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Abstract.

The state of the art iterative method for solving large linear systems is the conjugate
gradient (CQG) algorithm. Theoretical convergence analysis suggests that CG converges
more rapidly than steepest descent. This paper argues that steepest descent may be
preferable to CG when solving linear systems arising from the discretization of ill-posed
problems. Specifically, it is shown that, for ill-posed problems, steepest descent has a
more stable convergence behavior than CG, which may be explained by the fact that
the so called “filter factors” for steepest descent behave much less erratically than those
for CG. Moreover, it is shown that, with proper preconditioning, the convergence rate
of steepest descent is competitive with that of CG.
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1 Introduction

We consider linear systems that arise from discretization of ill-posed problems,
(1.1) b=Ax+n,

where A is an ill-conditioned n x n matrix, whose singular values decay to zero.
The vector b and matrix A are assumed known, and the vector n, which repre-
sents perturbations and/or noise in the data, is assumed unknown. The aim is to
compute an approximation of the unknown vector, x. Following the terminology
of Hansen [7], we call such a linear system a di i d .

iscrete ill-posed problems arise in applications, such as astronomy, medical
imaging, geophysical applications, and many other areas [ , 7, 11]. ecause A
is ill-conditioned, and because there is noise in b, it is very di cult to compute
accurate approximations of x. To see why this is the case, suppose we naively
assume the noise is small enough to ignore, and compute x =A'b et
A= be the singular value decomposition ( ) of A, where and




are n X n orthogonal matrices, and =diag( 1, 2, , ), 1 2
f we denote the columns of and asu and , respectively, then

(1) x = ' b= T2 +—

where x = and n = u . From (1. ), we can make the following
observations. First, discrete ill-posed problems have the property that the sin-
gular values decay to, and cluster at . Thus, division by small singular values,
, magni es the corresponding noise components, . n addition, most discrete
ill-posed problems have the additional property that the singular vectors,
tend to oscillate more for smaller singular values. Thus, the naive solution is
horribly corrupted by large oscillating components. These properties of ill-posed
problems, as well as the above explanation using the , are well known see,
for example, [ , 7, 11] for more details.
general approach to compute an accurate approximation of x can be formu-
lated as a modi cation of the naive solution [7] speci cally,

(1 ) X = - )

where the , , satisfy 1 for large , and for small

That is, the large singular value components of the solution are reconstructed,

while the components corresponding to the small singular values are ltered out.
i erent choices of lter factors lead to di erent methods. For example, the

truncated (T ) solution is given by (1. ), where

1 if

- if
f =diag(+, ,+L,, , ) thentheT solution can be written as
(1.) x =
The spectral lter solution (1. ) is also referred to as a i 4 method.
The truncation index, , is called a i 4 , whose speci ¢ value

is problem dependent. t is nontrivial to choose an optimal regularization pa-
rameter, though good values can be estimated using methods such as generalized
cross validation, the -curve, or some other scheme [ , 7, 11].

There are many other regularization methods besides T . n this paper we
focus on iterative regularization methods, which may be appropriate for large
scale problems. We describe the basic idea behind iterative regularization in

ection , and, in particular, discuss the con ugate gradient ( ) and steepest
descent methods. We compare the lter factors for these methods, and investi-
gate how their behavior is related to the convergence history of the algorithms.
n ection we see how this behavior carries over to preconditioned versions
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of the algorithms. We nd that, with proper preconditioning, the convergence
rate of steepest descent is competitive with that of , and, moreover, that
steepest descent has a more stable convergence behavior than . n ection
we compare the two preconditioned algorithms on a realistic large scale example
from image restoration. oncluding remarks are given in ection

It rati u ari ation

terative methods are used to solve large linear systems, Ax = b. ltimately,

the iteration converges to x = A 'b, which, for ill-posed problems, is a

poor approximation of the true solution, x. Fortunately, schemes such as

and steepest descent belong to a class of i i ¢ ¢ methods [ ,11].
uch iterative algorithms exhibit a i behavior with respect to

the relative error, x x x , where x is the approximate solution at the
th iteration. That is, the relative error begins to decrease and, after some
optimal iteration, begins to rise. y stopping the iteration when the error is
low, we obtain a good (regularized) approximation of the solution. The iteration
index plays the role of the regularization parameter. s with other regularization
methods, it is a nontrivial matter to choose an optimal stopping iteration.
ecause it converges more rapidly, is usually considered superior to steep-
est descent. For ill-posed problems, though, one should not only consider con-
vergence speed, but also regularization properties of the methods. n this section
we compare the lter factors and convergence behavior of and steepest de-
scent. ecause our problems are usually not symmetric, we use implementations
applied (implicitly) to the normal e uations, A Ax = A b. n particular, we

consider the con ugate gradient method for least s uares problems ( ) [1],
and the residual norm steepest descent method ( Y[ I

To determine the lter factors for , we rst need to recall that, given an
initial guess, xq, the iteration is given by x 1 = + A r , where

r =b Ax . ubstituting r intox ;, we have

(.1) x 1= Ab+( A A)x
ssuming, without loss of generality, xo = , and using ( .1), we see that
() x 1= (A AA b,

where the polynomial  is de ned as

() ()= )+ @O A A (), ()=
ubstituting A = into ( . ), we obtain
() x 1= 2 (HED

omparing ( . ) with (1. ), we see that the lter factors are 2 ( 2).



