QUADRATIC TWISTS OF MODULAR
FORMS AND ELLIPTIC CURVES

Ken Ono and Matthew A. Papanikolas
1. Introduction
Here we summarize the results presented in the first author’s lecture at the Millenial
Conference on Number Theory. Some of these results appear in [O] in full detail. In addition,
we present a new result regarding the growth of Tate-Shafarevich groups of certain elliptic
curves over elementary abelian simple 2-extensions.
P∞
We begin by fixing notation. Suppose that F (z) = n=1 a(n)q n ∈ S2k (Γ0 (M )) (q :=
e2πiz throughout) is an even weight newform on Γ0 (M ) with trivial Nebentypus character.
As usual, let L(F, s) denote its L-function which is defined by analytically continuing
∞
X
a(n)
L(F, s) =
.
s
n
n=1

√

If D is a fundamental discriminant of the quadratic field Q( D), then let χD = D
• denote
its usual Kronecker character. Let F ⊗ χD denote the newform that is the D-quadratic twist
of F , and let L(F ⊗χD , s) denote the associated L-function. In particular, if gcd(D, M ) = 1,
then
∞
X
χD (n)a(n)q n .
(F ⊗ χD ) (z) =
n=1

Given a fixed F , we consider the behavior of the central critical values L(F ⊗ χD , k) as
D varies. In an important paper, Goldfeld [G] conjectured that
(1)

X

ords=k (L(F ⊗ χD , s)) ∼

|D|≤X
gcd(D,M )=1

1
2

X

1.

|D|≤X
gcd(D,M )=1

(note. This conjecture was originally formulated for weight 2 newforms associated to modular elliptic curves). Obviously, this conjecture implies the weaker statement
(2)

#{|D| ≤ X : L(F ⊗ χD , k) 6= 0} F X.

The first author thanks the National Science Foundation, the Alfred P. Sloan Foundation and the David
and Lucile Packard Foundation for their generous research support.
Typeset by AMS-TEX

1

2

KEN ONO AND MATTHEW A. PAPANIKOLAS

Using a variety of methods, early works by Bump, Friedberg, Hoffstein, Iwaniec, Murty,
Murty and Waldspurger (see [B-F-H], [I], [M-M], [W]) produced a number of important
nonvanishing theorems in the direction of (2). More recently, Katz and Sarnak [Ka-Sa]
provided (among many other results) conditional proofs of (2). However, this claim has
only been proven for certain special newforms by the works of James, Kohnen and Vatsal
[J, Ko, V]. These cases require that the modular forms possess exceptional mod 3 Galois
representations. The best unconditional general result in the direction of (2) is due to the
first author and Skinner. They proved that
(3)

#{|D| ≤ X : L(F ⊗ χD , k) 6= 0} F X/ log X.

We obtain, for almost every F , the following minor improvement of (3).
P∞
Theorem 1. Let F (z) = n=1 a(n)q n ∈ S2k (Γ0 (M )) be an even weight newform and let
K be a number field containing the coefficients a(n). If v is a place of K over 2 and there
is a prime p - 2M for which
(4)

ordv (a(p)) = 0,

then there is a rational number 0 < α < 1 for which
#{|D| ≤ X : L(F ⊗ χD , k) 6= 0} F

X
log

1−α

X

.

This result has immediate implications for elliptic curves. We begin by fixing notation.
Suppose that E/Q is an elliptic curve
E : y 2 = x3 + ax + b,
P∞
and let L(E, s) = n=1 aE (n)n−s be its Hasse-Weil L-function. For integers d which are
not perfect squares, let E(d) denote the d-quadratic twist of E
E(d) : dy 2 = x3 + ax + b.
Moreover, if E is an elliptic curve defined over a number field K, then let rk(E, K) denote the
rank of the Mordell-Weil group E(K). Similarly, let X(E, K) denote the Tate-Shafarevich
group of E/K.
By a celebrated theorem of Kolyvagin [Kol] and the modularity of E, (2) implies the
widely held speculation that
(5)

#{|D| ≤ X : rk(E(D), Q) = 0} E X.

