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Abstract—One of the remaining challenges in image registra- the gray value patterns are typically not completely aaljtr
tion arises for multi-modal images taken from different imaging  or random. This observation motivated the usage of mutual
devices and/or modalities. Starting in _1995, mutual mformatlon_ information (MI) as a distance measure between two images
has shown to be a very successful distance measure for multi- £ 141 1201, Starting in 1995 tual inf tion h ho
modal image registration, therefore, it is considered to be cf. [4], [20]. Starting ”_1 » Mutual informa |0r_1 as s _W
the state-of-the-art approach to multi-modal image registration. 10 be a successful distance measure for multi-modal image
However, mutual information has also a number of well-known registration. Therefore, it is considered to be the stétibre
drawbacks. Its main disadvantage is that it is known to be highly art approach to multi-modal image registration.
non-convex and has typically many local minima. However, mutual information has a number of well-known

This observation motivate us to seek a different image simi- ) . . .
larity measure which is better suited for optimization but as well drawbacks; cf. e.g., [17], [16], [19]. Firstly, mutual imfoation

capable to handle multi-modal images. In this work we investigate IS known to be highly non-convex and has typically many
an alternative distance measure which is based on normalized local minima; see for example the discussion in [¥6,6]
gradients. As we show, the alternative approach is deterministic, and Section Ill. Therefore, the non-convexity and hence-non
much simpler, easier to interpret, fast and straightforward t0 jinearity of the registration problem is enhanced by thegasa
implement, faster to compute, and also much more suitable to . . . . : .
optimizati of mutual information. Secondly, as it has its foundation in
ptlmlzatlon. . . . . .
information theory, mutual information has a naturallycdéte
nature. However, fast and ef cient registration schemdg re
I. INTRODUCTION on powerful optimization techniques and thus on smooth

Image registration is one of today's challenging medicdynctions. Thirdly, since mutual information is de ned via
image processing problems. The objective is to nd a gd® typically unaccessible joint density of the gray value
ometrical transformation that aligns points in one view dfiStribution, approximations of the density are requiridese
an object with corresponding points in another view of th@PProximations typically involve some very sensitive stheo
same object or a similar one. Particularly in medical imadld Parameters (e.g. a binning size or a Parzen window
ing, there are many instances that demand for registrati(Width)' Fourthly, mutual |nf0rm§1t|on completely decowptee'
Typical examples include the treatment veri cation of predr@y value from the location information. Therefore judgin
and post-intervention images, study of temporal series B Output of the registration process is dif cult. Finally

images, and the monitoring of time evolution of an agemecause of the previous dif culties, there is not a unique or
injection subject to a patient-motion. Another importarga even common implementation for mutual information and its

is the need for combining information from multiple imagederivatives. ,
acquired using different modalities, sometimes calledofus ~ 1hese dif culties had stem a vast amount of research into
Typical examples include the fusion of computer tomograpyutual information registration, introducing many nuisan
(CT) and magnetic resonance (MRI) images or of CT arfprameters to help and bypass a_t qust some of the dif suyltie
positron emission tomography. Image registration is imte S€€: €9, [17]. As aresult, a practical implementation ofuau
whenever images acquired from different subjects, atwiffe Nformation is highly non-trivial.
times, or from different scanners, need to be combined or ) ) ) )
compared for analysis or visualization. In the past two desa _11€S€ observations motivate us to seek a different image
computerized image registration has played an incregsingiMilarity measure which is capable to handle multi-modal
important role in medical imaging (see, e.g., [2], [14],’[7]!maggs but better sw.ted fpr optimization. In t!’]IS paper we
[23], [15] and references therein). mvesngate an aIFernatNe distance measure wh|c_h is based
One of the remaining challenges in image registration srisgomalized gradients. As we show, the alternative approach
for multi-modal images taken from different imaging dewice!S deéterministic, much simpler, easier to interpret, fasd a
and/or modalities; see Figure 1 for an example. In maryraightforward to implement, faster to compute, and also
applications, the relation between the gray values of mulffiiCh more suitable to optimization. .
modal images is complex and a functional dependency is genjl'he idea of using derivatives to characterize similarity be

