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1. Introduction and Statement of Results.
Motivated by Cremona and Mazur’s notion of visibility of elements in Shafarevich-Tate
groups [6, 27], there have been a number of recent works which test its compatibility with the
Birch and Swinnerton-Dyer Conjecture and the Bloch-Kato Conjecture. These conjectures
provide formulas for the orders of Shafarevich-Tate groups in terms of values of L-functions.
For example, one may see recent work of Agashe, Dummigan, Stein and Watkins [1, 2,
10, 11]. In their examples, they find that the presence of visible elements agrees with the
expected divisibility properties of the relevant L-values.
Here we aim to obtain further results in this direction. In our setting there are two
routes which one may take when setting out to prove “congruences” between Selmer-type
groups. One natural approach is to start with congruences for the associated Galois modules,
compute cohomology, and then compare. Here we adopt the second natural approach, one
which involves the theory of half-integral weight modular forms. We proceed by immediately
passing to modular forms and then to L-functions (for integral weight modular forms), and
then to Fourier coefficients of half-integral weight modular forms. We prove general theorems
regarding congruences between spaces of such half-integral weight modular forms, and then
work back to the Selmer groups. The general context in which we are working is in the
p-adic interpolation of square-roots of central values of L-functions. Among others, we note
related earlier works of Guerzhoy, Hida, Sofer, and Stevens [14, 18, 32, 33] onP
such questions.
∞
We begin by briefly recalling the relevant objects. Suppose that F(z) = n=1 A(n)q n ∈
new
S2k
(Γ0 (N )) is an even weight newform whose coefficients are algebraic integers in a number
field K. If D is the fundamental discriminant of a quadratic field, then let FD (z) denote
the D-quadratic twist of F(z). Similarly, if E/Q is an elliptic curve, then let E(D) denote
its D-quadratic twist.
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By a classical theorem of Deligne [7], for each finite prime λ of K there is a two dimensional
vector space Vλ over Kλ , and a continuous Galois representation
ρλ : Gal(Q/Q) → Aut(Vλ )
with the property that for primes p - N ` (where λ | `) we have
Tr(ρλ (Frobp )) = A(p)

and

det(ρλ (Frobp )) = p2k−1 .

By work of Scholl [29], the spaces Vλ are λ-adic realizations of a Grothendieck motive,
(j)
say MF . If j is a positive integer, then let MF denote the usual jth Tate twist of MF .
(j,D)
Furthermore, if D is a fundamental discriminant, then let MF
denote the motive
(j,D)

MF

(j)

:= MF ⊗Q D,

(1.1)

√
where
D
denotes
the
motive
associated
to
the
usual
Kronecker
character
for
Q(
D). Let




(j,D)
(j,D)
S MF
resp. X MF
denote the associated Selmer group (resp. Shafarevich

(k,D)
Tate group). By the Bloch-Kato Conjecture, if L(FD , k) 6= 0, then #X MF
is predicted by the formula [4]



Q
(k,D)
p cp (χD , k) Ω(FD , k) · #X MF
L(FD , k) =
.
(1.2)
#ΓQ (FD , k)2
(k,D)

Here the cp (χD , k) are the Tamagawa numbers for MF
, Ω(FD , k) is its Deligne period [8],
and ΓQ (FD , k) denotes the set of its global points. Note that this is in general an equality
of fractional ideals. For convenience, we define the algebraic part of L(FD , k) by
Lalg (FD , k) =

L(FD , k)
.
Ω(FD , k)

(1.3)

Note that the exact definition of the quantities in (1.2) and (1.3) depends on the choices of
(k)
lattices in the realizations of the motive MF (for example, see [4, 8, 10, 29]). For our purposes, we may suppress these technical considerations since the p-parts of the ShafarevichTate group are independent of these choices and the quotients of the relevant Deligne periods
in Theorem 1 are always p-units.
Throughout we adopt the following notation. If p is an odd prime and D is a fundamental
discriminant coprime to p, then let D(p) denote the fundamental discriminant
D(p) := (−1)(p−1)/2 Dp.

(1.4)

new
We shall refer to a prime p as a congruence prime for a newform f (z) ∈ S2k
(Γ0 (M )) if
new
there is another newform f1 (z) ∈ S2k (Γ0 (M )) for which

f (z) ≡ f1 (z)

(mod p),
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for some prime ideal p above p in the ring of algebraic integers of a suitably large number
field.
Using this notation, we describe a natural strategy for visualizing elements in Selmer
groups of motives of higher weight modular forms. Suppose that E/Q is an elliptic curve,
and that f (z) is the weight 2 newform associated to E in the usual way. Suppose that p
is a prime of bad reduction that is not a congruence prime for f (z). Then there may be a
newform of weight p + 1, say F(z), and a prime ideal p above p in a suitable number field
for which
f (z) ≡ F(z) (mod p)
and
Lalg (fD , 1) ≡ Lalg (FD(p) , (p + 1)/2)

(mod p),

(1.5)

for certain fundamental discriminants D. If E(D) has positive rank over Q, then the p-part
of the Selmer
group

 of E(D) is non-trivial, and one then hopes to visualize elements of order
(k,D(p))
p in S MF
and the p-divisibility of Lalg (FD(p) , (p + 1)/2).
Examples of this strategy can be worked out explicitly. For example, Dummigan [10]
analyzes the classical mod 11 congruence (q = e2πiz throughout)
∆(z) ≡ f (z) = q − 2q 2 − q 3 + . . .