Heath-Brown confirmed (5) for the congruent number elliptic curves in [HB], and subsequent
works by James and Vatsal [Ko, V] confirm this assertion for a variety of families of quadratic
twists which contain an elliptic curve with a rational torsion point of order 3. However, (5)
remains open for most elliptic curves. In this direction, Theorem 1 implies the following
result.
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Corollary 2. If E/Q is an elliptic curve without a Q-rational torsion point of order 2, then
there is a number 0 < α(E) < 1 for which
#{|D| ≤ X : rk(E(D), Q) = 0} E

X
log

1−α(E)

X

.

Theorem 1 and Corollary 2 depend on a nonvanishing theorem (see Theorem 2.1) which
guarantees the existence of a fat set of discriminants D, which is closed under multiplication,
for which L(F ⊗ χD , k) 6= 0. The most interesting consequence of Theorem 2.1 may be the
following result concerning the triviality of the rank of the Mordell-Weil group of most
elliptic curves E over prescribed elementary abelian 2-extensions of Q of arbitrarily large
degree.
Theorem 3. Let E/Q be an elliptic curve without a Q-rational torsion point of order 2.
Then there is a fundamental discriminant DE and a set of primes SE with positive density
with the property that for every positive integer j we have
√
√
√
rk(E(DE ), Q( m1 , m2 , . . . , mj )) = rk(E(DE ), Q) = 0
whenever the integers m1 , m2 , . . . , mj > 1 satisfy the following conditions:
(1) Each mi is square-free with an even number of prime factors.
(2) All of the prime factors of each mi are in SE .
Theorem 2.1 may also be used to prove the existence of non-trivial elements of TateShafarevich groups of elliptic curves. Regarding Tate-Shafarevich groups, works by Bölling,
Cassels, Kramer, and Rohrlich [Bö, Ca, Kr, R] yield a variety of results concerning the
non-triviality of the 2 and 3-parts of Tate-Shafarevich groups for families of elliptic curves.
Less is known about the non-triviality of p-parts of X(E) for primes p ≥ 5.
Under a natural hypothesis, Theorem 2.1 and a theorem of Frey yield a general result
which holds for many (if not all) curves E whose Mordell-Weil group over Q has torsion
subgroup Z/3Z, Z/5Z or Z/7Z. For simplicity we present the following special case of this
result.
Theorem 4. Suppose that E/Q is an elliptic curve whose torsion subgroup over Q is Z/`Z
with ` ∈ {3, 5, 7}. If E is good at ` (see §3), has good reduction at ` and has the property
that there is an odd prime p0 ≡ −1 (mod `) of bad reduction with
ordp0 (∆(E)) 6≡ 0

(mod `),

where ∆(E) is the discriminant of E, then there are infinitely many negative square-free
integers d for which
rk(E(d), Q) = 0

and

#X(E(d), Q) ≡ 0

(mod `).
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Remark. Earlier work of Wong [Wo] implied that every elliptic curve without a Q-rational
point of order 2 is good at `. We employed his result in a crucial way to obtain [Th. 5, O]
and [Cor. 6, O]. Unfortunately, we have been informed that there is a mistake in Wong’s
argument. Therefore, readers should be aware that [Th. 5, O] and [Cor. 6, O] are true for
elliptic curves that are good at ` (see §3).
Using Theorems 3 and 4, we obtain the next theorem which shows, for certain elliptic
curves E/Q, that there are infinitely many number fields K for which both
rk(E, K) E log([K : Q]),
rkp (X(E, K)) E log([K : Q]).
Theorem 5. Let E/Q be an elliptic curve whose torsion subgroup over Q is Z/pZ with
p ∈ {3, 5, 7}. If E is good at p (see §3), has good reduction at p, and has the property that
there is an odd prime p0 ≡ −1 (mod p) of bad reduction with
ordp0 (∆(E)) 6≡ 0

(mod p),

where ∆(E) is the discriminant of E, then for every pair of non-negative integers rm and
rs there are rm + rs square-free integers d1 , d2 , . . . , drm +rs with
p p
p
rk(E, Q( d1 , d2 , . . . , drm +rs )) ≥ 2rm ,
p p
p
rkp (X(E, Q( d1 , d2 , . . . , drm +rs )) ≥ 2rs .