erally missing. However, for the images under considematiotween images is based on the observation that image steuctur
can be de ned by intensity changes. The idea is not new. In
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one previously suggested for joint inversion was given in [6 Given a distance measul®, the registration problem is to
nd a minimizer ° of
The goal of this work is to provide a new approach to 3

multi-modal image registration using properties of diffetial f(°)=D R(¢);T(C (°; ) : (3
geometry to characterize similarity between two image® Th

paper is organized as follows: In Section Il we shortly lay

the mathematical foundation of image registration. Sectib I1l. AN ILLUSTRATIVE EXAMPLE

presents an illustrative example showing some of the draw-1, emphasize the dif culty explained above, we present an
backs of mutual information. In Section IV we discuss thgstrative example. Figure 1 shows a T1 and a T2 weighted
proposed alternative image distance measure. In Sectiongnetic resonance image (MRI) of a brain. Since the image
we dI'SCUSS its numerical |m_pIementat|o_n anq lie out a ?'mp}lﬁodalities are different, a direct comparison of gray valise
algorlt.hm to golve the multi-modal reg|StratI0n. problent: F ot advisable and we hence study a mutual information based
nally, in Section VI we demonstrate the effectiveness of OWhproach.

method. In particular, we show that our approach is much moreFigure 2a) displays our approximation to the joint density

effective than mutual information. We also demonstrate tha,i-1 is based on a kernel estimator, where the kernel is a

the alternative approach leads to a simple and stable measiymnactly supported smooth function; see [13] for details.

for image similarity. Note that the joint density is completely unrelated to thatisp

image content. We now slide the template along the horitonta

axis. In the language of equation (2), we °%.... s and obtain
Given a reference image and a template imagde, the goal tne transformed image by changifg. Figure 2b) shows the

of image registration is to nd aréasonablé transformation myutual information versus the shift ranging from -2 to 2 jxe

such that the distance’ between the reference image and ghis gure clearly demonstrates that mutual informatiorais

deformed template image is small. W2 N we denote the highly non-convex function with respect to the shift partene

spatial dimension of the given imagBsT : R™ ! R which In particular, the curve suggests that there are many pro-

are assumed to be sufciently smooth. Thi§(x) gives & npounced local minima which are closed in value to the global

gray value at a spatial position. Moreover, we assume thatminima. Therefore, any gradient based method can run into

the contents of the images are contained in a bounded domgi:yities when used to solve this problem. Even statiatic

-, where without loss of generality we chose= (0 ;1)%. tgchniques such as simulated annealing or genetic algusith

For pointsx 2 -, we thus assum& and T to be constant, can yun into problems when the size of a local minima is

i.e., with two constants,; ¢z, R(x) = ¢ andT(x) = ¢z for  yoygnly equivalent to the size of the global minima.

XZ-. . . e Figure 2c) displays a typical visualization of our alteivet

~ Note that our overall goal is a fast and ef cient optimizayigance betweeR andT (discussed in the next section). Note

tion of a distance function. We are therefore heading gy for the alternative distance measure, image differésc

a continuously differentiable objective function and thais related to spatial positions. Figure 2d) shows the altermat

continuous image model; for a detailed discussion, see [1g]siance measure versus the shift parameter. For thisplti
Since the images are typically noisy but derivatives arelede o, o mnje it is obvious that the alternative measure is depab

we use a smoothing B-spline to approximate the image Whegg iti-modal registration and it is much better suited fo

the smoothing parameter is chosen using the Ge”eral'zﬁﬂimization.

Cross Validation method (GCV) [10]. For data interpolation (For the computation of mutual information we used the

using B-splines see [21]. T(.) mipimize notational overhea, cog kernel function with%= 32, a midpoint quadrature rule

contlnuous_ smooth approximations are also denotef layd for the integral approximations with a equidistant disizeet

T respectn{ely. : . . . tion of the grayvalue rangf 30;285] and 64 discretization
As described in [15], there are basically two registratio oints, and a stabilizing tolerandel = 101 3; see [13] for

approaches. One is the so-called parametric and the otker Eetails:. For the normalized gradient eld \;ve used a edge

the so-called non-parametric registration techniqueceSipur parameteiE = 100; see bolow.)

interest is the discussion of distance measures, we focus on ’ '

parametric image registration which is easier to explain.