(mod 11),

(1.6)

where ∆(z) is the unique normalized weight 12 cusp form on SL2 (Z), and f (z) is the unique
normalized form in S2 (Γ0 (11)) which is associated to the elliptic curve E = X0 (11). He
shows how (1.6) naturally provides relations between the 11-parts of the corresponding
Selmer groups. He then confirms the expected congruences between the relevant L-values
by employing work of Kohnen and Zagier [24, 25] on Shimura’s correspondence [31]. These
works show that the relevant L-values are essentially the squares of the coefficients of the
Kohnen newforms
new
g(z) = q 3 − q 4 − q 11 − q 12 + q 15 + · · · ∈ S3/2
(Γ0 (44)),
new
G(z) = q − 56q 4 + 120q 5 − 240q 8 + · · · ∈ S13/2
(Γ0 (4)).

The conjectured L-value congruences follow from the fact that
g(z) ≡ −G(z) | U (11)

(mod 11),

where U (d) denotes the Atkin U -operator
!
∞
∞
X
X
n
c(n)q
| U (d) =
c(dn)q n .
n=0

(1.7)

(1.8)

n=0

One naturally wonders how general these beautiful observations are; after all, the heuristics motivating these calculations suggest that such relations should be quite common. Indeed, works by Koblitz, Mazur and Vatsal [21, 26, 35] and others already consider questions
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related to congruences between critical values of congruent L-functions. In this direction,
Dummigan generalizes his mod 11 example using works of Hida [16] and Stevens [33] on
Λ-adic modular forms of integral and half-integral weight. He shows that if E is an elliptic
curve with prime conductor p ≡ 3 (mod 4) for which p - ordp (j(E)) and L(E−p , 1) 6= 0,
then there are Hecke eigenforms of large weights which play the roles of ∆(z) and G(z) as
above.
Here we concentrate on proving general theorems regarding congruences like (1.7). We
obtain such general p-adic results from Kohnen’s theory of half-integral weight modular
forms [23, 24]. As a consequence, we obtain some further results on visibility. As a special
case, combining our observations with Dummigan’s computations [Th. 8.1, 10] leads to the
following theorem.
Theorem 1. Suppose that p is not a congruence prime for any newform in Sp+1 (Γ0 (1)),
and suppose that E/Q is an elliptic curve with prime conductor p with the property that
p - ordp (j(E)). Let f (z) ∈ S2new (Γ0 (p)) be its associated newform. If K is a suitably large
number field with integer ring OK , and p is a prime ideal in OK above p, then there is a
newform F(z) ∈ Sp+1 (Γ0 (1)) which satisfies:
(1) We have that f (z) ≡ F(z) (mod p).
(2) If wp ∈ {±1} is the eigenvalue of f (z) with respect to the Atkin-Lehner
involution

D
W (p) and D is a negative fundamental discriminant D with p = wp , then the sign
of the functional equation of L(FD(p) , s) is +1.
(3) There is a negative fundamental discriminant, say D0 , with the property that
Lalg (FD(p) , (p + 1)/2) :=

Lalg (FD(p) , (p + 1)/2)
Lalg (FD0 (p) , (p + 1)/2)

and
alg

L

Lalg (fD , 1)
(fD , 1) := alg
L (fD0 , 1)

are both p-integral for every negative fundamental discriminant D with
Moreover, for such D we have that
Lalg (FD(p) , (p + 1)/2) ≡ 0

(mod p)

if and only if

Lalg (fD , 1) ≡ 0

(4) If D is a negative fundamental discriminant for which
≥ 2 over Q, then
Lalg (FD(p) , (p + 1)/2) ≡ 0

(mod p)

and

D
p



D
p



(mod p).

= wp and E(D) has rank



((p+1)/2,D(p))
S MF
[p] 6= {0}.

Moreover, the number of such D with −X < D < 0 is E

= wp .

X 1/7
(log X)2 .
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Remarks. 1) Let K1 (resp. K2 ) be the number field obtained by adjoining all the Fourier
new
coefficients of the newforms (resp. Kohnen newforms) in S2new (Γ0 (p)) and Sp+1
(Γ0 (1)) (resp.
p
new
new
(p−1)/2
p). Any number field containing K =
S 3 (Γ0 (4p)) and S (p+2) (Γ0 (4))) to Q( (−1)
2

2

K1 K2 is sufficiently large for Theorem 1.
2) W. Stein has informed us that the only prime p < 104 that is a congruence prime for any
newform in Sp+1 (Γ0 (1)) is p = 389. However the conclusion of Theorem 1 is still true for the
isogeny class of elliptic curves with conductor 389. This follows since the proof of Theorem 1
only requires that there is at most one newform F(z) ∈ Sp+1 (Γ0 (1)) for which F(z) ≡ f (z)
(mod p). We point out that there is always at least one newform F(z) ∈ Sp+1 (Γ0 (1)) which
satisfies Theorem 1 (1).
√
3) By the proof of [Th. 1, 20], it follows that there are E X/ log X many choices for the
D0 in Theorem 1 (3) with −X < D0 < 0. Similarly, the proof also implies that

 
D
# −X < D < 0 :
= wp
p

alg

and L

√

X
(FD(p) , (p + 1)/2) 6≡ 0 (mod p) E
.
log X

4) Theorem 1 concerns elliptic curves E/Q with prime conductor p. The mod p Galois
representation of such curves are well known to be irreducible.
It is natural to ask how often the elements in these Selmer groups are elements of
Shafarevich-Tate groups. In this direction, we state a widely believed conjecture [5].
P∞
new
Conjecture Z. If F(z) = n=1 A(n)q n ∈ S2k
(Γ0 (N )) is a newform with 2k ≥ 6, then
there are at most finitely many fundamental discriminants D for which
ords=k (L(FD , s)) ≡ 0

(mod 2)

and

L(FD , k) = 0.