In §2 we describe Theorem 2.1 and give a brief sketch of its proof, and in §3 we sketch
the proofs of Theorem 1, 3, 4 and 5.
2. The crucial nonvanishing theorem
The next theorem is the main result which is vital for all of the results described in §1.
P∞
Theorem 2.1. Let F (z) = n=1 a(n)q n ∈ S2k (Γ0 (M )) be an even weight newform and let
K be a number field containing the coefficients a(n). If v is a place of K over 2 and there
is a prime p - 2M for which
(2.1)

ordv (a(p)) = 0,

then there is a fundamental discriminant DF and a set of primes SF with positive density
such that for every positive integer j we have
L(F ⊗ χp1 p2 ···p2j DF , k) 6= 0
whenever p1 , p2 , . . . , p2j ∈ SF are distinct primes not dividing DF .
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Sketch of the Proof. We begin by recalling a theorem due to Waldspurger [Th. 1, W] on
the Shimura correspondence [Sh]. This result expresses many of the central critical values
L(F ⊗ χD , k) in terms of the Fourier coefficients of certain half integral weight cusp forms.
For every fundamental discriminant D, define D0 by

|D|
if D is odd,
(2.2)
D0 :=
|D|/4
if D if even.
If δ ∈ {±1} is the sign of the functional equation of L(F, s), then there is a positive integer
N with M | N , a Dirichlet character χ modulo 4N , a non-zero complex number ΩF and a
non-zero half integral weight eigenform
gF (z) =

∞
X

bF (n)q n ∈ Sk+ 12 (Γ0 (4N ), χ)

n=1

with the property that if δD > 0, then
(
k− 1
L(F ⊗χD ,k)D0 2
ΩF
(2.3)
b (D )2 = D ·
F

0

0

if gcd(D0 , 4N ) = 1,
otherwise,

where D is algebraic. Moreover, the coefficients a(n), bF (n) and the values of χ are in OK ,
the ring of integers of some fixed number field K. In addition, if p - 4N is prime, then
λ(p) = χ2 (p)a(p),

(2.4)

where λ(p) is the eigenvalue of gF (z) for the half integer weight Hecke operator Tkχ (p2 ) on
Sk+ 21 (Γ0 (4N ), χ).
Define the integer s0 by
(2.5)

s0 := min{ordv (bF (n))}.

In addition, let GF (z) be the integer weight cusp form defined by
(2.6)

GF (z) =

∞
X

n

bg (n)q := gF (z) ·

n=1

1+2

∞
X

!
q

n2

.

n=1

It is easy to see that if n is a positive integer, then
(2.7)

bg (n) = bF (n) + 2

∞
X

bF (n − t2 ) ≡ bF (n)

(mod 2).

t=1

It is our goal to determine conditions under which bg (n) is non-zero modulo 2. To achieve
this, we employ classical results regarding modular Galois representations due to Deligne
and Serre [D, D-S].
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P∞
Suppose that f (z) = n=1 af (n)q n ∈ Sk (Γ0 (M ), ψ) is an integer weight newform and
suppose that K is a number field whose ring of integers OK contains the Fourier coefficients
a(n) and the values of ψ. If Ov is the completion of OK at any finite place v of K, say with
residue characteristic `, then there is a continuous representation
ρf,v : Gal(Q/Q) → GL2 (Ov )
with the property that if p - `M is prime, then
Tr(ρf,v (F rob(p))) = af (p).
Using these representations, we are able to study the arithmetic of the Fourier expansions
of a collection of integer weight cusp forms with coefficients that are algebraic integers.
Suppose that f1 (z), f2 (z), . . . , fy (z) are integer weight cusp forms with
fi (z) =

