proves it also for H*(G,Q/Z).

Suppose a € ker(res) < Alt(G,Q/Z), and 0,7 € G. Let k be the order of 7(c), and let !
the order of m(7) modulo (r(c)) < G. Then kl is the order of the subgroup (r (o), 7(7)) < G,
o% € H, and 7' = ¢™p for some number m and element p € «(H). Now compute using the
bilinearity of a, kla(o,7) = a(c*,o™) + a(c*, p). Since a is alternating, a(c*,o™) = 0, and
since res(a) = 0, a(c*,p) = 0. Therefore kla(o,7) = 0. If n is the maximum order of all
subgroups of G of rank at most two, then ki ’ n, and therefore na(o,7) = 0 for all o,7 € G,
hence na = 0. By Theorem 2.4, the same result holds on H?(G,Q/Z). This completes the proof.

Remark 2.9. The last statement of Theorem 2.8 does not hold for Bil(G,Q/Z). For suppose
G =7 xZ and H = 2Z x Z. By Theorem 2.8, the kernel of the restriction on H?(G,Q/7Z)
and Alt(G,Q/Z) has exponent dividing 2, since |G| = 2. But if b € Bil(G,Q/Z) is defined on
the standard basis {¢1, ¢2} of G by b(¢;, d;) = §;151/4, then res(b) = 0, and |b| = r? = 4. In
general, the kernel of the restriction on Bil(G,Q/Z) has exponent dividing r? = exp(G)?, since
if res(b) = 0 then r?b(o,7) = b(o”,7") = 0 for all 0,7 € G.

Theorem 2.10 “Corestriction”. Assume Setup 2.6, with v : H — G an open embedding of
torsion-free proabelian groups, s = |G|, and 7: G — H the transfer. For each a in Alt(H,Q/7Z)
and b € Bil(H,Q/Z), let %a and %b be any elements such that s - %a =aands- %b =b. Then

cor : Alt(H,Q/Z) — Alt(G,Q/Z)  cor: H*(H,Q/Z) — H*(G,Q/Z)

a — j"(ta) [b] +— [ ®]([50))

The corestriction on reduced elementary elements ¢*ANb*, [¢*@*], where ¢*,* € H* both have
order d, is computed as follows. Asin (1.7), let r be the factor of s that shares d’s prime support,



15

so that s = ru for some u : (u,d) = 1, and let %gb* and %1/}* be r-th roots. Let v be such that
uv = 1(mod d). Then

cor(¢" M) = v G (" (TN (") cor(fo@y”]) = v (27)®s (797)]
where ¢’ = lem(|y*(36")], [7* (7*)]-

Proof. By Theorem 2.4, it suffices to prove the theorem for alternating forms. Since H is
torsion-free, Alt(H,Q/Z) is divisible by Theorem 1.6, so %a exists. To show the given map is
well defined, suppose ¢ € Alt(H,Q/Z) has order dividing s. Since G is torsion-free, by Theorem
2.8 there exists an element b € Alt(G,Q/Z) such that res(b) = ¢, and |b| divides |c|s. In
particular, s2b = 0. By Theorem 1.6 and Theorem 2.3, Alt(—,Q/Z) is a covariant functor on

*AZAZ = (9%0*)"2. Since 7*1* is multiplication by s, it follows

*A\2 *A2

torsion abelian groups, therefore 7
by an explicit computation using Definition 1.6 that j is multlphcatlon by s2. Therefore
7N (e) = 7*"20*"2(b) = 0, and the given map is well defined. Since 7*\? is a homomorphism

*AQ(

and s(1(a+a')) =a+a' =sla+sia/, the map a— ;***(1a) is a homomorphism.

Now to show the given map is the corestriction. Since res = 1*2

phism, and cor - res is multiplication by s, it suffices to prove that if b € Alt(G,Q/Z), then

72 (20"2(b)) = sb. Since ¢*? is a homomorphism, 1:**?(b) may be replaced by ¢*"?(1b),
*A\2 *AQ (j*L*)AQ

is a surjective homomor-

where —b is any s-th root of b. It has already been seen that 7 is multiplica-
tion by s?, so *"2.*"?(1b) = s?(1b) = sb, as desired. Therefore cor(a) = 7*"*(1a).

Finally, compute using (1.7) and Theorem 2.3,
cor(¢*AY*) = vy (Lo* ALY*) = v 5 (5 (L") (747)),
where ¢ = lem(|2¢*|, |2¢*|] = dr, and ¢ = lem[[7*(£6%)], |5*(14*)|]. This completes the proof.

Remarks 2.11. a. Theorem 2.10 can be used to compute the corestriction for ¢« : H — G
an open embedding of arbitrary proabelian groups, not just those that are torsion-free. For let
G* be the divisible hull of G*, and let G be the torsion-free proabelian dual of G*. Since G*
is a subgroup of @*, G is a quotient of @, and thus there is a surjective homomorphism G —
G ~G/H. Let H be the kernel, then His torsion-free, and H maps onto H < . By inflation,
the cohomology classes and alternating forms for H and G embed into the corresponding groups

for the torsion-free H and @, and Theorem 2.10 computes the corestriction.

b. The corestriction map in Theorem 2.10 is not well defined on Bil(H,Q/Z). For example,
suppose G = 7Z.x 7 and H = 27, x Z, so s =2. If a € Bil(H,Q/Z), then the choices for %a differ
by elements of order 2. But if b € Bil(G, Q/Z) is defined by b(¢;, ¢;) = 6;1,1/8. Then ¢ = res(b)
has order 2, but 7*®?(c) = 7*®2*®2(b) = s%b = 4b # 0. Therefore 7*®?(3a) # j*®*(3a + c).

This shows that in general the value of j*®2(§ ) depends on the choice of 1 $a.

3. THE INDEX OF AN ALTERNATING FORM
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The index of an alternating form is an invariant closely associated with the pfaffian of an
alternating matrix that generalizes the (Schur) index of a Brauer class. More specifically, if G
is the Galois group of a Galois field extension Q/F, and p is the torsion subgroup of F'* there
is a natural map H?*(G, u) — H*(G, Q") ~ Br(Q/F). When p ~ Q/Z there is an isomorphism
H*(G, p) ~ H*(G,Q/7Z), and by Theorem 2.4 an induced map Alt(G,Q/Z) — Br(Q2/F). The
index of an alternating form will be shown in Theorem 4.13 to be divisible by the index of its
image in Br(Q2/F).

Definition 3.1. Suppose G is a proabelian group, and a € Alt(G,Q/Z). Define the exponent,

degree, and index of a to be the numbers

exp(a) = exp(G/radq(G)) deg(a) = |G/radq(G)] ind(a) = |G/rad, (G)[/2.

Since it is open in G, rade(G) has finite index in G, so exp(a), deg(a), and ind(a) are
well defined. Clearly exp(a) = |al, its order in Alt(G,Q/Z). It will be shown presently that
ind(a) € N; it follows immediately that exp(a) and ind(a) have the same prime divisors. Later,
it will be shown that the index and exponent of an alternating form on an abelian Galois group
over a field containing all roots of unity are closely related to the index and exponent of a

corresponding Brauer class over the same field.

Definition 3.2. Suppose G is a proabelian group, and b € Bil(G,Q/Z). Define a matriz repre-
senting b to be the matrix B € M,,(Q/Z) determined by b with respect to a basis {¢1, ..., ¢, } of
the finite group G/rady(G). Explicitly, if b;; = b(¢;, ¢;), then B = (b;;) € M,,(Q/Z). Define the
row subgroup row(b) to be the subgroup of (Q/Z)™ generated by B’s rows, up to isomorphism.

Note that if a € Alt(G,Q/Z), then (a;;) € Alt,(Q/Z) is an alternating matrix, with a;; =
a(¢;,¢;) = —aj;, and a; = 0. Theorem 3.6 below shows how to compute the index of an
alternating form a directly from any alternating matrix representing a. The key observation is
given by the next result. The lemma that follows is the basis for later results on the standard

form of alternating forms and Brauer classes (Theorem 4.12, Theorem 5.13, and Theorem 5.18).

Proposition 3.3. Suppose G is a proabelian group, and a € Alt(G,Q/Z). Then row(a) is well
defined, row(a) ~ G/radq(G), and [row(a)| = deg(a).

Proof. Tt suffices to show that row(A) ~ G/radq(G) for an arbitrary matrix representative A.

Let ¢ = {¢1,...d,} be a basis for G/rade(G), and let A € Alt,,(Q/Z) be the matrix for a de-
termined by ¢. Let r = exp(a), then G/radq (@) is a quotient of (Z/rZ)™, such that the standard
basis ¢ = {¢1,...,¢n} maps to ¢. By definition of inflation, a(¢;, #;) = inf(a)(¢;, ¢;), so A is
also the matrix for inf (a) determined by ¢. Clearly G/radq(G) ~ (Z/rZ)" /radins (a)((Z/TZ)"),
so it now suffices to show row(A) ~ G/rad,(G) with G = (Z/rZ)™ and a = inf(a). First, a

lemma.
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Lemma 3.4 “Symplectic Basis I”. Suppose G = (Z/rZ)", and a € Alt(G,Q/Z). Let
{b1,...,Pn} be the standard basis for G. Then there exists a matric P € GL,,(Z/rZ) such that
¢P =), defined by ; =[], @Y7, is a symplectic basis for G with respect to a, so that for some
subset {11, ..., Yam} C ¢, along with uniquely determined positive integers d; : d; ’di_l and
units w;(mod d;),

a(Vai—1,%2;) = —a(oi, Poi—1) = wi/d;, 1 <0< m,

and a(Yg, ;) = 0 otherwise. The w; may be arbitrarily designated. If A € Alt,,(Q/Z) is the
matrix for a with respect to ¢, then B = P*AP is the alternating 2-block-diagonal matriz for a
determined by 1.

Proof. By [B, Lemma 1.10], there exists P € GLy(Z) such that if ¥' = ¢P’, then for some
subset {¥, ..., ¥9,,}, a(¥y;_1,9%;) = —a(Py;, ¥y, 1) = u;/d; for i : 1 < i < m, where d; ’diflv
and u; is a unit (mod d;), and a(¢},, ;) = 0 otherwise. The proof of this result is similar to the

standard construction of a symplectic basis over a vector space. Since G is a free Z/rZ-module,
¢ is a basis for G. Let P, € GL,,(Z/rZ) be the reduction of P’(mod 7).

Let w; be any unit (mod d;). Then w;/d; and w;/d; generate the same subgroup of Q/Z, so
vi(u;/d;) = w;/d; for some v, € (Z/d;Z)*. Choose v; € (Z/rZ)* such that v; = v (modd;),
which is possible since d; | r. Let D € GL,,(Z/rZ) be the diagonal matrix with (2 — 1,2i — 1)-
entry v;, 4 = 1,...,m, and the other diagonal entries 1. Let ¢ = Q’D. Then a(g;—1,%2;) =
a(viy;_1,¥5;) = viui/d; = w;/d;. Let P = P, D, then the desired symplectic basis is ) = ¢P,
with P € GL,(Z/rZ).

It is now obvious that rade (G) ~ [[/~, diZ x d;Z, hence G /radq(G) ~ [/~ (Z/d;Z X L] d; ).
It follows that the d; are uniquely determined, as the abelian group invariants of G/radq(G).

Finally, applying the bilinear relations to a([], ¢?*,[], ¢;") yields

a(Wi, ) = > (Pribij — Pripui)ani,

1<k<i<n
the ij-th entry of P*AP. This proves the lemma.
|

To finish the proof of the proposition, let B = P*AP be the matrix for a determined by ¢ in
Lemma 3.4, with w; = 1. Then B is a direct sum of m alternating 2 x 2 blocks, whose nonzero
entries are £1/d;. Evidently row(B) ~ G/rade(G). Since P is invertible, row(A) ~ row(B).
This completes the proof.

The determinant of an alternating matrix over a commutative ring is zero if the matrix has
odd degree, and it is a square if the matrix has even degree. The positive square root is called
the pfaffian of the matrix. The naive computation of determinants over Q/Z is not well defined,
but the definition can be adjusted to make sense, as follows.

A degree m submatrix M C A of an alternating matrix A = (a;;) € Alt,(Q/Z) is a matrix
obtained by intersecting m rows i1, ..., %, with m columns ji,...,Jj,. A degree m minor is the
determinant of a degree m submatrix. A degree m alternating submatriz & C A is obtained by
intersecting m rows i1, ..., i, with the corresponding set of m columns iy, ..., %,,.
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Definition 3.5. Suppose G is a proabelian group, and a € Alt(G,Q/Z). The minor subgroup
mr(a) is the subgroup of Q/Z generated by all of the minors of any matrix A representing a,
computed naively. The pfaffian subgroup pf(a) is the subgroup of Q/Z generated by the pfaffians
of all even-degree alternating submatrices of A, computed naively. Thus

mr(a) = (mr(M) : M C A submatrix ) <Q/Z
pf(a) = (pf(8) : 8§ C A alternating, even degree) < Q/Z.

“Computed naively” means computed from an arbitrary representative of a in M, (Q), then
interpreted mod Z. Both mr(a) and pf(a) are well defined. For by [B, Proposition 2.3, Propo-
sition 2.8], [row(A)| = |mr(A)| = |pf(A)|?* for any matrix A representing a. Therefore, since
row(a) is well defined by Proposition 3.3,

row(a)| = [mr(a)| = [pf(a) *.
Since a finite subgroup of Q/Z is determined by its order, mr(a) and pf(a) are well defined. Note
that if A has degree n, there are Y ., (7;)2 submatrices, but a mere ZZLZ{% (;) alternating,
even degree submatrices.

The following theorem is immediate.