Il. THE MATHEMATICAL SETTING

In parametric registration, the deformation : RY | IV. A SIMPLE AND ROBUST ALTERNATIVE
RY can be parameterized in terms of some basis function . . . .
o ' rfnd parameters = (°1;::: 0 SThe alternative multi-modal distance measure is based on
Leeom boeeoomd the following simple though general interpretation of dami
] - k k 1 R . R R . R
k=1 two image are considered to be similar, if intensity

see [15] for details. A typical example is the so-called dine changes occur at the same locations.
registration, where for some appropriate chosen basigiimsc An image intensity change can be detected via the image
andd =2, gradient. However, since the magnitudes of changes might
3 2'3 Xl, 3 5' be related to the imaging devices, and are not related to
C(ix) = °; °y Xz T oo - (2) image differences, it is not advisatory to directly base a



distance measure on gradients. We therefore considerhest does not allow a true distinction between what may be zero
normalized gradient eld and what is not.
() _ With this in mind and similarly to [1], we propose the
it if r1(x)6 0; . . .
kr T(x)K following automatic choice
n(l; x) = 4) , Z
n(l; x):=0; otherwise. E= — jr I(x)j dx; 9)

Y
d
As usual, ;orx 2 R™ we set where” is the estimated noise level in the image ahds the

kxk = ' ngl x2 and rl:=(@::::@l): (5) volume of the domain .
For two related point in R and' (x) in T or, equiv- The measures (6) and (7) are based on local quantities and

alently, x in T ="', we look at the vectors1(R;x) and are easy to compute. Another advantage of these measures is

n(T £' ;x). These two vectors form an angléx). Since the that they are directly related to the resolution of the insage

gradient elds are normalized, the inner product (dot-prat)l  This property enables a straightforward multi-resolutagm

of the vectors is related to the cosine of this angle, whik tiproach. In addition, we can also provide plots of the distanc

norm of the outer product (cross-product) is related to the.s elds d° and d®, which enables a further analysis of image

In order to align the two images, we can either minimize thsimilarity; see, e.g., Figure 2c). Note that in particudér= 0

square of the sine or, equivalently, maximize the squaréef teverywhere if the images match perfectly. Therefore, if in

cosine. some areas the functiadf takes large values, we know that
This observation motivate the following distance measurdhese areas did not register well.

d°(T:R) = knfR;x) £ n(T;x)k?;
1 V. NUMERICAL IMPLEMENTATION
DY(T;R) = = d%T;R) dx; (6) L .
2 . A. Evaluating image distance
d(T;R) = m(R, x); n(T;x)i?%; While the mathematical framework is clear there are a few
1 obstacles when trying to numerically implement it. Firstly
doT- _ .1 dyT .
DAUTR) = i 2 . di(TiR) dx; ) d® andd® are based on image gradients, and therefore, their

gerivatives involve second order image derivatives. Thisloe

a problem since many medical images are noisy. The problems

of working with noisy images and calculating their gradgent

. . . . are overcome by using smoothing B-splines approximations
'The d.e nmgn of the normallzgd gradilent eld (4) is ngt of the images. T())/ smogth the imagiqe WeFLse Tikr?gnov regular-

dlffer_e_nnable in areas where the Image Is constant andyigh, tion where the regularization parameter is computedgusi

sensitive to small values of the gradient eld. Suppose that . saneralized Cross Validation (GCV) criteria; cf. e21][

Images have some distinct edges that need to be matched anIdne GCV criteria also help to assess the noise level in the

some other edges, small in their magnitude which may rengta and therefore for the choice of the edge paranteter

from noise. The normalized gradient map does not distirhguifg _ For clean images (for images with very low noise), we

between the rst and the second class. As a resul_t, there Rk the edge parameter fo, whereh is the discretization
no preference to match wanted structures and to ignore

noisy part of the image. To avoid this problem we de ne the
following regularized normalized gradient elds

Note that from an optimization point of view, the distance
D¢ or DY are equivalent.