Assuming Conjecture Z and conjectures Cr (M ) and Cλi (M ) of [§1, §6.5, 12] and the calculations [Lemmas 6.2-3, 10], the discriminants
 D in Theorem1 (4), apart from finitely many
((p+1)/2,D(p))
exceptions, yield nontrivial elements in X MF
[p] which are also predicted by
the Bloch-Kato conjecture. In particular, we have
n


o
((p+1)/2,D(p))
# −X < D < 0 : X MF
[p] 6= {0} E

X 1/7
.
(log X)2

(1.9)

As mentioned above, these results follow from a general study of the p-adic properties
of Kohnen’s theory of half-integral weight modular forms (see §3 for notation and essential
facts). For odd primes p and non-negative integers j, let κ(p, j) denote the integer
κ(p, j) :=

pj (p − 1)
.
2

(1.10)
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If p, k and j satisfy some mild inequalities, then we obtain the following commutative diagram
on modular forms modulo pj+1 when N is an odd square-free integer coprime to p:
≡

+
new
S2k
(Γ0 (N p)) −−−−−−−−−−−−−−−→ S2(k+κ(p,j))
(Γ0 (N ))
x
x





(1.11)

≡0

+
new
Sk+
(Γ0 (4N ))
1 (Γ0 (4N p)) −−−−−−−−−−−−−−−→ S
k+κ(p,j)+ 1
2

2

The vertical arrows denote the Shimura correspondence (i.e. Kohnen’s isomorphism) modulo
pj+1 . The two horizontal arrows denote the reduction of p-integral modular forms modulo
pj+1 . However, the ≡0 above the bottom arrow denotes a congruence with a form hit with
the U (p) operator. Notice that (1.7) is the case of this picture where N = 1, p = 11, j = 0
and k = 1.
Since there may be congruences between newforms of weight 2(k + κ(p, j)), it is often
difficult to tease arithmetic information out of (1.11). However, the next result provides a
clear picture in some cases where this difficulty is not present.
Theorem 2. Suppose that p is an odd prime and that N p is an odd square-free integer.
Furthermore, suppose that j ≥ 0 and k ≥ 1 are integers for which j ≥ k − 32 , and that
f (z) =

∞
X

new
a(n)q n ∈ S2k
(Γ0 (N p))

n=1

and
g(z) =

∞
X

new
b(n)q n ∈ Sk+
1 (Γ0 (4N p))
2

n=1

are newforms that arepassociated by Kohnen’s isomorphism. Let K be the number field
obtained by adjoining (−1)(p−1)/2 p and all the coefficients of all the newforms in all of the
new
new
0
0
spaces S2k
(Γ0 (N 0 )) and Sk+
1 (Γ0 (4N )) over all divisors N of N . Let OK denote its ring
2
of algebraic integers, and suppose that p ⊂ OK is a prime ideal above p. If there is exactly
one newform
∞
X
new
F(z) =
A(n)q n ∈ S2(k+κ(p,j))
(Γ0 (N 0 ))
n=1
0

for N | N with the property that
a(`) ≡ A(`)

(mod p)

for every
prime ` - N p, then N 0 = N implies that there is a unique Kohnen newform
P∞
new
G(z) = n=1 B(n)q n ∈ Sk+κ(p,j)+
1 (Γ0 (4N )) for which
2

g(z) ≡ G(z) | U (p)

(mod p).
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Moreover, F(z) is the image of G(z) under Kohnen’s isomorphism.
Theorem 2 is quite useful when combined with works by Kohnen and Zagier and Waldspurger (see [23, 24, 25, 36]) on Shimura’s correspondence [31]. They provide useful formulae
for the central critical values of quadratic twists of the L-functions of even weight newforms.
These numbers are essentially the squares of suitable Fourier coefficients of half-integral
weight eigenforms. As a consequence, we often obtain congruences between the algebraic
parts of L-values associated to congruent modular forms.
We recall a well known formula due to Kohnen. Suppose that N is odd and square-free,
and suppose further that
g(z) =

∞
X

new
b(n)q n ∈ Sk+
1 (Γ0 (4N ))
2

n=1

is a Kohnen newform. By Kohnen’s isomorphism, there is a unique newform, say f (z) ∈
new
S2k
(Γ0 (N )), associated to g(z) under Shimura’s correspondence. The coefficients of g(z)
determine the central critical values of many of the quadratic twists L(fD , s). To state these
formulae, let ν(N ) denote the number of distinct prime divisors of N , and let hf, f i (resp.
hg, gi) denote the Petersson inner product on S2k (Γ0 (N )) (resp. Sk+ 21 (Γ0 (4N ))). If ` | N is
prime, then let w` ∈ {±1} be the eigenvalue of the Atkin-Lehner involution
f |2k W (`) = w` f.
If (−1)k D > 0 and D has the additional property that
Kohnen proves [Cor. 1, 24] that
L(fD , k) =

D
`



hf, f i · π k
2ν(N ) (k

−

1
1)!|D|k− 2 hg, gi

= w` for each prime ` | N , then

· |b(|D|)|2 .