Theorem 3.6 “Index Formula”. Suppose G is a proabelian group, and a € Alt(G,Q/Z).
Then

ind(a) = |pf(a)].
Proof. By Proposition 3.3, |[row(a)| = deg(a). Since |row(a)| = |pf(a)|?, |pf(a)| = ind(a) by
Definition 3.1.
|
Example 3.7. Suppose G = Z". Any matrix A representing a € Alt(G,Q/Z) may be viewed

by inflation as an element of Alt,(Q/Z). If n =2, A = 2 a(1)2
—a12

Thus ind(a) = exp(a) = |ai2| in this case. If n = 3, ind(a) = exp(a) = lem||aiz|, |a13], |azs]],

, for some a15 € Q/Z.

since pf(A) is defined with respect to A’s even degree (alternating) submatrices. If n =4,

0 ai2 @13 a4
A = | e 0 a3 a4
—a13 —a23 0 as4

—ayy —agy —azs O
Compute exp(a) = lem[|aia], |a13|, |a14], |a23], |a2a|, |as4]], and
il’ld(a) = lcm[exp(a), |a12a34 — a13024 + a14a23|].

This is the first case where index is not necessarily equal to exponent. The formula for a degree
6 pfaffian of a 6 x 6 alternating matrix (a;;) is

12034056 — 012035046 + 12036045 — 13024056 + 013025046 — 013026045
+ a14G23a56 — G14A25036 + Q14026035 — A15023046 + A15024036 — Q15026034

+ 416023045 — Q16024035 + A16025034.-

Lemma 3.4 will be needed for the next section in a slightly more general form.
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Lemma 3.8 “Symplectic Basis II”. Suppose a € Alt(G,Q/Z), where G is a finite abelian
group that has homogeneous primary components. Then G has a basis y» = {1;}1 that is symplec-
tic with respect to a, so that for some subset {11, ..., Yam} C ¢, along with uniquely determined
numbers d; : d; ‘ di_1,

a(ai—1,v2) = —a(Poi, Poi—1) = 1/d;, 1 <i<m,
and a(Yx, ) = 0 otherwise.

Proof. Let p1,...,p: denote the prime support of r = exp(a). Let G}, denote G’s (homogeneous)
pp-component, and let a;, denote a’s pp-component, so a = ZZ:1 ay. Since ay, is supported on
G, by Lemma 3.4 G}, has a symplectic basis ¢, = {bni}1, for some index set I, such that for
some subset {¢p1,. .., gi)h(gmh)} C Qh, along with uniquely determined numbers ep; : ep; < epi—1
and selectable units wp;(mod pj"?),

€hi

an(Pn2i—1, Pn2i) = —an(Pn2i, Or2i—1) = wpi /Py, 1 <1 < my,

and ap(dnk, dni) = 0 otherwise.

Let m = max{my}, let H; = {h :i < my}, and for fixed i < m, let d; = [[, p;"*. Then since
eni < epi—1 for each h, d; divides d;_;. Choose the wy; so that ZH wpi/py = 1/d;(mod Z),
using the standard “ged identity”. Fori=1,...,m,let ¢9;_1 = HH On2i—1 and g; = HH On2i-
Extend {1, ...%2m} to a basis ¢ for G. Compute, for i:1 <i <m,

t
a(oi—1,2) = Zah(%i—h#}zi) = Z an(Pn2i—1, Pn2i) = Z Whi /DR
h=1

heH; heH;

1/d; = —a(2i, V2i—1).

Clearly a(vg,1;) = 0 in all other cases, since all of a’s support is spanned by the subset
{151, e 7w2m}~

Any symplectic basis for G with respect to a decomposes into primary components to yield
symplectic bases for each aj, and its invariants decompose accordingly into invariants p;"’.
Since by Lemma 3.4 these are uniquely determined for ay, the d; are uniquely determined for
a. This completes the proof.

Remark 3.9. Lemma 3.8 shows that whenever the finite abelian group G has homogeneous
primary components, G has a basis with respect to which a is an alternating 2-block-diagonal
matrix, with coefficients 1/d; in Q/Z. This matrix will be called a canonical form for a. If
Y = {41,...,¥am} is a symplectic basis, let " = {¢},...,43,,} denote the dual basis for G*,
as in [L, Chapter 1, Section 1], defined by ¢ (v;) = d;;/|¢i|. Then by (2.2),
m
a=) T35 1/ 3),

=1

where n; = ged(|¥3;_4|, [¢5;]). This expression will also be called a canonical form for a.
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4. TRANSPORT TO Br(F)

In this section all of the results on alternating forms, including index, standard form, and

functoriality, are transported to the Brauer group.

Setup 4.1. Let F be a field of characteristic 0 that contains all roots of unity u. Let Fy;, denote
F’s maximal abelian extension. Assume Fy,/F is nontrivial, then since p C F, G%b =Gp,/F

is torsion-free. Let
w:Q/Z = p

denote a fixed isomorphism. Set w4 = w(a/d), and wy = w). Note any other choice of iso-
morphism ' : Q/Z — p differs from w by a constant u € ZX, so that w/, = w4, where u
is interpreted (modd). Write w’ = w in this case. Let w, denote any of the isomorphisms
F(—-,Q/Z) — F(— ,p), where F = Hom, Bil, H?, or Alt, induced by w. Let

1— Gox — Gor — Gg/rp— 1

be a short exact sequence of abelian Galois groups, where exp(Gg/r) = r € N. View Gq/x as

a subgroup of Gq,p. For d: r | d, let

Ja: Gayr — Ga/k

denote exponentiation by d. If ¢ is open, set s = |Gg/r|, and let 7 := j; denote the transfer.

For any d € N, let QYN F* = {zx € F* :2'/4 € Q} < F*, and let
(=, =) :Ga/r x (QNF") — pa

1/d is any root of the

denote the d-Kummer pairing, defined by (o, ), = o(z/4)/z/ e, where x
polynomial ¢ — x. Since char(F) = 0 and F contains j, the d-Kummer pairing makes sense for
all d € N, and every ¢* € ng/F is a Kummer character, which means there exists a Kummer
element x € Q¥ N F*, uniquely defined (mod F*?), such that w, - ¢* = (—,x),. Let

Ruwg :dG?Z/F — (QdeX)/FXd
denote the resulting Kummer isomorphism. Its inverse is z — w; '(— ) 4- By the bilinearity
of the Kummer pairing, another choice w’ = w%, u € Z" , induces a new Kummer isomorphism

Kul) = K

&y 50 that if Ky, (¢*) = z, then k,/ (¢*) = 2%, where u is interpreted (mod d).

If d| e, the inclusion dGo p — ¢Gg p induces the map

QINF*)/F*? — (Q°NF*)/F*¢

(4.2) ]

z — z¢/

since, if z € Q4N F*, (= z), = (—,2)" = (—,2¢/") . Thus kg, - k5! (z) = 2¢/%(mod F*¢).

(&
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It p: Garypr — Ggqyr is a map of abelian Galois groups, define for each d € N the Kummer
transpose of p by the right vertical arrow in the diagram

iGoyp — (TN F* ) F

(4.3) p*l l

dG?l’/F’ —_— (Q/deIX )/F/Xd.

wd
When the meaning is clear, let p* stand for both maps.

If r | d, then by Lemma 2.7, the sequence of Kummer transpose maps

KinF* o QnF* » QnK* 5 KiNnFE~
F*d Frd T Kgxd T pxd

(4.4) 1 —

is exact, and if Gq/p is torsion-free, 7} is surjective. Thus if Go,r is torsion-free, s, ']Z(GE/K)
describes K/F as a Kummer extension. Explicitly, K = F(Z/%), where Z < F* is a preimage
of K, - 93(Goy i) in F7.

Lemma 4.5. The Kummer transpose maps n* and o* in (4.4) are induced by the inclusions
K CQ and F C K, respectively. If v is open, and s = |G p|, the corestriction

= (PNK)/K — (KSNF")/F"*
is induced by the norm Ng/p : K* — F™.

Proof. For the first map, suppose ¢* € dG;‘z/F. Let 2 = Ky, (¢*) € F* JF*? then by definition
wy - ¢*(0) = (o,x), for all 0 € Gg p. Since ¢* is restriction, w, - *(¢*)(7) = (r,), for
7 € Ggk. Thus the Kummer element for .*(¢*) is z, viewed as an element of K™ /K¢, hence
2 F*JF*4 — K" /K*? is the natural map. Similarly, 7* is the natural injection.

To show j* is induced by the norm, let {o1,...,0,} be a section Gg/p — Gq/p. Suppose
0" € aGo i, and £y, (¢) =y € (VTN K™ ) /K™% Identify y with a preimage in Q4N K™, then
Nk, r(y) € Q4N F*. To prove the result it suffices to show Ny (y) = ku, - 7% (¢*)(mod F*¢).

By definition, 7*(¢*)(7) = ¢*(7%) = w; ' ((1%,y),), for all 7 € Gg . Observe that (75,y), =

(T,w),, where w = Hf;g 7 (y) € Q7). Explicitly,

7_s(yl/d) s—1 7_iJrl(yl/d) 7_(wl/d)

yl/d - bl Ti(yl/d) T wl/d
Let g be the order of 7(mod Gq, ). Reorder the o; if necessary so that o1, ..., 0, represent the
cosets of G,k in (1)Gq/k, and 04,09, . .., 05 represent the cosets of (7)Gq/x in Gg p. Since

y is in K, it is fixed by 79, hence w = 2%/9, where
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Note since y € Q°9¢, z € Q"9 Since 7 fixes z and z € K™%, (1,2), = (1,04(2)),, for all i.
For o; is defined on any z'/¢, since z'/¢ € Q, and so ¢;(2'/%) is a d-th root of o;(z), hence
by the definition of the Kummer pairing, (7,0;(2)), = 0i((7,2),). Since (1,2), € p C F,
oi({r,2),) = (1,2),. It follows that

q s/q

<Tsay>d = <T7 w>d = <T’Z>2/q = | <T’ UJQ<Z)>d = <T7 H UJQ(Z)>d-

S

~

Il
_

Since H;/:ql 0jq(2) =T1;_, 0i(y) = Nk, (y), this shows *(¢*)(7) = w (T, NK/F(y)>d. There-
fore Ky, - J*(¢*) = N r(y)(mod F* %), as desired.

The Kummer transposes ¢* and 7* are so natural, the notation for them will be suppressed.

To apply this to the Brauer group, suppose z € F* /F*™ y € F*/F*" and d divides
ged(m,n). Identify z and y with preimages in F™. Let

(@, Yoy = D FXY : X = V= y; [V, X] = wy

denote the symbol algebra of degree d. Note that a choice of w is implicit in the definition.
If c € N, let (2,y)S, denote either of the (isomorphic) algebras (z,y¢)w, or (z¢ ¥y)w,. By the
bilinearity of the bracket, if (u,d) = 1 then (2,y)w, ~ (z,y")wy. In particular, if o’ = w*,
u € 2", is another choice of w, then (z,y)w, =~ (,y").,, where u is interpreted (modd). Let
[(z,9)w,] denote the class of (z,y),, in the relative Brauer group H2(GK/F, K*) =Br(K/F).
Note c[(z,y)w,] = [(z,9)5,] = [(x,9)Z¢]. The symbol subgroup of Br(K/F) is the subgroup
generated by all symbol classes that are split by K. By [D, Section 11, Lemma 6], if d | e, then
5[(%1‘/)%] = [(x7y)wd]'

If ¢* € Gy and y € F™, let K/F be the cyclic field extension of degree d = |¢*| fixed by
ker(¢*), let ¢ € Gp be any element defined by ¢*(¢) = 1/d, and let

(0" y) =Y KY/ : Y=y YX=¢X)Y, VX €K
denote the cyclic algebra of degree d. If k,,(¢*) = z, then (¢*,y) =~ (2, Y)w, -

Definition 4.6. Define the interior subgroup Br°(K/F) to be the image of the natural map
eyt H*(G/p, ) — H*(Gg/p, K*), induced by the inclusion e : p — K.

The next result is the main theorem of the paper. It computes a functorial map from
Alt(Gq,r,Q/Z) to Br(Q/F), which is natural modulo the choice of w. It shows that the image
of the map is the interior subgroup Br°(Q2/F), and that the interior subgroup is asymptotically
equal to the symbol subgroup.
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Theorem 4.7. Suppose F is a field containing p, and Q/F is a Galois extension with abelian
Galois group Gq,p. For ¢*,¢* € GE/F, let m = |¢*|, n = |¥*|, and d = ged(m,n). Let
T = ry, (0%) and y = Ky, (¥*). Let "2 denote the functorial map e, - w, -alt™*. Then

PASE Alt(GQ/F,Q/Z) — Br(Q/F)
PN [(2,)w]-

The image is Br°(Q/F). Br®(Q/F) is generated by all symbols [(z,y)w..] with x,y € Q¢ N F*.
In particular, Bro(F,p/F) = |UBr’(Q/F), where the union is over all finite abelian extensions.
Br(Fop/F) is the entire symbol subgroup of Br(F'), hence Br(F,,/F) = Br(F).

Suppose F' and F are fields containing p, and p : Goypr — Go,p is a homomorphism of
abelian Galois groups that induces a well defined homomorphism on Brauer groups. Then the
induced map is given by

p*\2 : Br(Q/F) — Bro(QY/F’)
(@, Y)wc] — [(0"(2), 1" (9))w]

where p* : (QNEF*)/F*¢— (VN F"™)/F™¢ is the Kummer transpose (4.3).