Given the spline smoothed image and the edge parameter
E we are able to approximate the gradient of the image as

rl(x i ¢
ne(l; x) = W; (8) v @ dl
kr 1 (x)ke := a FIx)>r 1(x)+ E2: where@ is a difference operator in theth direction. Here,

similar to other numerical calculations of the absoluteugal
In regions wherée is much larger than the gradients the mapsf the gradient [18] we use the forward differences for the
ne(l; x) are almost zero and therefore do not have a signiapproximation. The regularized absolute value of the gratdi
cant effect of the measurd‘ or DY, respectively. However, is de ned in a straightforward manor:
in regions wherekE is much smaller than the gradients, the dp——
regularized maps are close to the non-regularized ones and kr 1k Ya k(@I )2 + B
these regions make a substantial difference in the calonlat
of the measured® andd. Indeed, the choice of the parameter
E in (8) answers the question, “what can be interpreted ada
jump™? Thus, it is the minimal size of a local changelin  To nd the image deformation we need to minimiz¢°)
which is still interpreted as a jump. Such an interpretai®n (cf. (3)) for D¢ or DY. Since this function is twice differ-
desirable, particularly if true edges are to be respectatl, entiable with respect té, we are able to use a Newton type
it must be avoided in a band, where the resolution limitatiomethod. The algorithm to compute the NGF and its derivatives

Numerical Optimization



is summarized in the pseudo-code of Algorithm 1. Note thAfgorithm 2 Multilevel image registrationu A MLIR

the distance measure has a least-squares from, for level = coarse to nedo
- lrgdi v 4 P dx: )2 = | Ld”d: if level=coarsethen
D=ighdd, Yaiz jdx)7=izdd choose® © on the coarsest grid;

Therefore a natural optimization algorithm is the Gauss- €lse

Newton method [5]. To use the Gauss-Newton approach, we  Prolongate °° to the ner grid: °©@ A
need to nd the Jacobian ofl with respect toT. Explicit prolongate(® °);
formulae are given in Algorithm 1. end if

solve the registration problem and obt&if on this grid.

Algorithm 1 Calculation of Normalized gradient elds and end for
their derivatives:
[D; d;dr] A NGF(R;T;E);
let R; T be of sizem; £¢¢¢£fmg, n A my ¢ Cidgy we are able to test our algorithm under a perfectly contdolle
compute (using the pointwise operations:=, (§2 andP -) environment. Running our code we obtain the following ressul
summarized in Table |I. We see that overall we are able to

kr "Rke A (@R)2 + EZ; TABLE |
O
kr thE A (@T)Z + EZ, EXPERIMENTS WITH IMAGE 1. CHOSEN VS RECOVERED
d A diag(l:=kr "Rk , 1 [ "2 [ °s[°a]°s[°s
9 E)3(?'x True 2 70 [0 | 1 ] 0 o0
diag(L:=kr "Tkg) diag(@ R)(@T) : Re_lc_?L\J/:red 1.195 0.201 O.(;JS 1f1 o.gs 0.(;)1
D A Xd7°d; Recovered| 1.01 | 2.03 | 0.02 | 1.05 | 0.01 | 0.04
2n True 1 0 2 1 0 0
if derivatives are needed compute Recovered| 1.01 | 0.01 | 2.02 | 1.02 | 0.02 | 0.00
3y . True 1 0 0 2 0 0
[kr thE]T A diag(l::kr thE) dlag(@T)@ Re_lq?l]/:red l.fZ 0.(?1 O.é)l l.f)g O.E?Z O.é)l
dr A diaglkr "Rkg) ¢diag(L:=kr "Tke) ¢ Recovered| 1010041 00411021489 | 002
dia R . Recovered| 1.01 | 0.03 | 0.02 | 1.02 | 0.01 | 4.78
9@R@ | True 05 05| 06 15| 3 | 3
diag(d) ¢diag(L:=kr thE) ¢[kr thE]T: Recovered| 0.48 | 0.49 | 0.62 | 1.52 | 3.02 | 3.10

accurately recover the shift parameters to the level oftlems
C. Grid Continuation one pixel. _ .

