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A graph will be a �nite set of elements calledvertices and a set of
2-element subsets of the vertices callededges.
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A classic question in graph theory is the following:

Question
What is the maximum number of edges in a graph on n vertices
that contains no copy of the graph H as a subgraph?

This maximum number of edges is denotedex(n; H) (and called
the extremal number for H).
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Example
Suppose we are concerned withH = K3, that is, the graph we wish
to exclude is atriangle.

K 3 K 4
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Then there are 2 parts to determiningex(n; K3):
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Then there are 2 parts to determiningex(n; K3):

1. Find an example with as many edges as possible (namely
ex(n; K3)) and yet no triangles. Such a graph is called the
extremal graph for the problem. Note the extremal graphs
are saturated, that is, the addition of any edge must produce
a K3.
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Then there are 2 parts to determiningex(n; K3):

1. Find an example with as many edges as possible (namely
ex(n; K3)) and yet no triangles. Such a graph is called the
extremal graph for the problem. Note the extremal graphs
are saturated, that is, the addition of any edge must produce
a K3.

2. Show any graph with� ex(n; K3) + 1 edges contains a
triangle.
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For n = 9:
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Bipartite Graph

Bipartite graphs are perfect candidates as they contain no triangles.
But, there are many bipartite graphs onn vertices. Which is best?
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For n = 9:
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Bipartite graphs are perfect candidates as they contain no triangles.
But, there are many bipartite graphs onn vertices. Which is best?
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Bipartite Graph

Bipartite graphs are perfect candidates as they contain no triangles.
But, there are many bipartite graphs onn vertices. Which is best?
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That is easily answered - usingconvexity.

To maximize the number of edges in acomplete bipartite graph
with n vertices, you simply balance the two sets as equally as
possible (standard convexity argument).

Thus, ex(n; K3) � b n2

4 c.
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First proof of equality byMantel (and students), in 1907.
Suppose the addition of any edge producesK3. ClearlyK2 � G.
ConsiderG � K2. Note: any vertex on right is joined to at most
one of the vertices of theK2.

x

y

This partitions the vertices on the right into 2 sets.
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Suppose the addition of any edge producesK3. ClearlyK2 � G.
ConsiderG � K2. Note: any vertex on right is joined to at most
one of the vertices of theK2.

x
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This partitions the vertices on the right into 2 sets.
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Note: No two vertices in same set on right are adjacent (orK3

results).

x
y

Now, using induction on right hand side and counting max. no. of
edges in the graph produces the desired count and the parition as a
balanced bipartite graph.
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Note: No two vertices in same set on right are adjacent (orK3

results).

.

x

y

Now, using induction on right hand side and counting max. no. of
edges in the graph produces the desired count and the parition as a
balanced bipartite graph.
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This was generalized byTuran , in 1940.

Theorem
There is aunique extremal graph on n vertices that is Kp+1 -free,
namely Tn;p.

The graphTn;p is a balancedp-partite graph onn vertices.
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.

..

1

2

3

p
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There are several proof techniques that work for Turan's Theorem.

One in particular technique is called "Chopping", which we now
sketch.
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K p� 1
V � K p� 1

Now counting the number of edges inKp� 1, the max number of
edges between the two parts, and the max. number of edges within
the rest produces the result.
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K p� 1
V � K p� 1

.

.

.

Now counting the number of edges inKp� 1, the max number of
edges between the two parts, and the max. number of edges within
the rest produces the result.
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Any H-free graphG on n vertices such thatG + e containsH for
any e is said to beH-saturated .
Extremal graphs are central to what we have seen. But, there can
be otherH-free graphs with fewer thanex(n; H) edges that are
alsoH-saturated.

For a graphH, we will denote theminimum size of an
H-saturated graph bysat(n; H).

Variation 1: Determinesat(n; H) for any graphH.
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The general saturation question turns out to be hard. In 1964
Erd}os, Hajnal and Moon determined that:

sat(n; Kt ) = ( t � 2)(n � 1) �
� t � 2

2

�
:

This arises from the graphKt � 2 + K n� t +2 ; where + denotes join.
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The general saturation question turns out to be hard. In 1964
Erd}os, Hajnal and Moon determined that:

sat(n; Kt ) = ( t � 2)(n � 1) �
� t � 2

2

�
:

This arises from the graphKt � 2 + K n� t +2 ; where + denotes join.

K
t-2 (n - t + 2)K
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Erd}os, Hajnal and Moon determined that:
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This arises from the graphKt � 2 + K n� t +2 ; where + denotes join.