Proof. The map €, - w, - alt™! is functorial in Gq /F since it is the composite of functorial maps.
Let f = e, - we(¢* @Y%) = &, - w, - alt™H(@*AY*) € Bil(Gg/r, ). By Theorem 2.4, to prove
the first statement it suffices to show [f] = [(2,%).,]. Let I = F(2'/%) and J = F(y'/?), and
let <$> = Gy r and <z/;> = G/, where <q§,x>d = <1ﬁ7y>d = wy. Let m; and 7o be the canonical
maps from Gg,r to Gy p and G p, respectively. Suppose 0,7 € Gg/p, and

where 0 < 4,7, k,l < d. Then by (2.2), f(o,7) = wi. For a,b: 0 < a,b < d, define
gZG[/FXG[/F—>IX
- y ifa+b>d

@8 — {

1 else.

The resulting cyclic crossed product (I/F,g) = (¢*,y) is isomorphic to the symbol algebra
(2,Y)ws- Let g = inf(g) € Z*(Go/r, Q). Define a 1-cochain h € C'(Gg/p, Q") by h(o) =
w4y*/4. Compute on one hand,

il

9 (o7 wily ifitk>d
=(o,7) =
wy else.

On the other hand, h(7)? = Wkl (y*/4)7 = Wkl (yk/d)m=(o) = wglwékyk/d, hence if (i 4+ k)q4 is the
smallest nonnegative integer congruent to ¢ + k(mod d),

h(o)h(T)® w(z‘ij+kl+jky(i+k)/d B { wd—uy ifitk>d

h(or) W HHAIRTLy(ith)a/d wyt else.
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This shows g/f is a 2-cocycle, hence that [g] = [f] € HZ(GQ/F,QX) = Br(Q2/F), and [f] =
[(#,9)w,], as desired.

Let (2,y)w, be a symbol, where z,y € Q° N F". Set ¢* = k' (x) and ¢* = k' (y), both
elements of (G ). Let m = |¢*[, n = [¢*|, d = ged(m, n), and ¢ = lem[m,n]. Note c |e. Let
¥ = Ky, (¢*) and 3y = Ky, (¢*). Identify x,y,2’, and y’ with representatives in F*. By (4.2),
2'¢/™ = z(mod F*¢) and 3/ = y(mod F*¢). Now

(2, 9)0] = (@™ g0 ] = @) ) = Gl Y )w] = £ Y )wal = 2 (S(67AE7)).

Since ¢*,9* € G, p, this shows [(z,y)..] € Br’(Q/F). Conversely, if £& € Br°(Q/F), then &
is a sum of elements of the form [(z,y)..], where x,y € Q¢ N F* | by the computation of "2
Therefore Br(Q/F) is generated by all symbols [(z,y),,], € € N, where z,y € Q° N F*.

Any z,y € F”* are in F5 NEF”™ for some e, hence Br°(F,,/F) is the entire symbol subgroup
of Br(F). By Theorem 2.8, Alt(G5’, Q/Z) = UAIt(Gq,r,Q/Z), where the union is over finite
abelian extensions. Since inflation is also injective on the Brauer group, and since inflation is a
morphism of cohomological functors, it follows that Br®(F,,/F) = |JBr’(Q/F). Since u C F,
Br(F,p/F) = Br(F) by the Merkurjev-Suslin Theorem.

It remains to verify the functorial map. Since both fields F’ and F contain u, x"? is de-

fined on Alt(GQ/F7Q/Z) and Alt(Ggo//p/, Q/Z). In addition to the above notation, let m’ =
|p*( I, n' = |p*(W*)|, d = ged(m/,n’), and ¢ = lem[m’,n']. By the above, [(x,y)w.] =

M(E(g*AYr)) = £[(x ,y) ,], where 2/¢/™ = z and y'¢/" = y(mod F*¢). By definition,
2 (™) = £ 6 [l - 56" - 96" ). Therefore

olo
Uo
N
E

K22 (0T ApY)) = %Jfﬁ/ (K, - P7(D7); B - 7 (07)) ]
= %TZ’LZ’ [(me/ : p*<¢*)7 R, P*(W))wd]
£l " (@) Ry p @) ]
= %[(me : p* ((b*)? Kw, * ( )) ] %[( * R, ((b*)?p* s Rw, ("!J*))wd]

* * * e? * *
(P K (67), 07+ K, (V7)) ] = 55 (07 (@), 7 (¥)) ]
(@) 0t () e = (0" @), 07 ()]
(@), 0" (Y))w. )
To interpret some of the above elements, replace ., , - p*(¢*) and &, , - p*(¢*) with preimages

in F'*. Since the induced map p**? : Br(Q2/F) — Br(Q'/F’) is well defined, p*"*([(z,v)w.]) =
[(p*(2), p*(¥))w.]- This completes the proof.

a
p
P

— =

|
Remarks 4.8. a. Since clearly w. calt™! = alt™! - w,, the map
£, -alt™? :Alt(Goyp,p) — Br(Q/F)
we (@™ AYT) > [(, 9wl
is matural, that is, independent of the choice of w. Explicitly, suppose w’ = w* for some u € 7" ,

and 2’ = Ky (¢*), ¥ = kwr (¥*). Then 2/ = 2* and y' = y*, where u is interpreted (modd).
Compute w,(§* A ") = wwoa(#* A%*), and (&', 3/ )ur] = (2% ¥*)us] = (2, Y], 85 desired.
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b. By Theorem 4.7, k"% : Alt(G?, Q/Z) — Br(F) is surjective. However, it might not be
injective. For example, if ' = C(t), then G% is a large non-procyclic group, so Alt(G3, 1) is
nontrivial. On the other hand, Br(F') = {0} by Tsen’s theorem.

The symplectic basis and index results for alternating forms may now be transported to the
Brauer group.

Definition 4.9. a. Suppose a € Alt(G?,Q/Z), and k"%(a) = &€ € Br(F). Define a matriz
representing & to be any (alternating) matrix (a;;) representing a, as in Definition 3.2.

b. Suppose z1,72 € F* /F*% and 23,74 € F* /F™¢ are nontrivial. Call a symbol (1, 73).,

reduced if the subgroup (xi/d,xé/% < (F,/F" )tor has order d*. Call a collection of reduced

1/dij 1/di;

symbols (2, %;)w,,, disjoint if the subgroup of (Fob/F" )tor generated by all of the a;" ™7, 23/,

has order [, ; dZ.

c. Call a sum of classes of disjoint reduced symbols in Br(F) a disjoint reduced symbol
presentation.

Example 4.10. Suppose {z1,...,x,} is a subset of ’* that is pure independent in F* /F*¢
for some d € N. For example, the z; could be part of a transcendence basis for F' over some
subfield of F'. Suppose & € Br(F) has presentation

E= > lie)iy ]

1<i<j<n

Set a;; = nyj/di; € Q/Z, and set aj; = —a;; if i < j. Then A = (a;;) is an alternating matrix
representing §. This will be proved in Theorem 4.12. The symbols (z;, )., are reduced, and
if d; |d for i =1,...,|n/2], then the collection {(z2;_1, T2i)w,, } is disjoint.

Remark 4.11. A reduced symbol algebra may be trivial, and two disjoint reduced symbol
algebras may be isomorphic. For example, when F = C(t), any symbol algebra is trivial, hence
any two symbol algebras of the same degree are isomorphic. On the other hand, Corollary 4.14
gives conditions under which a product of disjoint reduced symbol algebras is a division algebra.

The next theorem shows that it is always possible to express a Brauer class as a sum of
disjoint reduced symbol classes. Moreover, it shows how to obtain this expression from a given
presentation, provided the parameters of the given symbols are part of a homogeneous set,
such as a transcendence base for F' over some subfield. More generally, it suffices to have an
m-independent set.

Theorem 4.12 “Disjoint Reduced Symbol Presentation I”. Suppose & € Br(F'). For

some y = {y1,-- - y2m} C F* and d; ’ di—1, € has a disjoint reduced symbol presentation
m
£= Z[(y%—l,ym)wdi}-
i=1

where, as in Definition 4.9, the subgroup of F,, /F™ generated by the elements yéﬁ’i,y%{di has

order [}, d3.
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Homogeneous Case. Suppose m C P, x = {x1,...,2,} C F* is an m-independent set, and
£= Z [(xhxj)zijijL
1<i<j<n

where 1;; € N(m). Set a;; = —aj; = S;5/rij, then (a;;) € Alt,(Q/Z) is a matriz that represents
€. Let r =lem{r;;}. There exists a matriz P = (p;;) € GL,(Z/rZ) that puts (ai;) in standard
form, so that P*(a;;)P = (bij), where byi—19; = —baioi—1 =1/d; (1 <i<2m, d;:d; |di_1 |7‘),
and bjj = 0 otherwise. Let Q* = (q;;) be the inverse of P*, and set y = 29", so that (mod F*r),

n

* n *
— dij — Pij
?/j—”xz' ) xj_llyi'
i=1

i=1

Then

m

£= Z[(ym—l, yQi)wdi]

=1

is a disjoint reduced symbol presentation.

Proof. Let G = G5, Let a € Alt(G, Q/Z) be any element such that x"%(a) = £. Set 7 = exp(a).
Since G is torsion-free, G/G" has homogeneous primary components. Since G/G" is bounded,
i.e., of finite exponent, it is a direct product of cyclic groups. Since a is continuous, it is
supported on a finite direct summand H/H" of G/G". Therefore by Lemma 3.8, there exists
a symplectic basis for H/H" with respect to a, such that for some subset {¢1,...,%2,}, and
numbers d; : d; ’ di_1 |r, a(o;i_1,09;) = —a(te;, ai—1) = 1/d;, and a(vg, ;) = 0 otherwise.
Extend this basis to a basis ¢ for G/G". Define elements {¢7,...,93,} C G* by ¥!(¢;) =
8ij/ 1|, for all 4. Set m; = |¥3,_1], ni = |¢3;], and r; = ged(ms,n;). Then |3, A 5| = 1,

and
m

a= Z (W3 AY3,).
i=1
For each d € N, let k,,, : G* — F,jb NnE” /de be the Kummer isomorphism, and set yo; 1 =
Ko, (03;_1), and y2; = Ky, (13;). For the statement of the theorem, identify these elements

with preimages in F*. By Theorem 4.7,

K2 (5 (P31 A3) = 5 [(y2i-1,Y20)w,, ] = (Y2021, Y2i)w, |

Thus & has the desired form. Since the characters 13, _; and 15, are independent in G*, this is

a disjoint reduced symbol presentation. This proves the first statement.

Now for the homogeneous case. Assume (s;5,r;;) = 1. Let G be the Galois group of
F(gc}/r, ...,zt/")/F. Since z is m-independent, G is isomorphic to (Z/rZ)". Let ¢ ={b1,...,n}
be the basis for G defined by (¢, z;), = wi . Define a € Alt(G,Q/Z) by a(éi, ;) = ai; =
8ij/rij. Since (sij,7i;) = 1, then r = lem{r;;} = exp(a). Let {¢7,..., ¢} } be dual to ¢. Then

a= Y TP A

1<i<j<n
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By Theorem 4.7, x"\2(¢F A ¢7) = [(zi,2)w,], therefore k"%(a) = &. Thus a = (a;;) is a matrix
that represents £. By Lemma 3.4, there exists a basis change ¢ = ¢P, where 1 is a symplectic
basis for G with respect to a, and P € GL,(Z/rZ). Thus for some subset {1,...,%2m} C 7,
a(oi—1,¥2;) = —a(a;, oi—1) = bai—12; = 1/d;, and a(¢y, ;) = by = 0 otherwise, as desired.
By Lemma 3.4, (b;;) = P*(a;;)P is the resulting alternating 2-block-diagonal matrix for a.

Let {¢f,...,95,,} be part of a basis for G* dual to 1, defined by ¥;(1;) = 04;/r, for
all i, and set y; = o, (¥f) € F*/F*". Then @ = 31%, 7 (3, 1\3;). By Theorem 4.7,
/@Az(dii(z/};i_l/\w;i)) = [(Y2i—1,Y2i)wy,]- Thus & has the desired form. This is a disjoint reduced
symbol presentation since the 1] are independent. Since 1) = ¢P, the transpose is p*P* = ¢~,

and by Kummer Theory, yP* = z. If Q* = (P*)~!, then y = 2Q*. This completes the proof.
|

The next theorem sets an upper bound for the index of a Brauer class £ in terms of the
index of any alternating form a such that x"2(a) = &. The goal is to compute an index bound
directly from an arbitrary symbol presentation of a given Brauer class. A mere bound is the
best that can be expected for the general situation. For example, it follows by Remark 4.8 that
the exponent and index of a Brauer class may be trivial, no matter what the exponent and index
of the preimage in Alt(Gp,Q/Z). On the other hand, Corollary 4.14 below shows the bound is
realized over certain fields.

Theorem 4.13 “Index Bound for Br(F)”. Suppose & € Br(F). Let a € Alt(G3?,Q/Z) be
such that k"%(a) = €. Then

exp(€) | exp(a) ind(&) | ind(a) = pf(a).
The class & is represented by a central simple algebra of degree pf(a).

Proof. Since x”? is a homomorphism, exp(&) divides exp(a). Assume the notation of Theorem
4.12 and its proof. By definition, ind(a) = [[d;, the degree of the algebra @;"; (y2i—1,Y2i)w,, ;
which represents €. Since the index of & divides the degree of any representative central simple
algebra, ind(€) divides ind(a). By the index formula Theorem 3.6, ind(a) = |pf(a)|. This

completes the proof.

Corollary 4.14. Let k be a field containing p, and suppose F = k(x1,...,x,), the rational
function field, or F = k((z1))--- ((xn)), the iterated power series field, in n variables. Let

Then in the situation of Theorem 4.12 (homogeneous case), the division algebra underlying A is

m

D = ®(y2i—1, Y2i)wg, -

i=1
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Moreover, ind(A) = |pf((a;;))|, where (a;;) € Alt,,(Q/Z) is defined by a;; = s;5/1i; € Q/Z.