) ) ) In the second example we use the images from Viola's Ph.D
_ Like many other nonlinear problems, substantial computesis [20]. In the original work a few thousands of iteragio
tional advantage can be gained by using a multilevel COg ochastic optimization algorithm where needed to achie
tinuation strategy. The idea of multilevel continuationnist o istration using MI as a distance measure. We have used a
new to image registration but _most of the Work on this 0PI ore ef cient implementation of mutual information (se&[L
assumes the sum of Square differences as a dlstanc_e_ Meagyi&ptain the same goal. We then compare the results of both
In general, a grid continuation method solves the optimopat qgistered images. The difference between the MI registrat
problem on a sequence of grids starting from the coar§gy the NGF registration was less tha@5 of a pixel, thus
grid. The solution on a ner grid is obtained by interpol@in \ o oncjude that the methods give virtually identical miaim
the coarse grid solution and using the interpolated resilt g, yeyer, to obtain the minima using MI we needed to use a
a starting guess for the_ ne grid solution. C_are must B ndom search technique to probe the space. This technique
taken such that the solution on the coarse grid representg.g ires the estimation of many joint density distributémd
coarser version of the ne grid. We summarize our m”“'le"qherefore it is rather slow. When probing the space we have

continuation in Algorithm 2. found many local minima. Furthermore, the local minima and
the global minima tend to have roughly the same magnitude.
VI. NUMERICAL EXPERIMENTS The global minima has the value of abou®:250£ 10 2

We have done extensive experiments with our method howhile the gues$ =0 has the value of aboyt9:115£ 10' 2.
ever, to demonstrate the effectiveness of our algorithm see urhus the "landscape” of the MI function for this example is
two different examples. In the rst example we use the imagesémilar to the one plotted in Figure 2.
in Figure 1. We take the T1 image and generate transformedn comparison, our NGF algorithm used 15 iteration on the
versions of the image by using the af ne linear transforimati coarse grid which i22£ 24 and 5 iterations on each ner grid.
(2). We then use the transformed images to recéveand The registration was achieved in a matter of seconds and no
the original image. The advantage of this experiment is thgpecial space probing was needed to obtain the minima. The
it is controlled and we know the exact answer and therefovalue of the NGF function at = 0 was 4:63£ 10! while



at the minima its value wap 2:16 £ 107 thus our minima is [8] L.A. Gallardo and M.A. Meju,Characterization of heterogeneous near-
much deeper compared with the MI minima. The results of surface materials by joint 2d inversion of dc resistivitydeseismic data

. . . Geophys. Res. LetB0 (2003), no. 13, 1658-1664.
our experiments are also presented in Figure 3. 9

; o . [9] , Joint two-dimensional dc resistivity and seismic travesiin-
Another advantage of our method is the ability to quickly ~ version with cross-gradients constraints Geophys. Red.09B (2004),
evaluate the registration result by looking at the absolatee 3311-3315.

. . . [10] G. Golub, M. Heath, and G. Wahb&eneralized cross-validation as a
of the CI’OSS-pI’OdUCﬂ'IT £ ngj. This pI’OdUCt has the same method for choosing a good ridge parametéechnometric1 (1979),

dimension as the images and therefore can be viewed in the 215-223.
same scale. If the match is prefect then the cross prodﬂéﬂ E. Haber and D. Oldenburgloint inversion a structural approach

hould ish d th f deviation f . . Inverse Problem43 (1997), 63—-67.
should vanish an erefore any deviation irom zero 'mmes[ﬁ] Eldad Haber and Jan Modersitziki, multilevel method for image regis-

imperfect t. Such deviations are expected to be presenttdue  tration, Technical Report TR-2004-005-A, Department of Mathematics
two different imaging processes, the noise in the images and and Computer Science, Emory University, Atlanta GA 30322, Bag4,