(1.12)

For all other fundamental discriminants D with (−1)k D > 0, it turns out that b(|D|) = 0.
For those D for which (1.12) holds, we define Lalg
K (fD , k), the Kohnen algebraic part of
L(fD , k), by
2
Lalg
(1.13)
K (fD , k) := |b(|D|)| .
Obviously, (1.13) depends on the normalization of g(z). This discussion together with Theorem 2 immediately implies the following corollary.
Corollary 3. Assume the hypotheses and notation from Theorem 2. Suppose that F(z)
satisfies the uniqueness property in the statement of Theorem 2, and that g(z) and G(z)
have Fourier coefficients which are real numbers. If D is a fundamental discriminant with
(−1)k D > 0 with the additional property that D` = w` for every prime ` | N p, then
alg
Lalg
K (fD , k) ≡ LK (FD(p) , k + κ(p, j))

(mod p).

In §2 we prove certain p-adic facts regarding integral weight newforms, and in §3 we
prove their analogs in Kohnen’s theory of half-integral weight modular forms. In §4 we
prove Theorems 1 and 2.
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2. p-adic properties of integer weight newforms.
We begin this section by recalling some preliminary facts about modular forms. For more
general information, consult [22, 28]. Let k be a positive integer. The group


a b
+
GL2 (R) = {γ =
| a, b, c, d ∈ R and ad − bc > 0}
c d
acts on functions f : h → C by the operator
(f |k γ) (z) = (det γ)k/2 (cz + d)−k f (γz),

(2.1)




a b
where γ =
. Here, h = {x + iy ∈ C | y > 0}. For a prime divisor p of N for which
c d
gcd(p, N/p) = 1, define the operator |k W (p) on Mk (Γ0 (N )) by the matrix


p a
W (p) =
∈ M2 (Z)
(2.2)
N pb
with determinant p. Since W (p) is unique up to left multiplication by an element of Γ0 (N ),
this indeed defines an action on Mk (Γ0 (N )). It turns out that W (p) is an involution on
Mk (Γ0 (N )), a so-called Atkin-Lehner involution. Notice that if N = p, then we may select
the following representative for W (p)


0 −1
W (p) = p 0 .
(2.3)
If d is a positive integer, then the V -operator V (d) is defined by
!
∞
∞
X
X
c(n)q n | V (d) =
c(n)q dn .
n=0

(2.4)

n=0

Our main result (i.e. Theorem 2.3) in this section depends on these operators, the U operators defined in (1.8), the Atkin-Lehner theory of newforms, and the p-adic properties
of certain Eisenstein series.
We now briefly recall some essential
  features of the Atkin-Lehner theory of newforms [3].
For a positive integer `, let δ` = 0` 10 . Then we define the subspace
Skold (Γ0 (N )) := ⊕`M |N Sk (Γ0 (M ))|k δ` ,
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where the sum runs over `M | N with M 6= N . Define Sknew (Γ0 (N )) to be the orthogonal
complement of Skold (Γ0 (N )) with respect
P∞to the Petersson inner product. The Hecke operators are defined as usual on f (z) = n=1 a(n)q n ∈ Sk (Γ0 (N )); for primes ` - N , T (`) is
given by
∞
X
f (z)|k T (`) =
c(n)q n ,
n=1

where
k−1

n

.
`
A newform of level N is a normalized cusp form that is an eigenform of all the Hecke
operators and all of the Atkin-Lehner involutions. It is well-known that the coefficients of
a newform are algebraic integers in a fixed number field, and that Sknew (Γ0 (N )) has a basis
consisting of newforms.
If k ≥ 2 is even, then let Ek (z) denote the classical Eisenstein series
c(n) = a(`n) + `

a

∞
2k X
Ek (z) = 1 −
σk−1 (n)q n .
Bk n=1

(2.5)

P
As usual, Bk denotes the kth Bernoulli number and σr (n) := d|n dr . For k ≥ 4, Ek (z) ∈
Mk (Γ0 (1)). If p ≥ 5 is prime, then define the modular form Ep (z) ∈ Mp−1 (Γ0 (p)) by
p−1

Ep (z) := Ep−1 (z) − p 2 (Ep−1 |p−1 W (p)) (z).
(2.6)
P∞
Although E2 (z) = 1 − 24 n=1 σ1 (n)q n is not a modular form, it plays an important role
here. In particular, if p = 3, then define E3 (z) ∈ M2 (Γ0 (3)) [p. 817, 15] by
E3 (z) := E2 (z) − 3E2 (3z).

(2.7)

Lemma 2.1. If p is an odd prime, then we have
Ep (z) ≡ 1 (mod p),

(2.8)

(Ep |p−1 W (p))(z) ≡ 0 (mod pκ(p,0)+1 ).