Proof. Since k(z1,...,2n) C k((x1))---((zy)), it is enough to prove the result over F' =
k((z1)) - ((zs)). The z; form a pure independent subset of F* /F*", where r = lem{r;;}.
By Theorem 4.12, A ~ D = ®Z’;1(ygi_1,y2i)wdi, for some numbers m < |n/2] and d; |r, and
some subset y = {y1,...,yn} C F" /F*", defined by y = 2Q*, for some Q* € GL,(Z/rZ). Since
Q* is invertible, y is a pure independent subset of F* /F"". Identify y with any preimage in

. Since the d; divide r, by Kummer Theory L = F({y%l/dl,yéz/d 1 < i < m}) has degree

l_L 1 4

Let v denote the standard henselian valuation on F' defined by the x;, with lexicographically
ordered value group I'r >~ Z". Since v is henselian, it has a unique extension v to L. By
multiplicativity, (y;/dl) = dl v(y2i—1) and v(yéz/ Y= d%v(ygz) Since v(x) gives a basis for
I'r/rI'p, so does v(y), and it follows easily that the v(le 1) (y2Z *) are independent (mod rI'g),
so they give a basis for ', /r['r. Since d; divides r for all ¢, it then follows easily that [T’z /Tr| =
[1d? = [L : F]. Therefore L/F is totally ramified.

is a division algebra. By the norm criterion [R, Corollary 30.7],

it is enough to show that if y5; is a norm from K = F (y%l/ dl) then d; divides e. Note that

Claim. Each (y2i—1, ygi)wdi
since K/F is totally ramified of degree d;, I'x = (diiv(ygi,lw + I'r. Since v’s extension to K
is uniquely defined, v(y) = v(o(y)) for all 0 € Gk p and y € K, hence v(N(y)) = div(y),
and v(N(K™)) = (v(y2i—1)) + d;T'r. Since (v(y2i—1)) N (v(y2;)) C 7Tr, if y5;, € N(K™), then
v(ys;) € d;T'p, so d; | e. This proves the claim.

Since v is henselian it has a unique extension from F' to each D; = (y2i—1, Y2 )w 4,3 evidently
I'p, = <diiv(y2i_1)> + (diiy(ygi» +T'r <Tr. By [TW, Extension Lemma 1.6], since I'p, N\T'p, =
I'p for i # j, D;®pD; is a division algebra, and I'p,grp;, =I'p, +'p;. By induction, D is a

division algebra.

The last statement is immediate by Theorem 4.13.

The induced map p*? of Theorem 4.7 is computable in the most interesting cases, namely
when p is a closed embedding, projection, or the transfer. In these cases, the induced maps on
Brauer groups are well defined, and by Theorem 4.7, the computation of p*? reduces to the

computation of the Kummer transpose maps p*, which was accomplished in Lemma 4.5.

Theorem 4.15. Suppose K/F is a Galois extension with abelian Galois group G, p of finite

exponent. Then

res : Br(F) — Br(F.,/K) inf : Br’(K/F) < Br(F)

(@, y)w] — [(2,9)w.] [(Z, 9)w] — [(7,9)w.]
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Suppose Gy p is finite, of order s. For e € N, factor s = ru, where r is the divisor of s
supported on supp(e), and (u,e) = 1, and let v be a number such that uwv = 1(mod e). Then for
allz,y € FE, NK™,

cor : Br(F,,/K) — Br(F)
[(JZ, y)w(g] I U[(NK/F('T)7 NK/F(y))UJer‘]

Proof. The explicit descriptions of first two maps are well known. They follow immediately from
the remarks preceding Theorem 2.8, which describe the inflation and restriction on alternating
forms, then applying Theorem 4.7 and Lemma 4.5 to the case 2 = Fy. Since inflation and
restriction are morphisms of cohomological functors, the induced maps on Br°(K/F') are indeed
inflation and restriction. The latter is injective on Brauer groups. By Theorem 2.8, (*"\? :
Alt(Gr,, /r, Q/Z) — Alt(Gr,, )k, Q/Z) is surjective, since G,/ is torsion-free. Therefore the
restriction Br(F,p/F) = Br(F) — Br(F,p/K) is surjective.

Suppose z,y € FS N K™, so [(z,y)..] € Br(Fan/K) is a general element, by Theorem
4.7. By Theorem 2.10, the corestriction on Alt(Gp,, /x,Q/Z) is obtained by applying 72 t0 a
choice of s-th root. Since the transfer j induces a well-defined map on Brauer groups, its effect
on symbols can be computed directly using Theorem 4.7. By definition, the corestriction on
alternating forms corresponds to corestriction on cohomology with coefficients in Q/Z, under the
natural map. Since cor is a morphism of cohomological functors, the map e, - w, : Q/Z — F,},

induces a commutative diagram

H*(Gp,, x,Q/Z) = H*(G},Q/Z)

l |

Br(F.,/K) —— Br(F)
Therefore, to compute the corestriction on Br(F,/K), it suffices to find a preimage of [(z,¥)..] €
Br(Fo/K) in Alt(Gr,, /x,Q/Z), take an s-th root, apply "%, and use Lemma 4.5 to apply j*

to each parameter of the resulting symbol, as in Theorem 4.7.

Let ¢* = w1 (2), ¥* = k5 (y), m = [¢*|, n = [¢*|, ¢ = lem[m, n], and d = ged(m,n).
Note ¢ } e. Factor s = r'u/, where 7’ is the divisor of s supported on the support of d, and
(w,d) = 1. Let v/ : w'v/ = 1(mod d). Find r/-th roots ¢* and Lt¢* in GF,,/Kx» Which
exist by the divisibility of Gf, . By (1.7), V' (L¢*ALy*) is an s-th root of ¢*Ay*. If
v’ =k, (5¢%) andy =k, (L"), then by definition, k"2 (v/(L¢*ALy*)) = V' [(2/, Y )w, .. ],

mr r’

and "2 (¢*AY*) = [(2/, Y )wa)-

Replace = and y (mod K*¢) by z = K, (L5¢*) and y = Ky, (L4¢*). Since they are
congruent to the original z and y (mod K™ ¢) these new elements still determine the original
element [(z,y).,.]. By (4.2), z = 2/¢/™(mod F* ") and y = /*/"(mod F*¢") by (4.2). Since
mn = cd,

K2 (E(6"AUY)) = (@1 )wa] = Sl 1 )] = [(2,9)w].
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Thus £(¢*Ay*) is a preimage of [(2,y)w.] in Alt(Gr,, /k,Q/Z), and £v'(L¢*AL*) is an s-th

root of £(¢*A1*). Now compute £"?(£0'(L¢*AL*)) = €v'[(2),y)w,,, ], and rewrite

i

(@Y g ] = £5V 1Y e, ] = O 1@y, ] = (2,90, ) = S LY, -

Note in the last equality % = 17 is an integer. By Theorem 4.7, cor([(z,¥).,]) is computed by

applying j* to the parameters in “;f/ [(%,9)w.,]. Thus by Lemma 4.5,

cor([(@,9)w.]) = 2 [(Nx/p (@), Nic/ o (9) o, )
As [£(¢p*Ap*)| divides d, and u'v’ /u is relatively prime to d, the order of [[Ng/r(2), Nk, (Y))w.. ]
divides d. Therefore %[(NK/F(JJ),NK/F(Q/))%T] = v[(Ng/r(2),Ng/p(¥))w.,]- This completes
the proof.

Remarks 4.16. a. In the situation of Theorem 4.15, suppose y € F* and z € ng NK™. Then
[(2,Y)w,] € Br®(F,,/K), and

cor([(#,y)wy]) = vI(Nk/p(2), ¥ )ws,] = ruv[(Nk/p (), y)ws,] = w[(N/p (), y)w,]
= [(NK/F(x)vy)wd]a

which agrees with the well known theorem [D, Section 11, Theorem 7] (which applies whether
or not K/F is abelian).

b. If G is abelian, then Fy;, = K, hence Br®(F,,/K) = Br(K). This situation occurs, for
example, when F' = C((x1))--- ((zn)), the field of iterated power series. Then the restriction is
surjective, and the corestriction formula applies to all of Br(K).

5. BASES

Let G be a proabelian group. One of the main goals of this paper is to effectively compute
the theory of the group Alt(G,Q/Z) of continuous alternating forms on G, and then, when
G is the Galois group over a field F' containing p, to effectively compute the homomorphism
Alt(G,Q/Z) — Br(F) resulting from the natural isomorphism Alt(G, Q/Z) ~ H*(G,Q/7Z).

The next two sections show how to use bases to achieve this goal when G is torsion-free.
First, bases are defined for torsion-free proabelian groups G, dualized, and then extended to the
groups Bil(G,Q/Z) and Alt(G,Q/Z). Compatible bases are then defined in connection with the
ground field F', where they produce a set of generators for Br(F).

All of this would be greatly simplified if it could be assumed that G was a finite product
of procyclic groups of some fixed type, like Zy, Z, or Z/dZ. However, in order for the map to
Br(F) to be surjective, it must be assumed that G is the Galois group of the maximal abelian
extension of F', a generally inhomogeneous, generally infinite product of various Z,’s. For this
reason, a completely general proabelian G will be treated, even though this introduces a variety
of technical problems that can obscure the relative simplicity of some of the concepts.
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Bases for G and G*

Let G be a proabelian group that is either torsion-free or torsion. By the structure theory
([RZ, Theorem 4.3.3, Theorem 4.3.9]), there is a topological isomorphism G ~ [[; G;, where I
is a set, G is procyclic, and []; G; has the product topology. In the torsion-free case, G; = Zm,,
for some m; C P, and in the torsion case G; = Z/d;Z, for some d; € N that divides the exponent.
By [RZ, Lemma 4.3.7], a torsion proabelian group has bounded exponent. If G; ~ Z,,, ¢ € G;,
and ¢ € Zp,, then ¢¢ is the element whose image in each finite quotient G;/G¢ is @5, where ¢g
and ¢4 are elements of G;/G¢ and Zy,, /dZuy,, respectively.

By Pontrjagin Duality [RZ, Lemma 2.9.4], G ~ [[, G; if and only if G* ~ []; G}, where in the
torsion-free case G; = Zy, if and only if Gf = Z[1/m;]/Z, and in the torsion-case, G; = Z/d;Z
if and only if G} = (1/d;)Z/Z. Thus a proabelian group is torsion-free if and only if its dual is
divisible, and it is torsion if and only if its dual has bounded exponent.

The guiding example for the definition below arises when G is isomorphic to a finite homo-
geneous product of torsion-free procyclic groups, all of the same type, such as Z". By a basis
for such a group is meant a topological basis, given by the images of the canonical generators

~

under a topological isomorphism Zn = G. Tt is then easy to define dual bases for the d-torsion
subgroups 4G*, using the transpose ¢G* —— (%Z/Z)". In fact, for practical purposes this is
the only case that will be needed. For if a is any alternating form on an arbitrary torsion-free
proabelian G then by continuity a’s radical contains all but finitely many factors in any product
representation of G. Moreover, a’s p-primary components are all supported on the p-primary
part of G, which is a product of Z,’s. Thus the computation of matrix forms for any particular
a can always be reduced to the case where G is a finite homogeneous product of procyclic groups

of the same type. Here is the general definition.

Definitions 5.1. a. Let G be a torsion or torsion-free proabelian group. A topological basis for
G is the image of the standard generators {e;} under a topological isomorphism

@:HGi%G
I

where each Gj is procyclic, with canonical generator e;. Let ¢; = ®(e;), and write ¢ = {¢;}s.
Partition I into a disjoint union (J; I;, defined for each j € J by I; = {i € I : G; ~ G;}. Then

[T~ ITI6: - I[¢"
I J I J

Call G‘jIj L a homogeneous component. Call a decomposition ® and the corresponding basis ¢
homogeneous if the G; are all isomorphic. Call ® and ¢ primary if the G; are all p-groups, for
various p.

A topological basis change is given by a commutative diagram
G =G
o | Te
I LT
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where ®, ®’, and ¢ are topological isomorphisms, and ¢’s restriction to each homogeneous compo-
nent GIjI" 'is an isomorphism onto Glej | A basis change on G is given explicitly by ¢} =[], B,
where in the torsion-free case, p;; € Zm,, and in the torsion case, p;; € Z/d;Z, where d; = |G;|.
If § € G, let [f]y denote 0’s coordinate expression with respect to ¢, and let P = [L]% be ¢’s

coordinate expression with respect to ¢" and ¢. Then write P : [6]4 — [0]4 on G, and -
¢ =69

b. Let G* be a discrete torsion abelian group of bounded exponent dividing d. A basis for G*
is the preimage of the set of canonical generators e} € G} = diiZ/ Z,d; ’ d, under an isomorphism

o6t = []G;
I

Let ¢ = (®*)7!(e}), and write ¢* = {¢;}. Decompose I into a disjoint union I = (J, I; as in
(a), with [; = {i € I : G} ~ G7}. Then [[; G} = [1,(L1;, G})- Say G* is homogeneous if the
Gy are isomorphic for all i. A basis change from ¢ to ¢” is given by a commutative diagram

G = G
o | | @
e — Il
I ¢ I

where ®*, &, and /" are isomorphisms, and +* maps each [[; G onto []; G.
A basis change is given explicitly by ¢ = >, pi;¢;’ for elements p}; € Z/d,;Z, finitely many
of which are nonzero. If d; € N(m;), then Z/d;Z is a quotient of Zy,, and the pj; may be

represented in Zm,. Let P* = [t*]5. be ¢*’s coordinate expression with respect to ¢* and ¢,

then for 6* € G*, P* : [9*]£* — [6*] 4+, and

(b*,f])* — ¢*

c. Let G be a torsion or torsion-free proabelian group. Suppose d € N divides |G/|. If ¢ is a
basis for G, then the d-dual basis 4¢ for the d-torsion subgroup ¢4G* is defined by

a%; (¢5) = dij/d; € Q/Z,
where d; = (d, |¢;]) = |a®;|. A basis change dgl*ﬂ’* = 49" on ¢G* is the transpose of a topological
basis change ¢ = ¢P on G if 4¢™ and 4¢" are dual to ¢’ and ¢, respectively. Then 4¢% =
Zipfj(d%*), and p;‘j = pji(mod d;). For compute

pii/di = ad; ([T #2) = (D pi; (i) (0)) = pi;/ds.

kel kel

Since this holds for all d dividing |G/, in the torsion-free case the coefficients p}; can be taken
to lie in Zp,, and then pf; = pj; € Zm,. In this case, write

¢/* T* — ?*



33

as shorthand for the family of basis changes {a¢"”P* = 4¢"}.