∞
X

ai (n)q n ∈ Ski (Γ0 (Mi ), χi ).

n=1

Suppose that the coefficients of all the fi (z) and the values of all the χi are in OK , (for some
sufficiently large number field K), and let v be a finite place of K with residue characteristic
`. If p0 - `M1 M2 · · · My is prime and j is a positive integer, then the Chebotarev Density
theorem implies that there is a set of primes p, of positive density, such that for every
1 ≤ i ≤ y we have

ordv fi (z) | Tpk0i ,χi − fi (z) | Tpki ,χi > j.

(2.8)

In view of (2.4), there is a prime p0 - 4N for which ordv (λ(p0 )) = 0. Applying (2.8) to
GF (z) and F (z), there is a set of primes Sp0 with positive density with the property that
every prime p ∈ Sp0 satisfies
(2.9)

ordv (λ(p)) = ordv (λ(p0 )) = 0,

and

(2.10)

ordv GF (z) |

k+1,χχk+1
−1
Tp

− GF (z) |

k+1,χχk+1
−1
Tp0


> s0 .

Suppose that m is a positive integer for which ordv (bF (m)) = s0 , and suppose that
q1 , q2 ∈ Sp0 are distinct odd primes which are coprime to m. Using the definition of the
integer and half integral weight Hecke operators, one easily checks that the coefficient of
k+1,χχk+1
−1

q mq1 , in GF (z) | Tq1

is
?

λ(q1 )bg (m) + bg (m)χ

(q1 )q1k−1



 
m
χ−1 (q1 )q1 −
,
q1
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where χ? (p) := χ(p)


−1 k
.
p

Since χ−1 (q1 )q1 −

coefficient of q mq1 in GF (z) | T
q mq1 in GF (z) |

k,χχk+1
Tq2 −1

k+1,χχk+1
−1
q1

m
q1
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≡ 0 (mod 2), by (2.9), we find that the

has ordv equal to s0 . By (2.10), the coefficient of

also has ordv = s0 , and this equals

k
bg (mq1 q2 ) + χ(q2 )χk+1
−1 (q2 )q2 bg (mq1 /q2 ) = bg (mq1 q2 ).

This shows that if ordv (bF (m)) = s0 and q1 , q2 ∈ Sp0 are distinct odd primes which do not
divide m, then ordv (bF (mq1 q2 )) = s0 . In view of (2.3), the theorem follows by iterating this
observation.

3. The loose ends
In this section we sketch the proofs of Theorem 1, 3 and 4.
Sketch of the proof of Theorem 1. Let T be a set of primes with density 0 < α < 1, and let
NT denote the set
NT := {n ∈ N : n =

(3.1)

Y

pi , pi ∈ T, and µ(n) = 1}.

i

Here µ denotes the usual Möbius function.
Generalizing an argument of Landau, Serre proved [Th. 2.8, S] that
#{n ≤ X : n =

Y

pi with pi ∈ T } = cT ·

i



X
log1−α X

+O

X



log2−α X

for some positive constant cT . A simple sieve argument yields
#{n ∈ NT : n ≤ X} 

X
log

1−α

X

.

Theorem 1 follows immediately from this estimate and Theorem 2.1.

Sketch of the proof of Theorem 3. Since aE (p) is even for all but finitely many primes p
if and only if E has a rational point of order 2, we may freely apply Theorem 2.1. By
the modularity of E and Kolyvagin’s theorem, if L(E(D), 1) 6= 0, then rk(E(D), Q) = 0.
Suppose that S := {m1 , m2 , . . . , mt } is a set of square-free pairwise coprime integers > 1
where all the prime factors of each mi are in the prescribed set of primes. If each mi has an
even number of prime factors, then for each 1 ≤ s ≤ t and any distinct d1 , d2 , . . . , ds ∈ S we
have
rk(E(d1 d2 · · · ds ), Q) = 0.
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Theorem 3 now follows from the fact that
√
rk(E, K( d)) = rk(E, K) + rk(E(D), K)
√
whenever [K( d) : K] = 2.