. .. . . Submitted to SIAM J. of Scienti ¢ Computing.
possible additional nonlinear features. Figure 3e) shdves t[13] Eldad Haber, Jan Modersitzki, and Stefan HeldmaGomputational

cross product for the image matched above. It is evident that methods for mutual information based registraticfechnical Report
the matching is very good besides a small number of locations TR-2004-015-A, Department of Mathematics and Computer Seienc
. . . Emory University, Atlanta GA 30322, Jun 2004, Submitted toehse
where we believe the image to be noisy. Problems.
In comparison, the nal result in MI registration is a joint[14] Hava Lester and Simon R. Arridga, survey of hierarchical non-linear
density map. This map does not have the same dimensions of medical image registratignPattern Recognitio82 (1999), 129-149.

. . - - - . [15] J. ModersitzkiNumerical methods for image registratio@xford, 2004.
the image but rather it has the dimensions of the discrétizat [16] J.P.W. Pluim, J.B.A. Maintz, and M.A. Viergevénterpolation artefacts

of the gray value spaces. It does not provide direct infoionat in mutual information based image registratidProceedings of the SPIE
on spatial locations. Therefore, it is hard to evaluate the iggg: Mecgga'Gémag'”gr 1999 (K.M. Hanson, ed.), vol. 3661JES5P
success of the registration based on this map. The log of itl\ PP, BB

o ’ . ] . __, Mutual-information-based registration of medical images
joint density map for the same example is shown in Figure 3f). ~ survey IEEE Transactions on Medical Imagir®p, 1999, 986—1004.

It is evident that it is not intuitive and hard to interpret. [18] L. Rudin, S. Osher and E. FatenNpnlinear total variation based noise
removal algorithms Proceedings of the eleventh annual international
conference of the Center for Nonlinear Studies on Experiaientth-

VII. CONCLUSION ematics : computational issues in nonlinear science, 1992;268.

Mutual information is to be considered as state-of thél® M. Unser and P. Tévenaz, Stochastic sampling for computing the

di f It dal i . idme T mutual information of two image®roceedings of the Fifth International
art distance measure for muliti-modal image registratl Workshop on Sampling Theory and Applications (SampTAO3)dBit

measure has proven to be successful although it has a number Austria), May 26-30, 2003, pp. 102-109.

of well-known disadvantageous: it is highly non-convexthwi [20] Paul A. Viola, Alignment by maximization of mutual informatjd?h.D.
thesis, Massachusetts Institute of Technology, 1995.

typically many pronounced local minima, it is naturally diSj21) . wahba,Spline models for observational datsIAM, Philadelphia,

crete, based on an unaccessible density, requires sorwalcrit ~ 1990. _ o _

smoothing parameters, and a common implementation dd&d J: Zhang and F.D. Morgarloint seismic and electrical tomography
. 9p P Proceedings of the EEGS Symposium on Applications of Geaghys

not exist. . ) to Engineering and Environmental Problems, 1996, pp. 391-396

We therefore presented an alternative distance measj2® Barbara Zitoa and Jan Flussehmage registration methods: a suryey

which is capable to handle multi-modal images but better Image and Vision Computing1 (2003), no. 11, 977-1000.
suited for optimization. The new measure is based on nor-

malized gradients and therefore naturally links spatial in

formation to image distance. We show that the alternative

approach is deterministic, much simpler, easier to intrpr

fast and straightforward to implement, faster to compute,

and also much more suitable to numerical optimization. The

performance of the new approach is demonstrated by a few

numerical examples.
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Fig. 1. Original BrainWeb [3] T1(EFT) and T2 RIGHT) images
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Fig. 2. Distance measures versus shifts; (a) the joint deagiproximation forR and T, (b) mutual information versus shift, (c) the normalized geadi
eld for R and T, (d) normalized gradient eld versus shift.
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Fig. 3. Experiments with Viola's example; (a) template (b) referenceR, (c) registeredr , (d) overlay ofT andR (202 pixels checkerboard presentation),
(e) cross produch + £ ng, (f) joint density at the minimum.