Example 5.2. If G = Z", the free proabelian group of rank n, then the standard basis element
is ¢ = {1;}{_,, where 1; is the i-th summand’s canonical generator. A basis change is represented
by a matrix P = (p;;) € GL,(Z). The new basis ¢' = ¢P is given by ¢} = [[/_, ;. The dual
of G is G* = (Q/Z)". The basis for 4G* dual to ¢ is 4¢" = {(1/d);}j~,, where (1/d); is the
i-th summand’s canonical generator. Set ¢* = {4¢"}. If P € GL,(Z) is a basis change for G,
P e GLn(Z) is the matrix transpose of P, and the transpose basis change is Q'*T* = ¢", so
d¢; = 22;1 p?jdﬁbfl'

By the above definitions, a given topological basis ¢ for a torsion-free proabelian group G

determines a system ¢* = {q¢"} of dual bases for the various torsion groups ¢G*. The dual
bases for each homogeneous component are coherent in the following sense.

Lemma 5.3. Suppose G = [[; G; is homogeneous, with each G; ~ Zy,, for some m C P. Let
¢ be a homogeneous topological basis. Then for all d,e € N such that d’e and e/d € N(m),
a®" = (e/d)e¢”. That is, 4¢; = (e/d)e¢; for all i € I. Conversely, suppose G* = []; G} is
homogeneous, with each Gi ~ Z[1/m]/Z. Let ¢" = {4¢" : d € N(m)} be a family of d-bases for
G* such that 4¢* = (e/d).¢* whenever d|e and e € N(m). Then there exists a topological basis
¢ for G =TI, G; that is dual to {4¢"}, meaning each 4¢* is dual to ¢.

Proof. For the first statement, let e; = (e,|¢:|) and d; = (d,|¢;]), then e/d = e;/d; since
e/d € N(m), s0 adj(¢;) = 0i/di = (e/d)(0i5/ei) = (e/d)ed (05)-

For the converse, let G be the (proabelian) dual of G*, then G = [[; G;, where G; is the
procyclic dual of G}. Let 4¢ be the dual of 4¢* in G/G, for all d. If d ’ e and e € N(m), the
dual of ¢ in 4G* is q¢", since

a0i (c¢5) = ((¢/d)cd7)(c0;) = (e/d)(8i5/e:) = 65/ ds.

Therefore the image of ¢ in G/G? is 4¢, and {4¢ : d € N(m)} is a projective system of sets.
Since G is m-homogeneous, G ~ lim , G/G%, where the limit is taken over d € N(m). Let

so that ¢; = lim,(q¢;). BEach ¢; € ¢ generates G; topologically, so it is clear that ¢ is a
topological basis for G. Moreover, ¢¢;(¢;) = 0;j/d;, so ¢ is dual to 4¢".

Bases for Bil(G,Q/Z), H*(G,Q/Z), and Alt(G,Q/Z)

By Theorem 2.3 and Theorem 2.4, a (topological) basis ¢ = {¢;} for a torsion or torsion-
free proabelian group G determines compatible dual d-bases {4¢;}, and from them elements
m®; @n¢; and ,,¢; A\, for Bil(G,Q/Z) and Alt(G, Q/Z), respectively. If d is such that d;; :=
ged(d, 6], 16,1) = ged(m.n, 6], ¢,]). then by (L3), i @0 = ai@ad), and o And; =
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a9; Na¢;. These elements have order d;;, except for q¢;Aq¢;, which is trivial. By (2.2), their
action is described explicitly by

ati@ad; ([[ o, [T o) = 92 ez,

kel kel

and

ibj—azb;
déf’f/\déﬁ(n‘b H¢ = - iya] €Q/Z
kel kel
To control notation, set

(97 @] )a = m®; Ond;

(PIND})d = m P} A
where for any m and n, d is such that ged(d, |¢4], |¢;) = ged(m, n, @i, |¢;]). Thus [(¢;Ad})al =
ged(d, |¢il, [8;])-

Proposition 5.4. Suppose G is a torsion-free proabelian group, with topological basis ¢ =
{di}icr, indexed by a linearly ordered set I. Then

0" = {(&;®¢])a+i,j € I and (¢]©¢])a # 0}
f *®2] = {[(¢;@e;)a] i < j €I and [(¢;@¢})al # 0}
67" = {(¢7Ad})a i < j €1 and (67 A 6})a # 0}
are bases for ¢Bil(G, (@/Z) JH2(G,Q/Z) and 4Alt(G,Q/Z), respectively.

Proof. By Theorem 2.3, ?*®2 generates Bil(G,Q/Z), and since (p;Ap})a = —(P5 P} ), Q*AQ
generates Alt(G,Q/Z). By Theorem 2.4, [Q*®2] generates H*(G,Q/Z). In fact, check directly
that (¢7©¢%)a+ (¢5®¢7)a equals the coboundary dh of the 1-cochain h € C*(G,Q/Z) given by
h(ITi #3°) = —aia;/dij. Therefore [(67©¢})a] = ~[(¢6j@¢])a] in H*(G,Q/Z).

If a =3 nij(¢p;®¢})a = 0, then a(¢;, ¢;) = ni;/dij = 0, where d;; = ged(d, |¢:l, |¢;]), for all
1,7 € I. Therefore d9*®2 is an independent set, hence a basis for ¢Bil(G,Q/Z). Similarly, dQ*AZ
is a basis for 4Alt(G,Q/Z), and by Theorem 2.4, [4¢*®?] is a basis for ;H*(G, Q/Z).

Definition 5.5. Suppose ¢ = {¢;}; is a basis for G, indexed by a linearly ordered set I,
b € Bil(G,Q/Z), and a € Alt(G,Q/Z). Set b;; = b(¢;, ¢;) and a;; = a(¢i, ¢;). The coordinate
(or matriz) expressions [b] pr@2 and [@]y=n2, or just [b]y and [a], if the meaning is clear, are the
I x I matrices (b;;) and (a”) Note almost all of the_bl-j and c;ij are zero, and if b;; = n;;/d;;
and a;; = my;/di; in Q/Z, then b = 37, n;j(d;®@¢7)a and a = 7, mi;(d; Ad})a, where
dij = ged(d, 64], |6]). Let

M4 (Q/Z), Altyy(Q/Z)

denote the group of all such matrices, with pointwise addition.

Remark 5.6. The coordinate (matrix) expression is a matrix representative, in the sense of
Definition 3.2. Moreover, every matrix representative is a matrix expression, for some basis. For
suppose (b;;) is the matrix for b, determined by a basis ¢ for G/rady(G). It will be shown in
Lemma 5.12, below, that ¢ extends to a basis ¢ for G, hence (b;;) = [b].
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Proposition 5.7 “Basis Change on Bilinear and Alternating Forms”. Suppose G is a

torsion-free proabelian group with topological basis ¢. Suppose Q' = ¢P is a topological basis

change on G, defined explicitly by (;5; =11, #Y7, pij € Zum,. Then the transpose basis changes
(d¢/*®2)j>*®2 _ d¢*®2 (d¢I*A2):P*A2 _ ¢*/\2

on Bil(G,Q/Z) and Alt(G,Q/Z) are defined explicitly by the finite sums

(5@9)a = > piipiy (B8 )a,  (BiAG))a = Y Piuis( @
kel k<l
where pyy ;i = PyiPl; —Pk;Pli» and pjj = pj; € L. Thus if b € Bil(G,Q/Z) and a € Alt(G,Q/Z)
have matriz expressions [bly = (bi;) and [aly = (a;;) with respect to ¢ and [bly = (b};) and
l[aly = (af;) with respect to ¢, then [bly = P**([bly) and [aly = P?([aly), and b; =
Zk,m;—%pﬁbkz and a;j = Zk<lp;<j,klakl'

Proof. Compute (¢7@¢%)a(¢, d)) = (0;0¢5)a([1; o7 T1; ¢)"*) = pirpji/dij. Since a basis

change stabilizes G’s homogeneous components, d;; = dj; whenever p;; and p;; are nonzero,
therefore (7 @¢7%)a(¢, #1) = Pripi; (P @) a(Pl, ¢7)- Tt follows that

(0;®9})a = Zpl*gipl*j(@t@qbf)d,
k,l

as desired. Similarly, in Alt(G,Q/Z),

(i NP} )a( Dy, #1) = (Pirpji — PijPit) (B AD ) a(Phs D)

The explicit computation of matrix expressions on Bil(G, Q/Z) is immediately obtained as usual
by setting b;; = n;;/d;; for all i, j, substituting the basis change formula into the expression b =
> ks Ml (91,99 )a, and then retrieving the coefficients of each (¢;*®¢}")q. A similar computation
yields the result for Alt(G,Q/Z).

-2
Remark 5.8. Here is how to compute the basis changes directly, using (1.3). On @ G*,
(6:965)a = adi®(X,pi;(ad)). Since |pi(adf") and |agf"| divide |467], by (13) this is
> a9 2} (ad]) =, P (¢r®¢)*)a. Expanding 4¢; in the same way yields

S ok (O priadi)@adt’) = prepiy (65 @61 ),
l k k.l

as desired. A similar computation establishes the result for /\2G*. By Theorem 2.3, this
produces the basis changes on Bil(G,Q/Z) and Alt(G,Q/Z).

Example 5.9. Suppose G = Z”, with the standard basis ¢ = {¢1,...,¢,}. The coordinate
expressions of b € Bil(G,Q/Z) and a € Alt(G,Q/Z) are matrices (b;;) € M, (Q/Z) and (a;;) €
Alt,,(Q/Z), where b;; = b(¢;, ¢;) and a;; = a(¢i, ¢;). These matrices behave as bilinear forms
on the coordinate expressions of elements of G in the usual way. By Example 5.2, a basis change
¢ = ¢P on G is represented by a matrix P = (p;;) € GL,(Z), so that ¢ =TI, 97", Let
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P* = (pj;) be the transpose of P, so p;; = pj;. By Proposition 5.7, (b;;) = [b]gs = ?*®2([b]£),
and (a};) = [a]y = P**([aly), with

* % / *
E pkipljbkl ) Q;; = E Pij 1Okl

1<k,i<n 1<k<i<n

where pfj ol = p;“kp;l — pz‘lp;fk. Thus the matrix for b and for a in the new basis are computed
by congruence transformation:

[bly = P([b])P,  la]gy = P*(alg)P.

Alternatively, represent the matrix (b;;) = [b]s by the n-tuple (b11,b12,...,bun) € (Q/Z)

ordered lexicographically. Then P*®2 ¢ GL,,» (Z) is the matrix whose (ij, kl)—entry is pippjs and
whose action on n?-tuples is the usual one. Similarly, represent the matrix for a € Alt(G, Q/Z)
by the (3)-tuple (a12,a13,...,an-15) € (@/Z)(g), and P2 € GL(g) (2) is then the matrix

whose (i, kl)-entry is p;; k> and whose action on (g)-tuples is the usual one.

Proposition 5.10. Suppose G is a torsion-free proabelian group, with topological basis ¢ =
{bi}icr, indexed by a linearly ordered set I. Then

Bil(G,Q/z)~ [] G;;.  H*(G.Q/z) ~ Alt(G,Q/z) ~ [ G3;

i,j€1 i<j

where, if my = supp(|¢x|) for k € I, G}, is the divisible group Z[m A 1/Z.

Proof. By Theorem 2.4, H*(G,Q/Z) ~ Alt(G,Q/Z). Since ¢ is a basis, 4¢"“* and 4¢*"* are
bases for ¢Bil(G, Q/Z) and 4Alt(G,Q/Z) by Proposition 5.4, and |(¢; ®¢7)a| = [(¢; A@})al = dij,
where d;; = ged(d, |¢:],|¢;]). Thus if

G = - L)L = o(Z] 5557/ T),

then ¢Bil(G,Q/Z) ~ [, ; aG7;. and 4Al(G,Q/Z) ~ [],_; aG};. Since Gj;, Bil(G,Q/Z), and
Alt(G,Q/Z) are the union of their torsion subgroups, the result follows.

|
Example 5.11. If G = Z”, then G, ~ Q/zZ, so

Bil(G,Q/Z) ~ (Q/Z)" ~M,(Q/Z), Al(G,Q/Z) =~ (Q/Z)) ~ Alt,(Q/Z).

Lemma 5.12. Suppose G is a torsion-free proabelian group, and 7 : G — G is a projection
onto a torsion proabelian group G. Then a topological basis é for G lifts to a topological basis ¢

for G.

Proof. Since the proabelian group G is torsion, it is a product of finite cyclic groups, and
exp(G) = r is finite. Let é = {¢;}1 be a topological basis, and let é* be its dual, a basis for G .
View G as a subgroup of G* via inflation. Let H* be a divisible hull of G in G*. This exists by
[F, Theorem 24.4]. Claim: there exists a system of bases ¢* = {4¢"} for H* extending é*, that
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is coherent in the sense of Lemma 5.3. Since H* is a direct sum of its homogeneous components,
it suffices to assume H* is homogeneous. If d is such that r | d and supp(d) = supp(r), then since
H* is divisible there exist elements 4¢7, each of order d, extending the basis elements ¢}, for
each i € I. These elements are easily seen to constitute a basis for ;H™, and the claim follows
by induction on d. Since H* is divisible, it is a summand of G* by [K, Theorem 2J; let Q* be an
extension to all of G*. Its dual ¢ is a topological basis for G' extending é This completes the
proof.