K
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In particular, this means that for a triangle, the graph is just a star
(with n � 1 edges).
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In particular, this means that for a triangle, the graph is just a star
(with n � 1 edges).

star
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Thus we have seen that the extremal number for triangles isO(n2)
while for the saturation number it isO(n).

This is no accident (as it is the case for most graphs).

Kaszonyi and Tuza provided a very general upper bound on
saturation number.
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Let u = jV (F)j � � (F) � 1 and

let d = min fj E(F0)j : F0 is induced byS [ f xgg
and jSj = jFj � u � 1 so herejSj = 6 � 3 � 1 = 2.

Theorem
(Kaszonyi -Tuza: 1986) Let F be a graph on n vertices, then

sat(n; F) � un + [1 =2(d � 1)(n � u)] �
�

u + 1
2

�

for n su�ciently large.
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This Theorem gives us a strong corollary.

Corollary
For every graph F there exists a constant c such that
sat(n; F) < cn.
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Thus, saturation numbers are always linear inn. At times the Tuza
bound is very good, but it can still be too large.

Example: Consider the graphF = 2K3, i.e., 2 disjoint triangles.

Then u = 6 � 2 � 1 = 3 and d = 1 thus the Tuza bound says

sat(n; 2K3) � 3n + [1 =2(1 � 1)(n � 3)] � 6 = 3n � 6
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(RG and Ferrara - 2006).
But, the actual value issat(n; 2K3) = n + 5 for n � 7

K 5

sizen + 5
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(RG and Ferrara - 2006).
But, the actual value issat(n; 2K3) = n + 5 for n � 7

K 5

sizen + 5
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Our next question: What is the saturation number for cycles?

C4C3 = K 3 C5

Cycle-saturated graphs of minimum size have been considered by
various authors.
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I l = 3 is covered byErd}os, Hajnal and Moon.
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I l = 3 is covered byErd}os, Hajnal and Moon.
I l = 4 by Ollmann where he proved thatsat(n; C4) = b3n� 5

2 c
for n � 5.
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I Recently, the value ofsat(n; C5) was announced byChen.
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2 c
for n � 5.

I Recently, the value ofsat(n; C5) was announced byChen.
I In 1972Bondy showed thatsat(n; Cn) � d 3n
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I l = 3 is covered byErd}os, Hajnal and Moon.
I l = 4 by Ollmann where he proved thatsat(n; C4) = b3n� 5

2 c
for n � 5.

I Recently, the value ofsat(n; C5) was announced byChen.
I In 1972Bondy showed thatsat(n; Cn) � d 3n

2 e.
I Results by various authors showed

sat(n; Cn) = b3n+1
2 c for n � 53:
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Barefoot, Clark, Entringer, Porter, Sz�ekely and Tuza (199 6)
boundedsat(n; Cl ) for all l 6= 8 or 10 and n su�ciently large.

They showedn + c1
n
l � sat(n; Cl ) � n + c2

n
l

for some positive constantsc1 and c2.

In particular, for l odd andl � 9 they showed
sat(n; Cl ) � n

�
1 + 6

l � 3

�
+ O(l2).
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For l = 12 they showed thatsat(n; C12) � n29
22 + 99

22.

For l � 14; l � 0 mod 2 they showed that
sat(n; Cl ) � n

�
1 + 4

l � 2

�
+ O(l3).

Finally, for l � 20; l � 4 mod 8 they showed that
sat(n; Cl ) � n

� 5
4 + 3

4l � 4

�
+ l

2 .

For a lower bound, they showedl � 5 that
sat(n; Cl ) � n

�
1 + 1

2l+8

�
.
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To improve the bound forC2k+2 -saturated (k � 4) there are two
steps.
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To improve the bound forC2k+2 -saturated (k � 4) there are two
steps.

I For k � 4, produce a graphW (n; 2k + 2) with no cycle of
length l = 2k + 2 and fewer edges than the Barefoot et al.
bound.
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To improve the bound forC2k+2 -saturated (k � 4) there are two
steps.

I For k � 4, produce a graphW (n; 2k + 2) with no cycle of
length l = 2k + 2 and fewer edges than the Barefoot et al.
bound.

I Show that for any edgee not in W (n; 2k + 2) and k � 4, the
graphW (n; 2k + 2) + e contains a cycle of lengthl = 2k + 2.
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Generalized wheel,W (n; 2k + 2).