Let E/Q be an elliptic curve whose torsion subgroup over Q is Z/`Z where ` ∈ {3, 5, 7}.
By Theorem 2.1, there is a discriminant dE and a subset of primes of primes SE such that
for every set of distinct odd primes p1 , . . . , p2j ∈ SE coprime to dE we have
L(E(dE p1 · · · p2j ), 1) 6= 0.
We say that E is good at ` if there are infinitely many such negative fundamental discriminants D = dE p1 · · · p2j for which the following hold:
√
(i) We have ` | #Cl(D), the ideal class group of the quadratic field Q( D).
(ii) We have gcd(D, `N (E)) = 1, where N (E) is the conductor of E.
(iii) We have D ≡ 0 (mod 4) and
 D/4 ≡ 3 (mod 4).
D
(iv) If ord` (j(E)) < 0, then ` = −1.
(v) Every prime p | N (E) with p 6∈ {2, `} ∪ SE and with the additional property that
p 6≡ −1 (mod `) or ordp (∆(E)) 6≡ 0 (mod `) satisfies:

if ordp (j(E)) ≥ 0,
  
 −1
D
if ordp (j(E)) < 0 and E/Qp is a Tate curve,
= −1

p

1
otherwise.
Sketch of the proof of Theorem 4. Let ` be an odd prime such that E/Q is an elliptic curve
with good reduction at ` with a Q-rational point of order `. If D is a negative fundamental
discriminant satisfying the conditions appearing in the definition above, then Frey [F] proved
that
#Cl(D)` | #S` (E(D), Q).
√
Here Cl(D)` denotes the `-part of the ideal class group of Q( D), and S` (E(D), Q) is the
`-Selmer group of E(D) over Q.
Let SE be the set of primes with positive density given in Theorem 2.1. Then there is
a discriminant dE , and a subset S̃E of SE , such that for every set of distinct odd primes
p1 , p2 , . . . , p2j ∈ S̃E which are coprime to dE we have
(3.2)

L(E(dE p1 p2 · · · p2j ), 1) 6= 0,

(3.3)

#Cl(dE p1 p2 · · · p2j )` | #S` (E(dE p1 p2 · · · p2j ), Q).

By Kolyvagin’s theorem, (3.2) implies that E(dE p1 p2 · · · p2j ) has rank zero. Therefore, we
find that if p1 , p2 , . . . , p2j ∈ S̃E are distinct primes which do not divide dE , then
#Cl(dE p1 p2 · · · p2j )` ≡ 0

(mod `) ⇒ Z/`Z × Z/`Z ⊆ X(E(dE p1 p2 · · · p2j )).
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Therefore, it suffices to prove that there are infinitely many suitable discriminants satisfying
(3.2) and (3.3) with the additional property that ` | #Cl(dE p1 p2 · · · p2j )` . This is guaranteed
since E is good at `.