The next theorem show that there is a standard form for any alternating form a on a torsion-
free proabelian group G. This standard form is obtained by constructing a symplectic basis
for G, essentially using the standard algorithm. When G is homogeneous, for example when
G~ Z”, or G ~Zjy, this symplectic basis may be obtained from any given basis via basis
change. The resulting 2-block-diagonal matrix representing a is then obtained from the original
alternating matrix by congruence transformation. This is the crucial case since, as mentioned
at the beginning of Section 5, any alternating form a over any torsion-free proabelian G may be
decomposed into a sum of its p-primary components, and each p-primary component is supported
on the p-primary part of G, a (homogeneous) product of Z,’s. Moreover, since a is continuous,
its p-primary part is supported on a finite product of Z,’s.

Theorem 5.13 “Symplectic Basis I11”. Suppose G is a torsion-free proabelian group, and
a € Alt(G,Q/Z). Then G has a basis 1 = {1;}1 that is symplectic with respect to a, so that for
some subset {11, ..., Pam} C Y, along with uniquely determined numbers d; : d; ‘ di_1,

a(Voi—1,02) = —a(Va;, Yoi-1) =1/d;;, 1 <1< m,

and a(Yr, ;) = 0 otherwise. Thus [aly is an alternating 2-block-diagonal matriz. In basis
notation, B
a=) (V31 \V3)d,-
i=1
If G has a homogeneous basis ¢, then 1 is obtainable in the standard way by a basis change
Y = ¢P, and [a]y, = P*?[a]s is the resulting alternating 2-block-diagonal matriz for a with
respect to 1. a N

Proof. Let r = exp(a), then a € Alt(G/G",Q/Z). Since G is torsion-free, G/G" has homo-
geneous primary components. By continuity, a is supported on a finite summand of G/G".
Therefore it may be assumed that G/G" is finite, and Lemma 3.8 applies. By Lemma 5.12, the
resulting symplectic basis on G/G" lifts to G. This proves the first part.

Suppose G is homogeneous, with G ~ Z¢, for some m C P and cardinal number c. Since a is
continuous, it may be assumed that cis finite. Set r = exp(a). Since r € N(m), G/G" ~ (Z/rZ)",
and Lemma 3.4 applies. Let ¢ be the image of ¢ in G/G", and let ¢ = ¢P,, where P, €
GL.(Z/rZ), be a symplectic basis for G/G" with respect to a. Extend @ to the supp(r)-primary
part of G using Lemma 5.12. Let m’ = supp(r). By the proof of Lemma 5.12, the extended set is
a homogeneous basis for the m’-primary summand of G. Let ¢ be the homogeneous basis for G
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obtained by multiplying this basis “diagonally” with a homogeneous basis for the m\m’-primary
part of G. That is, if G; is a procyclic component of the homogeneous decomposition of G, ¢;
is a basis element for the G;(m’), and ¢} is a basis element for G;(m\m’), then let ¢; = ¢;¢L.
Then ¢ = ¢P for some basis change P, extending the basis change @ = éﬂ’r in G/G", and ¢ is

symplectic with respect to a. The last statement follows by Proposition 5.7.

Bases in F*

To transport the basis computations from Alt(G,Q/Z) to the Brauer group Br(F), some
notion of basis must be defined for F'* which is dual to the notion of basis for the torsion-free
group G. These “bases” for F* will be constructed from the Kummer map g of (4.1), between

d-torsion subgroups of G* and exponent-d quotients F* /F*4.

As usual, assume F' is a field of characteristic 0 that contains the roots of unity u. Let
w: pu — Q/Z be a fixed identification. Let ¢ = {¢;}; be a (topological) basis for a torsion-
free abelian Galois group Gg,p, and let ¢* stand for the family of dual bases ¢¢* = {a¢;}1
for 4Gg /r for each d € N. The choice of w determines a corresponding family of Kummer

isomorphisms iy, : aGo,/p — Q4N F* JF* %,

Definition 5.14. For all d € N, define the Kummer dual of the basis ¢ to be the basis gz =

Kuwy(a9™) C (QINF™)/F* % dual to ¢ via Kummer Theory and the choice w. By Definition 5.1c,
0ij . *

(Gisaxj), = wy, for all 4,5 € I, where d; = (d, |¢;|) = |d¢j|.

By Definition 5.1c, the Kummer transpose of a topological basis change Q' = ¢P, where
P = (pij), is given by 42'P* = 4z. Explicitly,

az; = [ J ()",
i
where pj; = pj; is interpreted (mod |4z;|). Note that for fixed j, almost all of the pj; are zero,
so that the product is finite. Moreover, if p; 7 0, then in the notation of Definition 5.1a, ¢ and
j are in the same homogeneous component G‘jm of G, so that by Definition 5.1c, pj; may be

taken to lie in Zy,,.

The following lemma is a Kummer Theory version of Lemma 5.3.

Lemma 5.15. Suppose Gq,p is homogeneous, with Go,p ~ Zy, for some m C P and some
cardinal number c. Let ¢ be a homogeneous basis. Then for all d,e € N : d } e and e/d € N(m),
4z is the image of .x under the natural projection map F* /F*¢ — F* /F*.  Conversely,
suppose m C P, and for all d € N(m), 4z is a homogeneous pure independent set of exponent
d in F* JF*?, such that {4z} is coherent under the natural projections. Then there exists a

Galois extension Q) F with torsion-free homogeneous abelian group Go,p ~ Zg, and topological



39

basis ¢, with the property that (¢, 47;), = wg” for all d € N(m). Ezxplicitly, Q) is the composite
of the Kummer extensions defined by the subgroups {(qz) < F* /F*4.

Proof. Let d', e’ be the parts of d and e supported on m, then since e/d € N(m), e/d =€’ /d’. By

Lemma 5.3, 4¢* = (e/d).¢", therefore by the definition of &, and &, , (—, exj>e/d =(—,a7j),

e
On the other hand, since e/d = €'/d’, (—, emj)e/d = (—,¢x;),. Therefore cz; = ja;(mod F*¢).

e
This proves the first statement.

Conversely, suppose the elements in the set {4z C F* /F*¢:d € N(m)} are coherent under
the natural projections. Let 4¢" be the corresponding characters of Gp. Since gz is a homoge-
neous pure independent set of exponent d, so is df*, hence each dé* is a basis for a summand of
aGp. Since e/d € N(m), (—,cxj), = <—,exj>z/d, and so 4¢" = (e/d).¢". That is, the 4¢" form
a coherent set. By Lemma 5.3, there exists a Galois group Gq,r ~ Z;, with a topological basis
¢ = {¢i}1 whose dual basis is the 4¢". Thus (¢;, q4z;), = wg"j, for all 4,7 € I, and d € N(m).
Clearly 2 is the composite of the Kummer extensions defined by the 4z, so the last statement

follows.

Definition 5.16. In the situation of Lemma 5.15, let x; = lim,(qx;) for each i, where d € N(m),
and set z = {x;};. This is a subset of the closed subgroup lim (¢ N F* /F*9) of the m-adic
completion F,. of F*. Write

F/™) = lim F({a;""}1)
deN(m)
for this field extension. If 1 = ¢P is a topological basis change, and 9 and ¢ correspond to y
and z, respectively, write

yPr =z

for the induced basis change.

Without the machinery of inverse limits, the basis change expression can be viewed as short-

hand for the family of basis changes {qyP* = 4z}

Remark 5.17. The following special case is particularly interesting. Suppose x C F™ is an
m-independent subset of F*. For example, z could be part of a transcendence basis for F' over
some subfield of F', or a set of nonassociate prime elements in a ring with quotient field F'. Then
Q = F(z'/™7) is the composite of all radical extensions of degree d € N(m) defined by z. By

the above, the Galois group Gg,r =~ Zg, has a homogeneous basis ¢, such that (i, J:j>d = wg”.

In this construction, the element ¢; € Gq,p is the “Frobenius” automorphism corresponding
to the “prime” z;. In this sense, the basis ¢ of any homogeneous torsion-free abelian Gg,p is a

set of Frobenius automorphisms for the prime elements z in F, .

Generators in Br(F)
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The basis elements gz = {42;} for the various F* /F* ¢ suggest an obvious generating set for
part of Br(F), namely the set of symbol classes that are expressible in terms of the 4x;. These
elements will be used to import the explicit basis calculations on Alt(G,Q/Z) into Br(F).

Assume F' contains p, and Gg,r is a torsion-free abelian Galois group, with topological basis
¢ = {¢i}1, for some linearly ordered set I. By Proposition 5.4, the set dQ*M ={($iAP})a i <
J € I} is a basis for Alt(Gg/p, Q/Z). Let gz = Ky, (a¢™) be the Kummer dual, as in Definition
5.14. Assume for simplicity that Gq,r is homogeneous, so Gq,p ~ Zg, for some m C P and
some cardinal number c¢. The general case can be reduced to this situation using the primary
decomposition. By Theorem 4.7, the elements [(z;, z;).,,], where d € N(m), generate 4Br°(Q/F).
If k2 is injective, then they form a basis for 4Br°(Q/F).

Theorem 5.18 “Disjoint Reduced Symbol Presentation 1I”. Assume u C F. Suppose
Q/F is a Galois extension with torsion-free abelian group Gq,p, and & € Br*(Q/F). Then Gg,p
has a basis 1 such that for some subset {11,...,%am} C ¥, along with numbers d; : d; |di_1, I3
has a disjoint reduced symbol presentation

m

£= Z[(y%—hy%)wdi]
i=1
where yzi—1 = H“’di(dﬂ!};ifl) and yz; = dei(dﬂ/fﬁi). If k"2 is injective, the d; are uniquely

determined.

If Go,p is homogeneous, with homogeneous topological basis ¢ = {¢p;}r, then the basis 1 is
obtainable through a basis change ¢ = ¢P. More precisely, suppose the Kummer dual of ¢ is
z={z;}1, and

E= ) ez ]

1<i<j<n

Set a;; = —aj; = s;5/rij, then laly = (ai;) € Altn(Q/Z) represents & Let ¢ = ¢P be a
symplectic basis for Go,p with respect to the form a, and let y = {y;}1 be the Kummer dual of
P, so that y = xQ*, where Q = P~L. Then

m

£= Z[(yzi—h Y2i)wg, ]

=1

is a disjoint reduced symbol presentation.

Proof. The proof follows immediately by Theorem 4.12, Theorem 5.13, and Lemma 5.15.
|
Corollary 5.19. Let F' = C((z1)) -+ ((zn)). Then for eachd € N, {[(z;,x)w,] : 1 <i<j <n}
is a basis for ¢4Br(F), and Br(F) ~ (@/Z(2> Let ¢ = {¢1,...,6n} be the topological basis for
G Kummer dual to x = {x1,...,2,} via w. Then the map
k"N Al(G R, p) = Br(F)

wi (G AGF)a > [(Ti, Tj)wa]-
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is a natural isomorphism.

Proof. The first statement is immediate from the third by Proposition 5.4. The iterated
henselian valuation on F defines a decomposition F'* ~ Z" x U, where U is divisible. Clearly
the image of z in F* /F*? is a basis for all d, ¢ is a basis for G3P) and G ~ Z™. Therefore

the second statement follows from the third by Example 5.11.

It can be shown with a little valuation theory that every finite extension of F' is radical, hence
G is abelian. Therefore Alt(G2, 1) ~ H*(G3, i) = H*(Gp, 11). By Hilbert’s Theorem 90 and

the long exact cohomology sequence associated with the Kummer sequence
1—>ud—>F$g—>Faxlg—>l,

H?(Gp, pta) =~ ¢Br(F). Tt follows that H*(Gp, p) = lim, H*(Gp, 1q) ~ lim,(4Br(F)) = Br(F).
By Theorem 4.7, the composite of these maps yields the natural map Alt(G%b, 1) — Br(F) given

by k"% - w1, an isomorphism that sends w. (@5 A¢})a to [(2i,2;)w,]. This completes the proof.
]

Example 5.20. The inverse of x"? in Corollary 5.19 is analogous to the Hasse invariant in
local class field theory. Suppose F is a local field, which is by definition a complete discretely
valued field with finite residue field. The Hasse invariant map in local class field theory is an
isomorphism

invg : Br(F) — Q/Z.

Explicitly, every Brauer class £ is represented by a cyclic algebra [(4¢*,7¢)], where 4¢* is the
Frobenius character of order d, defined on a Frobenius generator ¢ in Gp by 4¢0*(¢) = 1/d, and
7 is any uniformizer. Then by definition invp(€) = ¢/d. The map’s naturality relies on the

naturality of both the Frobenius map and the valuation defined by 7.
Let FF = C((z1))---((x,)). By Corollary 5.19, a choice of w, together with the choice of the

ordered set {z}, determines an isomorphism
invp : Br(F) = (Q/2)(3) = Alt,(Q/Z)

sending [(z;,;)S,] to the ij-th standard generator (0,...,0,¢/d,0,...,0) corresponding to the
element c(¢; A¢7)q. In particular, when n = 2 there is an isomorphism Br(F) ~ Q/Z, analogous
to the Hasse invariant map. In Example 6.5 below it is shown how Alt,,(Q/Z), hence (Q/Z)(g),
transforms under restriction and corestriction. In the n = 2 case, the usual formulas of local

class field theory are obtained.