(2.9)

Proof. By (2.3), we first note that, for p ≥ 5,
Ep−1 |p−1 W (p) = Ep−1 |p−1

0 −1
p 0



= Ep−1 |p−1 ( 01 −1
0 )
=p

p−1
2

Ep−1 |V (p).

p0
0 1


(2.10)

This is clear for p = 3 by definition. In particular Ep (z) ≡ Ep−1 (z) (mod p), but Ep−1 (z) ≡ 1
−1
(mod p) since the von Staudt-Clausen congruences imply that Bp−1
≡ 0 (mod p). This gives
(2.8).
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By (2.10), we have
Ep |p−1 W (p) = Ep−1 |p−1 W (p) − p
=p

p−1
2

p−1
2

Ep−1

(Ep−1 |V (p) − Ep−1 ).

This formula together with (2.5) and the von Staudt-Clausen congruences implies (2.9).

If M and N are relatively prime positive integers, we define the trace operator
N
TrM
: Mk (Γ0 (M N )) → Mk (Γ0 (N ))
N

by
N
TrM
N (f ) =

r
X

f |k γi ,

(2.11)

i=1

where {γ1 , . . . , γr } is a complete set of coset representatives for Γ0 (N M )\Γ0 (N ). Obviously,
these trace operators have the property that they take cusp forms to cusp forms. The next
lemma provides a closed formula for these operators.
Lemma 2.2. Suppose that p is an odd prime and that p - N . If f ∈ Mk (Γ0 (N p)), then
p
1−k/2
TrN
f |k W (p)U (p).
N (f ) = f + p

Proof. A complete set of representatives for Γ0 (N p)\Γ0 (N ) is given by the matrices
n o n
  op−1
10
1 0
1 j
∪
.
01
N 1
01
j=0

However,

where



p a
N p pb



1 0
N 1



1 j
01



=



1
p

0

0

1
p



p a
N p pb



1 j−a
0 p

,

is the matrix for W (p). Since scalar matrices act trivially on Mk (Γ0 (N p)),
N
TrM
N (f )

=f+

p−1
X

f |k W (p)



1 j
0p

j=1

A simple calculation shows that, for g ∈ Mk (Γ0 (N p)),

p−1 
X
z+j
g
= p(g|U (p))(z).
p
j=0
This proves the assertion.






.
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Theorem 2.3. Suppose that p is an odd prime and that
f (z) =

∞
X

new
a(n)q n ∈ S2k
(Γ0 (N p))

n=1

is an even integer weight newform. If N is coprime to p and j is a non-negative integer for
which M := min(j + 1, pj − k + 1) is positive, then there is a cusp form
F (z) =

∞
X

A(n)q n ∈ S2(k+κ(p,j)) (Γ0 (N ))

n=1

which satisfies the congruence
f (z) ≡ F (z)

(mod pM ).

Theorem 2.3 is a straightforward generalization of work of Serre in the N = 1 case [§3, 30].
P
Proof. For a power series P (z) = c(n)q n , we define
νp (P ) := inf{ordp (c(n))},

(2.13)

where ordp is the standard p-adic valuation. If L is a number field and OL is its ring of
integers, we take ordp to mean ordp for any prime ideal p above p suitably normalized so
that ordp (p) = ordp (p) = 1.
Define the cusp form fj (z) ∈ S2(k+κ(p,j)) (Γ0 (N p)) by
j

fj (z) := f (z)Ep (z)p .

(2.14)

By Lemma 2.2, we have
p
1−k−κ(p,j)
TrN
fj |2(k+κ(p,j)) W (p)U (p)
N (fj ) = fj + p

pj 
1−k−κ(p,j)
(f |2k W (p)) Ep |2κ(p,0) W (p)
| U (p).
= fj + p

(2.15)
Since f is a newform, [Th.3, 3] implies that there an eigenvalue wp ∈ {±1} of the AtkinLehner involution W (p) for which
f |2k W (p) = wp f.
In particular it follows that νp (f |2k W (p)) = 0. Therefore by (2.9) it follows that

pj 
νp f |2k W (p) · Ep |2κ(p,0) W (p)
≥ pj (κ(p, 0) + 1) = κ(p, j) + pj .
Therefore by (2.15), we have
νp



p
TrN
N (fj )



− fj ≥ pj − k + 1.

Since fj ≡ f (mod pj+1 ), this completes the proof.
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3. p-adic properties of Kohnen newforms.
Here we obtain a result which is analogous to Theorem 2.3, but we need, first, to discuss the work of Kohnen on newforms of half-integral weight. For a general reference on
half-integral weight modular forms, see [22]. Shimura [31] defines a correspondence between
certain integral weight and half-integral weight modular forms. This correspondence commutes with the respective actions of the Hecke algebras. However, it is not, in general,
an isomorphism. Kohnen [23] clarified this problem by defining suitable subspaces of cusp
forms for which the Shimura correspondence is an isomorphism of Hecke modules.
Suppose that N is a positive odd square-free integer, and that k is a positive integer.
Moreover, suppose that χ is a Dirichlet character modulo N and that ε = χ(−1).
Kohnen
P∞
+
[23] defines the space Sk (Γ0 (4N ), χ) to be the space of cusp forms g(z) = n=1 b(n)q n of
weight k + 12 and character 4ε
· χ on Γ0 (4N ) with the property that
b(n) = 0

whenever ε(−1)k n ≡ 2, 3

(mod 4).