Filter factors for can be found in a similar way see [1 , 7]. peci cally,
they are 2 (%) where the polynomial  is de ned as
() ()= 1 +— () = ot
1 1
where ()= and o( )= o.
ecause ( )and () are de ned recursively, it is di cult to see how the

compare. We can, however, make such a
comparison experimentally for small scale problems. onsider, for example, the
test problem from Hansen s i i [ ]. We used this example
to construct b = Ax+n, where Aisa x matrix and n is a vector containing
random entries, normally distributed with mean , variance 1, and scaled so that
filx = 1 The condition number of A is approximately 7 x 1 28,
n Figure .1, we show the Iter factors for iterations =1, , and ecall
that we would like the Iter factors to start o at 1, and eventually decay to
. We observe that at the th iteration, the Iter factors for begin to
oscillate, and this oscillation increases as the iterations proceed (as can be seen
when = ). This property of the lter factors was observed by ogel
[1 ]. n comparison, the lter factors for behave much more stably.

Iter factors for and
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Figure . onvergence history of and

We have done similar experiments with several other examples, including those
from [ ], but omit the results due to space restrictions. We remark, however,
that we obtained similar results for each problem.

Though one would be tempted to dismiss as a viable approach, and
instead search for good stopping criteria for , we compare the methods
further when preconditioning is used to accelerate convergence.

r conditionin

reconditioning is used with iterative methods to accelerate the rate of con-
vergence that is, to reduce the number of iterations needed to compute a good
approximation of the solution. The standard approach to preconditioning, when
solving Ax = b, is to construct a matrix, , such that the singular values of

1A are clustered around 1.  ore singular values clustered around one, as
well as tighter clusters, implies faster convergence.

t each iteration of a preconditioned method, a linear system of the form

= issolved. f is a good approximation to a severely ill-conditioned
A, then  will also be very ill-conditioned, and thus inaccuracies in the data
will be highly ampli ed when = is solved in the rst iteration. Further
iterations do not improve the situation, and, in general, there is no hope of
recovering a good approximation of the solution. Thus, the standard approach
to preconditioning cannot be used when solving ill-posed problems.

n approach for preconditioning ill-posed problems, rst proposed in [ ], is
to construct a matrix  that clusters the large singular values around one, but
leaves the small singular values alone. We can argue why this approach can be
e ective by constructing an ideal preconditioner as follows. et A =

be the of A, where =diag( 1, 2, , ). e ne as
(1) = ;
where  =diag( 1, , ,1, ,1),and isthe truncation index for the T

solution (1. ). Then the preconditioned system has the form 14 = ,



where  =diag(1, ,1, 1, , ). Thus the large singular values are per-
fectly clustered at one, and are well separated from the small singular values.
egularization properties of the iterative methods imply that it takes only one
iteration to compute a regularized solution.
To illustrate the e ectiveness of this ideal preconditioner, and to study
the behavior of the lter factors for the preconditioned algorithms and
, we again consider the example. The preconditioner is given by
( .1), where the truncation index, , was chosen to

(.) min b x ,

where x is the true solution. We admit that it is unrealistic to construct such an
ideal preconditioner in practice, but the purpose of this section is to investigate

the behavior of and under ideal situations. We provide a more
realistic example in the next section.
The lter factors for and at iterations =1, , ,and are

shown in Figure .1. otice that the lter factors for the early iterations of
both methods behave like they should for a spectral ltering scheme, starting

at 1, and eventually decaying to . ut at the th iteration, the lter
factors begin to oscillate, and this oscillation increases as the iteration proceeds.
However, the lter factors for remain virtually unchanged for iterations

, ,and , and this situation continues for subse uent iterations.
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Figure .1 Filter factors for a few selected iterations of and

n Figure . , we show the convergence history of and , and
observe that the convergence rate of is competitive with that of

oreover, the relative error does not increase drastically like it does for

. This is an important point because one of the most di cult issues for

iterative regularization methods is determining an optimal stopping point. With
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, there is a much higher risk of computing a poor solution when using an
imperfect stopping rule. s with the unpreconditioned case, we obtained similar
results on several other examples.
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Figure . onvergence history of and

The observations in this section have been made under ideal conditions. For a

realistic, large scale problem, it is not possible to compute an to use as an
ideal preconditioner. ut, as illustrated next, in some applications, it is possible
to use an approximate , or spectral decomposition.