6. COMPUTING FUNCTORIAL MAPS

This section contains computations of inflation, restriction, and corestriction on bilinear
forms, cohomology, and alternating forms with coefficients in Q/Z, and finally on the Brauer

group of a field that contains p.
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Setup 6.1. Suppose there is an exact sequence of proabelian groups
l1— H -~ G- G—1

where G is torsion-free and G has finite exponent 7. For each d divisible by r, let 74 denote the
composite of exponentiation by d and 71,

2a:G— H.

Recall +* is restriction, 7* is inflation, and the composition 7} - ¢* : G* — G is multiplication
by d. If ¢ is open and s = |G|, then 7 = 7, is the transfer, and j* is corestriction.

Definitions 6.2. Assume Setup 6.1.

a. Decompositions ¥ : []; Zﬁ{j ~> H and @ : [[, Zsi, =~ G and the corresponding bases 1
and ¢ are compatible if L(\I/(Zf,fj)) < ®(Zy.), for all j € J.

b. If ¢ and ¢ are compatible, write P = (p;;) = [L]%, meaning that for each 9; € \Il(Zg{ck),

v; = [1, 677, where ¢; € ®(Z ) and pij € Zp,. Let P* = [L*]%: stand for the family of

coordinate representations [L*]Z% 2 aG* — gH*. Thus *(a¢}) = X i pij(atyy). If y and

are the respective Kummer bases as in Definition 5.16, let P* = [L*]% denote the corresponding
family of coordinate representations of the Kummer transpose of ¢*. Apply similar notation to
maps on bilinear forms and alternating forms.

Compatible decompositions always exist. For example, the primary decompositions for H
and G are obviously compatible.

Lemma 6.3. Assume Setup 6.1.

a. H~G. In particular, if G has a homogeneous decomposition, then H has a compatible
homogeneous decomposition.

b. ¢ is diagonalizable. Specifically, let ¢ = {¢;}1 and ¢ = {¢;}1 be compatible bases. Then

there exist basis changes ¢ = € and ¢' = ¢B~L, such that for some numbers d; € N, 1(4]) =

¢1% for each i € I. Thus if [L]% = P then [L]% = BPC =D = diag{d;};.

Proof. View H as a closed subgroup of G. To prove H ~ G it suffices to show H and G have
isomorphic p-primary components for all p. Therefore assume H ~ fo and G ~ Z,”. Consider

the commutative diagram

0—G —G —H" — 0

Lol

0—G —G"— H" — 0

where the vertical arrows are multiplication by p. By the Snake Lemma, the sequence of Z/pZ-
vector spaces

0— ,G — G -, JHY — G /pG" — G /pG* — 0
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is exact. Since G* is divisible, G* /pG* = {0}. Since these are all vector spaces, there are direct

sum decompositions

LG~ G @7 (,GF)
pH™ ~ é*/pé* &7 (,G")

Now compare Z/pZ-dimensions. Since G has bounded order, it is a direct sum of (finite) cyclic
p-groups, and so dim(G" /pG") < rank(G") = dim(,G"). Therefore

dim(, H*) = dim(G" /pG") + dim(7*(,G*)) < dim(,G") + dim(7*(,G*)) = dim(,G*).

Thus b, < ¢p. On the other hand, since ¢’s cokernel has exponent r, G" < H. Since rZ, ~ Z,
as Z,-modules, G" ~ 7,7, therefore ¢, < b,. Thus b, = c,. Since a map of proabelian groups
takes p-primary components into p-primary components, the primary decompositions of H and

G are compatible. This proves (a).

To prove (b) it may be assumed that H ~ G ~ Z¢, for some m C P and some cardinal number
¢ = |I|. Since any two bases of G are then related by a basis change, it suffices to show there
exists a topological basis ¢ = {¢;}; for G such that for some numbers d;, ¢ = {(ﬁfi}l is a
topological basis for H.

Let ¢ be the topological basis for GG extending a basis é for G, constructed in Lemma 5.12.
Set d; = |¢;|. Claim: P = {(ﬁf"}f is a topological basis for H. Since “x” is an exact functor, the
sequence

0— G — G*— H*— 0

is exact. Suppose T € G. Since ¢ is a basis, T = [1; ¢7*, for some g; € Zy,. Since é is a basis for
G, by exactness 7 € H if and only if gi);‘( 7) =0 for all j, i.e., if and only if d; |gi for all ¢ € I.
Thus 9 is a topological basis for H. This proves the claim, and completes the proof.

|
Computing Functorial Maps in Bil(G,Q/Z) and Alt(G,Q/Z)
Theorem 6.4. Assume Setup 6.1. Let ¢ = {¢;}1 and ¢ = {1;}1 be compatible bases for G and
H with respect to v, indexed by a linearly ordered set I, and let P = (p;;) = [L]%
a. Let BPC =D = diag{d;}s be a diagonalization of P as in Lemma 6.3, and set B = (b;;).
Then the kernel of the restriction map on Bil(G,Q/Z) and Alt(G,Q/Z), respectively, have bases

{Zb b (@] a,, 1,5 €T}, {> bris(S3AG)a,, i <jeT},

k<l
where d;; = d;dj, B* = (bj;) and by, ;; = by,by; — by,

b. The coordinate expressions of the restriction maps are

(bij) — (b3;), (aij) — (aj;),



44

/ * % ! * * . * ok ok ook ok
where by; = Zk,lpikpjlbkl and a;; = Zk<lpij,klakl’ where pi; = pji, and iy ;= PPl — PiiPhj-

c. Suppose v is open. Let s =[G : H| and N = (n;;) = [j]% The coordinate expression of the
corestriction map s B

N2 L Altyy (Q/Z) — Altyg (Q/Z)
(aij) = (ai;)

/ * 1 * B * 1. .. .
defined by a;; = > k<l N7 ors Okl where ni; = nji, Nk = m”gl zl”;k; and -a;j 1s any
element in Q/Z such that §5Qi5 = gj.

Proof. Let BPC = D = diag{d;}; be the diagonalization of Lemma 6.3. Then C*P*B* =
D* = diag{d;};, and both ¢" = ¢"B* and ¢* = ¢"(C*)~! are (families of) basis changes

*/RQ2 *IRQ2 KkIN2
A )

for G* and H*, respectively, and D* = [L*]g By Proposition 5.4, ¢

?*/ .
Y*""? are (families of) bases for Bil(G, Q/Z), Bil(H,Q/Z), Alt(G,Q/Z), and Alt(H,Q/Z), re-

spectively. Compute by the formulas in Theorem 2.3, [L*®2]%*, = D*®? = diag{d;;}:,; and

* w * * * * * * *
[t /\Q]QW D*"? = diag{d;;}i<;. Thus res(¢;' @7 )a = dij(Y’@Y;")a and res(¢;' A} )a =

dij (Y3’ A3 )a. Since Q*@Q and Q*/AQ are bases, it follows that the kernels are the subgroups
with bases {(¢;'®¢7 )a,;» 1,5 € I}, and {(¢;'A¢})a,;, © < j € I}. By Proposition 5.7,
(¢f/®¢;l)dij = Zk,l b21b7](¢z®¢7)dzj7 and (¢'?//\¢;f/)dij = Zk<l bZI,ij(¢z/\¢l*)dij7 so the kernels
of the restrictions are as stated. This proves (a).

, and

For (b), view H as a subgroup of G, which is allowed since ¢ is closed. Since P = [L]%,
P = [L*]%*. A computation exactly as in Proposition 5.7 for basis change gives the desired
formulas for the coordinate expressions P*®2 = [, *®2]Z* and P*? = [L*/\Q]%* :

Suppose H < G is an open subgroup, and [G : H] = s. By Theorem 2.10, cor(a) = 5*"*(1a)
on Alt(H,Q/Z), where La is an s-th root of a. Clearly if [a Jy = (as;), then [ aly (%
15

La;; is any s-th root of a;; in Z[1/m]/Z. If N = []]% = (n4;), the transpose is N* = [5* E = (n;),

and

i), where

N*A2 — [J*M]g; . [%a]£ — [cor(a)]£~

If [cor(a)]y = (ai;), then a routine computation shows a}; = >, njj7kl%akl.

Example 6.5. Suppose G = Z". Let H< G be a subgroup of index s. Let ¢ : H — G be the
natural inclusion. Suppose ¢ = {¢1,...,¢,} and ¢ = {t1,...,9,} are bases. The restriction
and corestriction are computed on Alt, (Q/Z) from Theorem 6.4 as follows.

Restriction. Let P* = o ]¢*, then P* = (pj;) € M, (Z) has rank n. If @ € Alt(G,Q/Z),
then [a]y = (ai;) € Alt,,(Q/Z), where ai; = a(d;, ;). Set res(a) = a’, and la']ly = (aj;) €
Alt,,(Q/Z). As in Example 5.9, order the pairs ij lexicographically, and view (a;;) as the (g)-
tuple (a;;) = {a12,a13,...,an—1n}. By Theorem 6.4, [res];i =P = (pp;) € M(’;) (Z), where

Pk1.ij = PriPij —Pl;Pk; is the entry in the kl-th row and ij-th column. Compute P2(a;;) = (ai;),
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where a;; = >, 1 pj; k. Equivalently, [res]%* is the congruence transformation (a;;) —
(ai;) = P*(ai;)P: B

j

Alt(H,Q/Z) X Alt,(Q/2)

I‘CS]\ TT*()T

Alt(G,Q/7) — Alt,(Q/Z)

Here ¥*"? and ®*/'? are the coordinate representation maps with respect to ¥ and ¢, respectively.
Let D* = diag{ds,...,d,} be a diagonalization of P*, as in Lemma 6.3, with d; € N. Clearly
[1d: =[G : H], consequently det(P*) = u[G : H| where u € Z* and det(P*) is computed in the
ring Z. Thus

det(P)] = [ : H],

where | - | is the canonical norm on Z.

In the special case n = 2, P*'? = pi, 15 = pi1p3y — Piop3; = det(P*), so restriction is
multiplication by u[G : H]:

Alt(H,Q/Z) — Alto(Q/Z)

res] Tu[G:H]

Alt(G,Q/Z) — Alta(Q/Z)

Corestriction. Since rank(P*) = n, P* € GLn(@). Since P*N* is multiplication by s, N* =
s(P*)~1. Let Q* = (P*)~! € GL,(Q), and define the action of Q* = IN* on Q/Z by letting 1

produce an s-th root of an element of Q/Z. By Theorem 6.4

~

¢~ * *
[cor]@ = sQ*\2 = (sqkl,ij) € GL,(Q)

where ¢ .. = a5,q); — 45iqr;- Write [bly = (bij), then [cor(b)ly = sQ*?(bi;) = (b};), where

/
ij
x

. " . .
bij = D et ST bkt = D ki M 1 b1, By notation abuse, [cor],}- is congruence transformation:

Alt(H,Q/Z) X2 Alt,(Q/2)
corJ{ J{\/EQ*(_)\/gQ
AI(G,Q/Z) 22 Alt,(Q/Z)

In the special case n = 2, the corestriction is multiplication by v, where v = u=! € Z" , as
above, which is an isomorphism. Thus

Alt(H,Q/Z) — Alt2(Q/Z)

Al(G,Q/Z) — Alta(Q/Z)
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Computing Functorial Maps in Br(F)

Setup 6.6. The following situation holds for the rest of the section. Let F' be a field that
contains the roots of unity p. Let w: Q/Z — p denote a fixed isomorphism. Let

(6.7) 1 — Go/x — Gor — Ggr— 1

be a short exact sequence of abelian groups, where G p is torsion-free, and exp(Gg/r) = r € N.
Assume r > 1. For d : r ‘ d, let

(6.8) g Gasr — Ga/x

denote exponentiation by d. If ¢ is open, set s = |Gg/r|, and let j := ), denote the transfer. Let
Kwy : Goyp = (AN F")/F*4

denote the Kummer isomorphism of Setup 4.1.

Lemma 6.9. Suppose ¢ and ¢ are compatible topological bases for Gq,x and Gq,r, respectively,
and exp(Gg/p) = r. Then for all d : r ‘ d, 4z := Ku, - J5(a¥") generates the Kummer subgroup
KN F*/F*% of F* JF*? determined by K/F. If z C F* is any preimage of 4z, and y =
21 C K, then K = F(y).

Proof. Since Gqr is torsion-free, this is immediate by Lemma 2.7, and the comments preceding
Lemma 4.5.

Suppose F' = C(z1,...,x,) is the rational function field in n-variables over C. Every abelian
extension of F' is Kummer. A conspicuous class of Kummer extensions are those extensions K/F
that can be defined by choosing n radical elements y; := H:cf-“, where each gj; is a rational
number between 0 and 1 (inclusive), and adjoining these elements to F'. For this purpose, the
x; could easily be replaced by a pure independent subset of F*, such as a set of primes in
Clx1,...,zn]. Let X be the subgroup of F* generated by the z;. Each Kummer extension
defined in this way may be represented by an n x n matrix Q with entries ¢;; in Q, whose j-th
row consists of the exponents that define y; in terms of the x;. For example, the extension
F((z122)'4, xé/Q) of F = C(x1,x2,x3) is represented by the matrix

iq 0
Q=10 35 0],
0 0 1

1/4

so that y1 = (x122)'/*, yo = xé/z, and ys3 = x3. This matrix is invertible, and the rows of the

inverse P express the x; in terms of the y;. In this case,
-2

4
P=Q'=(0 2
0 0

_ o O
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so that 1 = y‘fygz, x9 = y2, and w3 = y3. The y;j generate a subgroup Y of K™, and the image

of Y in FJj,

group in the above example has exponent 4, and so Y* is a subgroup Z of X, with generators

/F™ is canonically isomorphic to the dual G sr of the Galois group Gg/r. The

z; ==y} This subgroup contains X*; more generally X¢ < Z = Y% < X, where d = exp(Gg/r).
Obviously z; = [[;”*, where n;; = dq;; = 4¢;;, and the rows of the matrix

Ny =4Q =

O O =

10
2 0
0 4

express the z; in terms of the ;. Thus the elements z; = z122, 20 = x%, and z3 = xgl determine
the subgroup Z. By Kummer Theory, the image of Z in F* /F** is also isomorphic to G}}/F.

