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A–1 A rectangle,HOMF , has sidesHO = 11 and
OM = 5. A triangleABC hasH as the intersection
of the altitudes,O the center of the circumscribed
circle,M the midpoint ofBC, andF the foot of the
altitude fromA. What is the length ofBC?

A–2 Players1; 2; 3; : : : ; n are seated around a table, and
each has a single penny. Player 1 passes a penny
to player 2, who then passes two pennies to player
3. Player 3 then passes one penny to Player 4, who
passes two pennies to Player 5, and so on, players al-
ternately passing one penny or two to the next player
who still has some pennies. A player who runs out
of pennies drops out of the game and leaves the ta-
ble. Find an infinite set of numbersn for which some
player ends up with alln pennies.
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A–4 LetG be a group with identitye and� : G ! G a
function such that

�(g1)�(g2)�(g3) = �(h1)�(h2)�(h3)

wheneverg1g2g3 = e = h1h2h3. Prove that there
exists an elementa 2 G such that (x) = a�(x)
is a homomorphism (i.e. (xy) =  (x) (y) for all
x; y 2 G).

A–5 Let Nn denote the number of orderedn-tuples of
positive integers(a1; a2; : : : ; an) such that1=a1 +

1=a2 + : : : + 1=an = 1. Determine whetherN10 is
even or odd.

A–6 For a positive integern and any real numberc, define
xk recursively byx0 = 0, x1 = 1, and fork � 0,

xk+2 =
cxk+1 � (n� k)xk

k + 1
:

Fix n and then takec to be the largest value for which
xn+1 = 0. Findxk in terms ofn andk, 1 � k � n.

B–1 Letfxg denote the distance between the real number
x and the nearest integer. For each positive integer
n, evaluate
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(Heremin(a; b) denotes the minimum ofa andb.)

B–2 Let f be a twice-differentiable real-valued function
satisfying

f(x) + f 00(x) = �xg(x)f 0(x);

whereg(x) � 0 for all realx. Prove thatjf(x)j is
bounded.

B–3 For each positive integern, write the sumP
n

m=1
1=m in the formpn=qn, wherepn andqn are

relatively prime positive integers. Determine alln
such that 5 does not divideqn.

B–4 Letam;n denote the coefficient ofxn in the expan-
sion of (1 + x + x2)m. Prove that for all [integers]
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B–5 Prove that forn � 2,
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(mod n):

B–6 The dissection of the 3–4–5 triangle shown below
(into four congruent right triangles similar to the
original) has diameter5=2. Find the least diameter
of a dissection of this triangle into four parts. (The
diameter of a dissection is the least upper bound of
the distances between pairs of points belonging to
the same part.)
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