(3.1)

In Kohnen’s notation, this space is Sk+ (N, χ) (or simply Sk (N, χ)). If χ is trivial, we suppress
+
χ from the notation and refer to the space as Sk+
1 (Γ0 (4N )).
2

+
As in the integral weight case, Sk+
1 (Γ0 (4N )) decomposes into subspaces
2

+
new
old
Sk+
1 (Γ0 (4N )) = Sk+ 1 (Γ0 (4N )) ⊕ Sk+ 1 (Γ0 (4N )).
2

2

(3.2)

2

+
As before, we can define Hecke operators on Sk+
1 (Γ0 (4N )). However, in this case, we have
2

only the
T (n2 ) for positive integers n. If ` - 4N is prime, T (`2 ) acts on
PHeckenoperators
+
g(z) = b(n)q ∈ Sk+
1 (Γ0 (4N )) by
2

2

g(z)|k T (` ) =

∞
X

c(n)q n ,

n=1

where
2

c(n) = b(` n) +



ε(−1)k n
`



`k−1 b(n) + `2k−1 b

n
`2

.

new
As in the integer weight theory due to Atkin and Lehner, the spaces Sk+
1 (Γ0 (4N )) have
2
bases of cusp forms which are eigenforms of the Atkin-Lehner involutions and the halfintegral weight Hecke operators. By Kohnen’s theory, there is a suitable linear combination
new
of Shimura lifts under which the image of a half integral weight eigenform in Sk+
1 (Γ0 (4N ))
2
new
is a newform in S2k (Γ0 (N )). In fact, such a combination is an isomorphism between
new
new
Sk+
1 (Γ0 (4N )) and S2k (Γ0 (N )) as Hecke modules.
2
Unlike the integer weight case there is no canonical normalization of these eigenforms.
For example, normalizing the first non-zero Fourier coefficient to be 1 may produce a form
with non-integral coefficients. Nevertheless, by combining Kohnen’s theory with a result of

MODULAR FORM CONGRUENCES AND SELMER GROUPS

13

Stevens [Prop. 2.3.1, 33], it follows that such a form can be normalized to have coefficients in
OK , the ring of algebraic integers in the number field K obtained by adjoining the coefficients
of the integral weight newform that is its image under the Shimura correspondence. We refer
to such forms as Kohnen newforms.
Now we recall the explicit operators we require to prove the main result of this section
(i.e. Theorem 3.3). If k is a positive integer, then, following Kohnen, define the group




+
1
1
k
a
b
+
−
k+
−
g2 (R)k = (γ, φ) | γ =
GL
∈ GL2 (R) and |φ(z)| = (det γ) 2 4 |cz + d| 2 .
c d
(3.3)
The functions φ above are holomorphic functions on h. This group acts on functions f :
h → C by the operator


f |k+ 12 (γ, φ) (z) = φ(z)−1 f (γz).
(3.4)
For a prime divisor p of N such that gcd(p, 4N/p) = 1, there is an operator W (p)k given
by

W (p)k =

p
4N

!
 
−(k+ 12 )
1
1
1
−4
a
,
p− 2 (k+ 2 ) (4N z + pb)k+ 2 ,
pb
p

(3.5)

with a, b ∈ Z and determinant p. We note that W (p)k is unique up to left multiplication by
an element of Γ0 (4N ) and therefore as an action on Mk+ 21 (Γ0 (4N )). The map
W (p)k :

+
Sk+
1 (Γ0 (4N ))
2

→

+
Sk+
1
2



 
·
Γ0 (4N ),
p

(3.6)

is an isomorphism and W (p)2k acts as the identity [p. 39, 23]. We will suppress k in this
notation as it will be clear in context. If p | N , then the operator U (p) defined by (1.8) also
maps [Prop. 1.5, 31]

 
·
+
+
U (p) : Sk+ 1 (Γ0 (4N )) → Sk+ 1 Γ0 (4N ),
.
(3.7)
2
2
p
+
Therefore, for every prime p | N this defines a Hermitian involution wp on Sk+
1 (Γ0 (4N ))
2
given by
k
1
wp = p− 2 + 4 U (p)W (p).
(3.8)

By Shimura’s correspondence and Kohnen’s isomorphism, the ±1-eigenspaces of wp correnew
spond to the ±1-eigenspaces under the W (p) operator on S2k
(Γ0 (N )) [Prop. 4, 23].
Suppose that k is a positive integer. If p is an odd prime, and χp denotes the Legendre
symbol modulo p, then there is an Eisenstein series Ek,χp (z) ∈ Mk (Γ0 (p), χp ), whose Fourier
expansion is given by
∞
2k X
Ek,χp (z) = 1 −
σk−1 (n, χp )q n ,
Bk,χp n=1

(3.9)
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P
k
where Bk,χp is a generalized Bernoulli number and σk (n, χp ) =
d|n χp (d)d . It is well
known that Ek,χp (z) is the weight k Eisenstein series which is 1 at infinity and vanishes at
the cusp 0. The complementary Eisenstein series which vanishes at ∞ and is non-zero at 0
is (see [§5.1, 17])
∞

k
2k X 0
σ
(n, χp )q n ,
(3.10)
Ek,χp |k W (p) (z) = −χp (−1)p 2 −1 g(χp )
Bk,χp n=1 k−1
k
P
P
2πia
where g(χp ) = a (mod p) χp (a)e p is the Gauss sum and σk0 (n, χp ) = d|n χp (d) nd . If
p is an odd prime, then define Ẽp (z) ∈ Mκ(p,0) (Γ0 (p), χp ) by
Ẽp (z) = E p−1 ,χp (z).