Since the machinery developed in Theorem 6.4 to compute restriction and corestriction is
phrased in terms of bases of Galois groups and their character groups, it isn’t obvious how it
would apply to such a Kummer extension, given not by a subgroup of the Galois group, but
purely in terms of field elements. The next result shows how the subgroups X,Y, and Z can be
used to reconcile the two points of view. It will allow restriction and corestriction on the Brauer
group to be computed (in Theorem 6.13) in the likely case when the starting data is a Kummer
extension that is defined explicitly in terms of field elements.

Lemma 6.10. Fiz m C P and a number d € N(m). Let x = {x1,...,2,} be an m-independent
subset of F™, let y = {y1,...,yn} be a subset of F;lg, and let z = {z1,...,2,} be defined by
zi=yl Let X = (z), Y = (y), and Z = (). Assume X4 < Z < X. Set K=F(Y)C Q=
F(XY/™™), so that (6.7) and (6.8) hold. Then

a. The subset y is m-independent in K™, and there are isomorphisms dGFZ/F ~ X/X4,
dG;Z/K ~Y/Y? and dG*K/F ~ 7Z/X?, given by k,, over the appropriate field.

b. The natural maps* : Z — X, *: X =Y, and 55 : Y — 7%(Z), induce their counterparts
for the groups 4G p, aGo,p, and aGg i, transpose to 7, ¢, and jq in (6.7) and (6.8).

c. There exist topological bases ) = {11, ..., ¥} and ¢ = {d1,...,¢n} for Go x and Go/r,
respectively, whose Kummer duals in K™ /K™¢ and F* /[F”¢ are the images of z and y, for all

=P = (pi;)
N; = (n;j)f

e € N(m). Thus (¢i, ), = Wi and Vi, y5), = w7 . In particular, the maps [¢]

< Ie

and []d]% = Ny = (n;;) are the transposes of the maps [L*}% =P* = (pj;) and [53]y
respectively, where pij = Pji and n;; = ng; are integers. In other words, if

n
o py; o ,d i
y=11v".  m=y=11=",
=1 L
then
n n
_ Pij d __ Nij
vi=[]e,  of =]]ui
1=1 =1

d. [K : F] = |det(P)|, where P = [¢]

[< e

Proof. Since z is m-independent in F* | z is independent in F* /F* 4. By [F, Lemma 32.1], X is
m-pure in £, hence FYNX = X?. By [F, Proposition 27.1], X/X? — F* /F*? is a summand.
Therefore by the Definition 5.16 of Q as a Kummer extension, &, : dG?z/F = X/X%
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By definition, the extension K/F is determined by the image Z/ZNF% of Z in F* /F*?. Since
XNFl=X1<7<X,Z7/Z0F!=Z/X" Thus by Kummer Theory, r,, : G/p = Z/X".

Since z is m-independent in F* and g is divisible, X is torsion-free. Since Z < X, Z is
torsion-free. Since X? < Z, rank(X) = rank(Z), so X ~ Z, and z is a basis for Z. The
exponentiation-by-d homomorphism j; on K™ maps Y onto Z. The kernel 14 NY is trivial, for
if [Ty;"" € pa, then []z;" = 1, which implies u; = 0 since the z; are independent. Therefore
Y ~ 7, and Y is torsion-free, with basis y. To show y is m-independent in K * it suffices by [F,
Lemma 32.1] to show Y N K? = YP for all p € m. The inclusion Y N KP > Y? is obvious, so it
suffices to show Y N KP < YP,

Since Y¢ = Z < X < F*, by Kummer Theory, (K*/F* )i, = YF* /F*. Suppose p € m,
and a € Y N KP. Then a = y? for some y € K*. Since a is in Y, its image in K* /F” has
finite order, and since a = yP, the image of y in K* /F” also has finite order, so it lies in
(K*JF" )tor = YF*/F". Thus y = y'z for some y/ € Y and € F", hence a € YPF"P,
Therefore Y N KP < YPEF*PNY. Since Y N K? > YPF*PNY is clear, Y N KP = YPF*P A
quick calculation shows YPF*P = (Y N FP)Y? so Y N KP = (Y N FP)YP. Tt now suffices to
show Y N FP <YP,

Let “—” denote the map K* — K*/u. Y NF < Y" then YNFP < YPunY =
YP(uNY) =Y? as Y is torsion-free. Therefore it suffices to show ¥ N F’ < ¥”. Note that
since Xd < ?d and K is torsion-free, X < Y. Also Xﬁﬁd = )?d, since X NF4 = X? and there

is a commutative diagram

x/x4 = X/x*

l l

F* e = e

Thus

YR <v'nF'<XnF'=X"
Therefore Y N F < X, as K is torsion-free. Therefore ¥ N F’ <Xn F'=Xx" < Yp, as desired.
Thus y is m-independent in K.

Since y is m-independent in K * | a proof similar to the one for z in F™ in the first paragraph
shows kg, 1 dGo/x — Y/Y <. This completes the proof of (a).

The inclusions 7* : Z < X and ¢* : X < Y clearly induce the inflation 4G /p — aGg/p
and the restriction dG;‘)/F — dG;}/K. If o € Go/p and y € Y, then (0, 75(y)), = <J, yd>d =
<0d, y>d = (24(0),y)4 = 75(( = y)4) (o), using the bilinearity of the Kummer symbol. Therefore
the exponentiation-by-d map 33 : Y — 7*(Z) induces 7 : aGgx — G p- This proves (b).

Suppose e € N(m). The images of z and y in X/X® and Y/Y* are clearly coherent under
the natural projections, since, after all, z C F'* and y C K™ . Therefore by Lemma 5.15, the
desired bases ¢ and ) for Go,p and G,k exist, Kummer dual to the images of x and y in
X/X¢ and Y/Y*, respectively. By (b), the maps on X/X¢ and Y/Y*® induced by ¢* : X — Y
and 75 : Y — X are transpose to ¢ and jq. Thus if [L]% =P = (pi;) and []d}% = Ng = (ny5),
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then [L*]% =P = (p;;) and [j;]i =N} = (nj;), where pj; = pj; and nj; = nj; are integers. This
proves (c).

Finally, the matrix [32}% expresses each yjd = z; as a product of x;’s. Since X and Z are free

abelian groups, it follows by [Ro, Chapter 9, Corollary 9.63] that |det([]2]§)\ = |det(N})| = [X :

Z)]. Similarly, since j% - ¢* is exponentiation by d on X,
[det([7 - ¢*J2)| = |det(NG - P*)| = [X : Z]|det(P*)| = [X : X] = d".

Therefore [Z : X?] = |det(P*)|. Since K/F is defined by the image of Z in X/X¢, [Z : X9] =
[K : F], hence [K : F] = |det(P*)|. This proves (d).

Remark 6.11. It is easy to construct situations that satisfy the hypotheses of Lemma 6.10.
For example, F' could be a rational function field in n variables, or the quotient field of a ring
containing n nonassociate prime elements. Let x = {x1,...,2,} be either of these sets. Let
P = (pij) € M,,(Z) be any matrix with nonzero determinant d. Set Q = (¢;;) = P~! € GL,(Q),
and use this to choose y = {y1,...,yn} by the rule y; =[] z*. Since the adjoint of P is defined
over Z, dq;; € Z, so zj = y;l € X. Since P is defined over Z, X <Y, therefore X¢ < Z. Thus
all of the hypotheses of Lemma 6.10 are satisfied.

Example 6.12. Revisit the example immediately preceding Lemma 6.10, with F' = C(x1, 2, x3).
Let Q = F(z'/*), so that Go/p =~ 73, and let K be the Kummer extension

K = F((xlxg)l/‘l,xé/z).

The exponent is 4, which divides d = 8. In the notation of Lemma 6.10, y; = (x1x2)1/4, Yy =
x;/z, and y3 = x3. The subgroup Z = (21, 29, 23) is given by z = gg, so that 21 = y§ = (2122)?,

29 = y5 =23, and 23 = 3§ = 25. In matrix notation, z = zN*, where

2 00
N=Ng =12 40
0 0 8
Let Q* := £Nj. Since P*Nj = 8J, P* = 0*~1. Compute
$ 00 4 00
Q- = |1 1 g P =1-2 2 0
0 0 1 0 01
Then K = C(y1,y2,y3), where y = 2Q%, i.e., y1 = (z122) Y4, yo = x§/2, and y3 = x3. Inversely,

— : A4, =2 a2 —
z=yP* le, z1 =Yy, ", T2 = Y3, and x3 = y3.

By Lemma 6.10d, the degree of K/F is
[K : F] = |det(P)| = 8.

By Lemma 6.10c, P = [L]%, the transpose of P*, is the coordinate expression for the embedding
Go/x — Gq/p with respect to bases = {1,¥2,¢3} and ¢ = {91, @2, #3}, whose elements are
the Frobenius generators for the y; and x;, respectively, as in Lemma 5.15. Thus ¢ = ¢P, i.e.,

Y1 = 1, o = 7203, and Y3 = .
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Theorem 6.13 “Functoriality in Br(F)”. Assume Setup 6.6. Suppose Go p =~ Zg, is ho-
mogeneous, for some m C P and cardinal number c. Let 1 = {¢;}r and ¢ = {¢;}r be com-
patible homogeneous topological bases for Gq,r and Gq,k, indexved by a linearly ordered set
I. Let x = {z;}r and y = {y;}1 be respective Kummer dual bases, as in Definition 5.16. Set

P =(piy) = [L]%, and Let BPC = D = diag{d;}s be a diagonalization of P as in Lemma 6.3,

where B = (b;;) and C are basis changes. Then
a. Br(Q/F) = ([(zi,2j)w.] 1 1 < j,e € N(m)).
b. Br(K/F) = <Zk<l bZZ,ij[(mk7xl)Wdidj] 1< j>, where by, ;= bigbji — by

c. The restriction homomorphism’s coordinate expression

P2 Bro(Q/F) — Br(Q/K)
[€ls — [res(f)]g

is defined explicitly by res([(i, ¥j)wal) = D<) Priij Uk Y1) wa]s where piy o = pikpji — Pubjk-

d. Suppose Gy p is finite, of order s. Let N = (n;;) = [j]%, the coordinate expression of the
transfer. Then the corestriction’s coordinate expression B
N2 L Br(Q/K) — Bro(Q/F)

[n]g +— [cor(n)]x
is defined explicitly by cor([(Yi, Yj)wal) = D op<) Mh,iz (T, T)wa, |, where ngy ;0 = nignji — nangy.

Proof. Suppose e € N(m). By the definition of Q/F, Q¢ N F* /F*¢ has Kummer basis elements
eZ, so (a) follows from Theorem 4.7. Parts (b), (c), and (d) are immediate from Theorem
6.4a,b,c.

[ ]
Remark 6.14. The hypothesis on Gg,r holds for §2 equal to the maximal abelian p-extension
of F, for then G p ~ Z5. In this case Br(Q2/F) ~ Br(Q/F). For suppose & = [(x,y)w,] for
some p-power d and elements x,y € F*. Then F(x'/?) and F(y'/¢) are subfields of Q, so

z,y € Q4N F* hence & € Br(Q/F) by Theorem 4.7. Since Br(Q2/F) is generated by symbols
of p-primary order, it follows that Br°(2/F) = Br(Q/F).

Example 6.15. Continue Example 6.12. It is easy to diagonalize P:

1 10 4 -2 0 4 0 0
D=BP=[0 1 0 0 2 0] =10220
0 0 1 0 0 1 0 0 O

To compute Br(K/F) and the coordinate expressions of res and cor, compute

100 8 0 0 100 8 0 0
B2 =0 1 0| PM?=[0 4 0| IN?=(02 0] D™”=[0 4 0
01 1 0 -2 2 02 4 00 2
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By Theorem 6.13b, Br°(K/F') is generated by the elements [(x;,z;) |B*"2, so

Wd,; d;

BI‘O(K/F) = < [(mlaxZ)ws]v [(£1$2,$3)w4], [(‘%2,%3)(*;2} >

The restriction and corestriction on basic classes are given by multiplication by P*2 and %N*Az,

res([(z1, 72)w,]) = 8[(¥1, ¥2)w,] cor([(y1, Y2)wa]) = (71, 72)w,]
res([(71, 73)wa)) = 4(Y1, ¥3)wa] — 2[(¥2, ¥3)wa]  cor([(y1,¥3)wal) = 2[(21, 23)w,] + 2[(22, 73)w,]
res([(72, 23)w,)) = 2[(Y25 Y3)wal cor([(y2, Y3 )wa)) = 4[(2, ¥3)w,]-

Here d is any number. It is easy to check that cor - res is multiplication by 8 = [K : F]. For
example,

cor(res([(21,73)w,])) = cor(4[(y1, ¥3)wa] — 2[(y2, Y3)wa])
= 42[(21, 23)w,] + 2[(22, 23)w,]) — 2(4[(22, 23)w,])

= 8[(71,23)w,)-

Here, [(x1,%3).,] corresponds to the 3-tuple (0,1/d,0). Apply P*"? to obtain (0,4/d,—2/d),
which corresponds to 4[(y1,¥3)w,] — 2[(¥2,¥3)w,]- Apply 82*% to (0,4/d,—2/d) to obtain
(0,8/d,8/d —8/d) = (0,8/d,0), which corresponds to 8[(z1,%3)u,], as desired.
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