An A icationtoI a storation

There are many applications where scientists use images to analyze experi-
ments, study structures, and record uni ue events. t may be di cult, or im-
possible, to repeat the process by which the image was obtained. nfortunately,
due to environmental e ects and/or technological problems, the images are rarely
perfect, and in some cases may be substantially distorted by blurring and noise.
mage restoration is the process of recovering a good image from the degraded
one. n many cases the image restoration problem can be accurately modeled
as a discrete ill-posed problem (1.1), where b represents the observed, blurred
and noisy, image, x represents an ideal, undistorted image, and A models the
blurring phenomenon.

The matrices that arise in image restoration are highly structured, involving
circulant, Toeplitz and Hankel matrices. For an n x n image, A is n? x n2.

atrix vector multiplications with A can be done using (n?logn) arithmetic
operations using fast Fourier transforms (FFT). reconditioning such structured
matrices has been thoroughly investigated in the literature see the survey paper
[ ] and the references therein.  oreover, many of these approaches have been
applied to image restoration [ ].

lthough a variety of approaches to preconditioning have been proposed, the

most popular is to use circulant approximations. The approximation we use is

min A



where, for two dimensional image restoration problems, the minimization is done
over all matrices that are block circulant with circulant blocks ( ). tisvery
inexpensive to construct these preconditioners see [ ] for more details.

n important and useful property of matrices is that they can be di-
agonalized e ciently using FFTs. That is, every matrix can be written
as = , where is a diagonal matrix containing the eigenvalues of |

is the unitary (two dimensional) discrete Fourier transform matrix, and s
the complex con ugate transpose of [ ]. Thus, a approximation of A
provides an approximate spectral decomposition, which can be used in an analo-
gous manner as outlined in ection for the ideal preconditioner. That is,
we determine a reasonable truncation index, and construct the preconditioner

n a realistic problem, we cannot use ( . ) to determine the truncation index.

nstead, we must use a 1 method, such as the discrepancy princi-
pal, generalized cross validation ( ), -curve, or some other method [ , 7, 11].
We use for the results reported in this section.

We remark that for computational purposes, the matrix  does not need to be
constructed explicitly, since multiplying a vector by is e uivalent to applying
an FFT to that vector, and multiplication by is e uivalent to applying an
inverse FFT. oreover, the eigenvalues of the matrix can be obtained
by computing an FFT of its rst column [ ]. For an n x n image (thus an
n? x n? matrix A), it re uires only (n?logn) arithmetic operations to compute
an FFT.

t is not the intention of this section to propose a new preconditioner, but
instead to see how and perform on a realistic problem, using
a well established approach for preconditioning. For large scale problems, we
cannot compute the lter factors, since it re uires knowledge of the singular
values of the preconditioned system, 1A. However, if the true solution is
known, we can monitor and compare the convergence history of the methods.

The image restoration test problem! we use was developed at the ir
Force hillips aboratory, asers and maging irectorate, irtland ir Force

ase, ew exico. The image is a computer simulation of a eld experiment
showing a satellite as taken from a ground based telescope. The true and blurred

images have X pixels, and are shown in Figure .1. The matrix A is an
ill-conditioned X, block Toeplitz matrix with Toeplitz blocks.

This data has been widely used in the literature for testing image restoration
algorithms. s with the small scale examples in [ ], such as , this data has
become a standard example on which to test algorithms. ur numerical tests
were done on a un ltra | using atlab .1. cient implementations were
done using ,a atlab package for image restoration [ ].

Figure . shows the relative errors for each of the algorithms, with and with-
out preconditioning. We emphasize that the preconditioner was constructed as

estore ools
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(a) True image. (b) lurred image.

Figure .1 atellite image data.

— CGLSenor — RNSD error
— - PCGLS emor — - PRNSD error

(a) CGLS PCGLS convergence. (b) NS P NS convergence.
Figure . onvergence history of the methods, using the satellite image data.
if we did not know the true solution, using the method to choose the trun-

cation index (for an explanation on how this is done, see [ , xample .1]), thus
simulating how the algorithms perform on a large scale, realistic problem. We
see that the convergence behavior is similar to what was observed in ection
Figure . shows the and restorations at the 1 th iteration.

onc udin ar s

Without preconditioning, the very slow convergence rate of steepest descent
makes it impractical to use for large scale linear systems. However, we have
shown that with proper preconditioning, steepest descent may be preferable to
the con ugate gradient method when solving discrete ill-posed problems. ot
only is the convergence rate (to a good solution) competitive, but the semi-
convergence behavior (i.e., increase in relative error) of steepest descent may be
preferable for applications where it is di cult to determine ade uate stopping
criteria.  lthough we have shown that the semi-convergence behavior of the




(a) PCGLS restoration. (b) P NS restoration.

Figure . estorations computed using and at the 1 th iter-
ation.

algorithms seems to be related to the Iter factors, more work is needed to
establish a precise relationship. This is a sub ect of our continuing research.
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