(3.11)

2

Lemma 3.1. If p is an odd prime, then we have
Ẽp (z) ≡ 1 (mod p),


Ẽp | p−1 W (p) (z) ≡ 0 (mod p(κ(p,0)+1)/2 ).

(3.12)
(3.13)

2

Proof. Property (3.12) follows from the von Staudt-Clausen congruences; in this case, the
generalized Bernoulli number

−1
B p−1 ,( · )
≡ 0 (mod p).
(3.14)
2

p

This congruence, combined with (3.10), and the fact that [p. 75, 19]
s 
−1
p
g(χp ) =
p
gives (3.13).

In light of (3.13), we will write


Ẽp | p−1 W (p) (z) = p(κ(p,0)+1)/2 Ẽp0 (z),

(3.15)

2

where Ẽp0 (z) is clear from (3.10).
As in the last section, if M and N are relatively prime positive integers, we define the
trace operator
N
Tr4M
: Mk+ 12 (Γ0 (4M N )) → Mk+ 21 (Γ0 (4N ))
4N
by
N
Tr4M
4N (f )

=

r
X

f |k+ 12 γi ,

(3.16)

i=1

where {γ1 , . . . , γr } is a complete set of coset representatives for Γ0 (4N M )\Γ0 (4N ). Clearly,
the trace operator sends cusp forms to cusp forms. The following lemma shows that it preserves the +-space, while providing a closed formula for these traces. Its proof is analogous
to the proof of Lemma 2.2, and so we omit it for brevity (note: this calculation may also be
found on [p. 67, 23]).
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Lemma 3.2. If p is an odd prime and N is an odd square-free integer such that p - N ,
then, for f ∈ Mk+ 21 (Γ0 (N p)),
p
Tr4N
4N (f )


=f+

−4
p

−(k+ 21 )

k

3

p− 2 + 4 f |k+ 21 W (p)U (p).

Theorem 3.3. Suppose that N p is an odd square-free integer, where p is an odd prime,
and that
∞
X
new
g(z) =
b(n)q n ∈ Sk+
1 (Γ0 (4N p))
2

n=1

is a Kohnen newform. If j is a non-negative integer for which
pj + 3
M = min j − k + 2,
−k
2




P∞
+
n
is positive, then there is a cusp form G(z) =
n=1 B(n)q ∈ Sk+κ(p,j)+ 21 (Γ0 (4N )) with
p-integral coefficients which satisfies the congruence
g(z) ≡ G(z) | U (p)

(mod pM ).

Proof. Mimicking the proof of Theorem 2.3, we let
j

+
gj (z) = (g(z)|U (p)) · Ẽp (4z)p ∈ Sk+κ(p,j)+
1 (Γ0 (4N p)).

(3.17)

2

+
In this case, we take the trace of gj |U (p) ∈ Sk+κ(p,j)+
1 (Γ0 (4N p)). We have, by Lemma 3.2,
2

p
Tr4N
4N (gj )


= gj +

−4
p

−k−κ(p,j)− 12

3

p−(k+κ(p,j))/2+ 4 gj |k+κ(p,j)+ 12 W (p)U (p).

(3.18)

By Lemma 3.1, we have
 j

g(z)|k+ 12 U (p)W (p) Ẽpp (4z)|κ(p,j) W (p) |U (p)
 k 1



j
j
= p 2 − 4 g(z)|k+ 12 wp p(κ(p,j)+p )/2 Ẽp0 (4z)p
|U (p)


κ(p,j)+pj
k
1
2
= wp p 2 − 4 +
g(z)Ẽp0 (4z) |U (p).

gj (z)|k+κ(p,j)+ 21 W (p)U (p) =
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where wp ∈ {±1} is the eigenvalue of the Atkin-Lehner wp operator ([Th. 1, 23]). Moreover,
by (3.10) Ẽp0 (4z) has p-integral Fourier coefficients. Therefore, it turns out that

 k 1 κ(p, j) + pj
(k + κ(p, j)) 3
p
νp Tr4N
(g
)
−
g
− +
−
+
j
j ≥
4N
2 4
2
2
4
j
p +1
.
≥
2
By (3.12), gj (z) ≡ g(z)|U (p) (mod pj+1 ); thus
p
Tr4N
4N (gj ) ≡ g|U (p)

(mod pm ),



j
where m = min j + 1, p 2+1 . Since g is a newform [p. 64, 23],
g|U (p)U (p) = g|U (p2 ) = −wp pk−1 g.

(3.19)

Therefore,
p
−wp p1−k Tr4N
4N (gj )|U (p) ≡ g

where

(mod pM ),


pj + 3
M = m − (k − 1) = min j − k + 2,
−k .
2



4. Proof of Theorems 1 and 2.
In this section we prove Theorems 1 and 2. We begin with the proof of Theorem 2 using
Theorems 2.3 and 3.3.
Proof of Theorem 2. The hypotheses of Theorems 2.3 and 3.3 are satisfied when j ≥ k − 23 ,
+
and so there are forms F (z) ∈ S2(k+κ(p,j)) (Γ0 (N )) and G(z) ∈ Sk+κ(p,j)+
1 (Γ0 (4N )) for
2
which
f (z) ≡ F (z) (mod p),
g(z) ≡ G(z) | U (p) (mod p).
By a famous lemma of Deligne and Serre [Lemma 6.11, 9], there is an eigenform in OK [[q]],
say F(z) of weight 2(k +κ(p, j)) (resp. G(z) of weight k +κ(p, j)+ 12 ), of the Hecke operators
T (`) (resp. T (`2 )) for primes ` - N p with the same eigenvalues as F (z) (resp. G(z)) modulo
p.
new
If F(z) ∈ S2(k+κ(p,j))
(Γ0 (4N )) is a newform, then Kohnen’s isomorphism implies that
new
there is a normalization of the Kohnen newform G(z) ∈ Sk+
1 (Γ0 (4N )) corresponding to
2
F(z) which satisfies the given congruence. Otherwise, there would be at least two newforms
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of weight 2(k + κ(p, j)) and level dividing N with the same Hecke eigenvalues modulo p for
the Hecke operators T (`) for primes ` - N p.