Now we prove Theorem 5. We begin by fixing notation. For an abelian group A and a
positive integer m, we let A[m] denote the m-torsion of A, and for a prime p, we let rkp (A)
denote the p-rank of A[p]. If A is finitely generated, we let rk(A) denote its rank. For a
Galois extension of fields L/K, we let GL/K denote the Galois group. We let GK = GK/K .
√
For d ∈ K, we let Kd = K( d) and Gd = GKd /K .
Our results depend on the following relations between p-ranks of Tate-Shafarevich and
Mordell-Weil groups of elliptic curves upon a quadratic extension. Here Sp (E, K) denotes
the p-Selmer group of an elliptic curve E/K.
Lemma 3.1. Let E be an elliptic curve defined over a number field K. Let p be an odd
prime, and let d be a non-square in K. Let r(E, K) denote either rk(E, K), rkp (Sp (E, K)),
or rkp (X(E, K)). Then
r(E, Kd ) = r(E, K) + r(E(d), K).
Proof. The result for the rank of E(Kd ) is well-known. Let Gd be represented by {1, ρ} ⊂
GK . Fix an isomorphism φ : E → E(d) defined over Kd so that ρφ(Q) = −φ(ρQ) for all
Q ∈ E(K). As p is odd, we note that
E(Kd )[p] ∼
= E(K)[p] ⊕ E(d)(K)[p]
via the map Q 7→ 12 (ρQ + Q, φ(ρQ − Q)). Therefore the result also holds for r(E, Kd ) =
rkp (E(Kd )/pE(Kd )).
By the exact sequence
0 → E(Kd )/pE(Kd ) → Sp (E, Kd ) → X(E, Kd )[p] → 0,
it now suffices to prove the result for Selmer groups. The Selmer group decomposes as
Sp (E, Kd ) = Sp (E, Kd )Gd ,+ ⊕ Sp (E, Kd )Gd ,− ,
where the first group is the Gd -invariants of Sp (E, Kd ) and the second comprises those elements on which ρ acts by −1. Since p is odd, the Galois cohomology groups H i (Gd , E(Kd )[p])
are trivial for i ≥ 1; therefore, by the Hochschild-Serre spectral sequence, the restriction map
H 1 (GK , E[p]) → H 1 (GKd , E[p])Gd is an isomorphism. Thus it follows that
res : Sp (E, K) → Sp (E, Kd )Gd
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is an isomorphism. Likewise, Sp (E(d), K) ∼
= Sp (E(d), Kd )Gd . If φ̃ is the map induced by φ
on cohomology, then one can check that
φ̃ : H 1 (GKd , E[p])Gd,− → H 1 (GKd , E(d)[p])Gd
is well-defined and an isomorphism. For each place v of Kd the map
φ̃ : H 1 (GKd,v , E(K d,v )) → H 1 (GKd,v , E(d)(K d,v ))
is necessarily an isomorphism, so it follows from the definition of the Selmer group that
φ̃ : Sp (E, Kd )Gd ,− → Sp (E(d), Kd )Gd
is also an isomorphism. Therefore Sp (E, Kd )Gd ,− ∼
= Sp (E(d), K), and we are done.

The following theorem is a weak version of one of the main results in [St-T].
Theorem 3.2. If E/Q is an elliptic curve, then for every positive integer rm there are
distinct square-free integers D1 , D2 , . . . , Drm for which
rk(E(Di ), Q) ≥ 2.
Proof of Theorem 5. Using Theorem 3.2, let D1 , D2 , . . . Drm be distinct square-free integers
for which rk(E(Di ), Q) ≥ 2. Hence, Lemma 3.1 implies that
rm
X
p
p
p
rk(E(Dj ), Q) = 2rm .
rk(E, Q( D1 , D2 , . . . , Drm )) ≥

(3.4)

j=1

Similarly, by Theorem 4 there are rs many distinct square-free integers d1 , d2 , . . . , drs for
which
rk(E(di ), Q) = 0 and #X(E(di ), Q) ≡ 0 (mod p).
By the proof of Theorem 4 and Kolyvagin’s theorem on the Birch and Swinnerton-Dyer
Conjecture (i.e. finiteness of X(E, Q) and the existence of the Cassels-Tate pairing implies
that rkp (X(E, Q)) is even), it follows that for each such di that
rkp (X(E(di ), Q)) ≥ 2.
Therefore, by Lemma 3.1 we get
rs
X
p p
p
rkp (X(E, Q( d1 , d2 , . . . , drs ))) ≥
rkp (X(E(di ), Q)) ≥ 2rs .

(3.5)

j=1

Consequently, (3.4), (3.5) and Lemma 3.1 imply that
p p
p
p
p
p
rk(E, Q( D1 , D2 , . . . , Drm , d1 , d2 , . . . , drs ) ≥ 2rm ,
p p
p
p
p
p
rkp (E, Q( D1 , D2 , . . . , Drm , d1 , d2 , . . . , drs ) ≥ 2rs .
This completes the proof.
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