We shall use Corollary 3 to prove Theorem 1. In addition, we shall require results giving
a lower bound for the number of suitable quadratic twists of a fixed elliptic curve E with
rank ≥ 2 over Q. We also require the following result of Dummigan [Th. 8.1, 10] describing
certain instances where elements of order p in the Selmer group of an elliptic curve can be
used to produce elements in the Selmer group of a congruent motive.
Theorem. (Dummigan)
Let E/Q be an elliptic curve with prime conductor p for which p - ordp (j(E)), and let
f (z) ∈ S2 (Γ0 (p)) be its associated newform. Suppose there is an eigenform F(z) ∈ Sk (Γ0 (1))
for which k ≡ 2 (mod p − 1), where k − 2 is an odd multiple of p − 1, with the property that
F(z) ≡ f (z)

(mod p).

Here p is a prime ideal above p in the number field obtained by adjoining the coefficients of
the newforms in S2 (Γ0 (p)) and Sk (Γ0 (1)). If D is a negative
 fundamental discriminant for
(k/2,D(p))
which the rank of E(D) over Q is ≥ 2, then S MF
contains a subgroup isomorphic
to Z/pZ.
Proof of Theorem 1. We are in the N = 1, k = 1 and j = 0 case of Theorem 2. The
hypothesis that p is not a congruence prime for the newforms in Sp+1 (Γ0 (1)) together with
the aforementioned lemma of Deligne and Serre [Lemma 6.11, 9] implies, for each prime
ideal p in OK above p, that there is a unique newform F(z) ∈ Sp+1 (Γ0 (1)) for which
f (z) ≡ F(z)

(mod p).

(4.1)

This proves claim (1).
If D0 is a fundamental discriminant, then it is well known that the sign of the functional
equation of L(FD0 , s) is (−1)(p+1)/2 χD0 (−1) = (−1)(p+1)/2 · sign(D0 ). If D is a negative
fundamental discriminant coprime to p, then by (1.4) we have that D(p) is positive if and
only if p ≡ 3 (mod 4). Therefore, it follows that the sign of the functional equation of
L(FD(p) , s) is +1 for every negative fundamental discriminant D. This is claim (2).
Let g(z) and G(z) be the corresponding Kohnen newforms normalized so that there is a
negative fundamental discriminant D0 for which
0 6≡ b(|D0 |) ≡ B(|D0 (p)|)

(mod p).

Since the coefficients of f (z) and F(z) are real, it follows that the coefficients of g(z) and G(z)
are real. Therefore, Corollary
3 allows us to conclude that if D is a negative fundamental

=
w
,
then
discriminant with D
p
p
alg
Lalg
K (fD , 1) ≡ LK (FD(p) , (p + 1)/2)

(mod p).

(4.2)
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Therefore
 by (1.12) and (1.13), we find that if D is a negative fundamental discriminant
D
with p = wp , then
L(FD(p) , (p + 1)/2) · |D(p)|p/2
Lalg
K (FD(p) , (p + 1)/2)
= alg
p/2
L(FD0 (p) , (p + 1)/2) · |D0 (p)|
LK (FD0 (p) , (p + 1)/2)
=

B(|D(p)|)2
b(|D|)2
≡
(mod p)
B(|D0 (p)|)2
b(|D0 |)2

=

L(fD , 1)|D|1/2
.
L(fD0 , 1)|D0 |1/2

(4.3)

A standard calculation (see [§6, 8], [10]) reveals that the quotients
Ω(FD(p) , (p + 1)/2)
Ω(FD0 (p) , (p + 1)/2)

and

Ω(fD , 1)
Ω(fD0 , 1)

are both coprime to p. Therefore the expression in (4.3) agrees with Lalg (FD(p) , (p + 1)/2)
(mod p) up to a p-unit. Therefore we have
Lalg (FD(p) , (p + 1)/2) ≡ 0

(mod p)

⇐⇒

Lalg (fD , 1) ≡ 0

(mod p).

This proves (3).
Now suppose that D is a negative fundamental discriminant for which both
and E(D) has rank ≥ 2 over Q. By Dummigan’s Theorem, we have that

(4.4)
D
p



= wp



((p+1)/2,D(p))
S MF
[p] 6= {0}.
Stewart and Top, generalizing a famous paper of Gouvêa and Mazur [13], [34] showed that
X 1/7
the number of such D E (log
X)2 . Moreover for these D, Kolyvagin’s famous theorem on
the Birch and Swinnerton-Dyer Conjecture implies that L(fD , 1) = 0, and so b(|D|) = 0.
Therefore by (4.4), we have
Lalg (FD(p) , (p + 1)/2) ≡ 0

(mod p).

This proves (4).
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