Spoke-nut

Flange

Spoke

Hub

ni;�

r i; 1

ni +1 ;�

r i;k � 1

Rim

r i; 2

h�

h�

f �

K k
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W (n; 2k + 2), plus any edge produces aC2k+2

Spoke-nut

Flange

Spoke

Hub

ni;�

r i; 1

ni +1 ;�

r i;k � 1

Rim

r i; 2

h�

h�

f �

K k
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W (n; 2k + 2), plus any edge produces aC2k+2

Spoke-nut

Flange

Spoke

Hub

ni;�

r i; 1

ni +1 ;�

r i;k � 1

Rim

r i; 2

h�

h�

f �

K k

t
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W (n; 2k + 2), plus any edge produces aC2k+2

Spoke-nut

Flange

Spoke

Hub

ni;�

r i; 1

ni +1 ;�

r i;k � 1

Rim

r i; 2

h�

h�

f �

K k

t

k � t

k + 1t + 1
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W (n; 2k + 2), plus any edge produces aC2k+2
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W (n; 2k + 2), plus any edge produces aC2k+2

Spoke-nut

Flange

Spoke

Hub

ni;�

r i; 1

ni +1 ;�

r i;k � 1

Rim

r i; 2

h�

h�

f �

K k

t

k + 1
t � k + 1

Ron Gould On Saturated Graphs



Classic Extremal Numbers
Saturation Numbers
Potential Sequences

The odd cycle case:

Sp ok e-n ut

Sp ok e

Hub

n

i;�

r

i; 1

n

i +1 ;�

r

i;k � 1

Rim

r

i; 2

f

�

K

k � 3

+ K

4

Flange

h

�

h

�
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Small cycle case:

C

l +1

K

l � 4

: : :

y

1

x

t +1

Presen t if n � (2 l � 3) is o dd.

x

2

x

1

x

t

y

2

y

t

c

l � 1

c

l

c

1

c

2

c

3

c

l +1
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with T.  Luczak and J. Schmitt

Theorem
(Even case) For k� 4; l = 2k + 2 ; and n� 3l ,

sat(n; Cl ) � n
�
1 +

2
l � 2

�
+

5l2

4
:

Theorem
(Odd case) For k� 7; l = 2k + 3 ; n � a mod 4k and
n � 7l � 13k + 1 ,

sat(n; Cl ) � n
�
1 +

1
k

�
+

k2 � k � 16� 2a
2

�
a + 1

k
+ � 4

i=1

�
ai

2

�

� n
�
1 +

2
l � 3

�
+

5l2

4
:
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with T.  Luczak and J. Schmitt

Theorem
(Small case) For l= 8 ; 9; 11; 13 or 15 and n� 2l

sat(n; Cl ) �
l 3n + l2 � 9l + 15

2

m

� d
3n
2

e+
l2

2
:

Ron Gould On Saturated Graphs



Classic Extremal Numbers
Saturation Numbers
Potential Sequences

Cl -saturated graphs of minimum size
l sat(n; Cl ) n � Reference
3 = n � 1 3 EHM
4 b3n� 5

2 c 5 OT
5 d10n� 10

7 e 21 Chen
6 � 3n

2 11 Many
7 � 7n+12

5 10 Many
8,9,11,13,15 � 3n

2 + l 2

2 2l Thm 3
� 10 and� 0 mod 2 �

�
1 + 2

l � 2

�
n + 5l 2

4 3l Thm 1

� 17 and� 1 mod 2 �
�
1 + 2

l � 3

�
n + 5l 2

4 7l Thm 2
n b3n+1

2 c 20 Many

Table: A Summary of Results forsat(n; Cl )
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Variation 2

The classic extremal question can be viewed as saying:
Every graph on n vertices andex(n; H) + 1 edges must contain a
copy ofH (in fact, many).

Suppose instead we asked for bounds on the number of edges
(using the degree sequence) so thatat least one realization of
that degree sequence, contains a copy ofH.

This is certainly a weakening of what we have been asking.
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Question
Given graph property P and graphic sequence S satisfying some
condition, doall realizations of S have property P?

Such anS is calledforcibly P-graphic.

Question
Given graph property P and graphic sequence S satisfying some
condition, doessome realization of S have property P?

Such anS is calledpotentially P-graphic.
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Example:

4,3,2,2,2,1

FORCIBLY

CONNECTED
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Example:

CONNECTED
POTENTIALLY

2,2,2,2,2,2
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Here, propertyP is containing a speci�ed subgraph.

Thus, we vary the classic extremal problem in that we do not ask
that all such realizations contain the subgraph, but ratherthat
some realization contains the subgraph.
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De�nition
Let � (H; n) be the minimum even integer such that everyn term
degree sequence with sum at least� (H; n) has some realization
containing a copy ofH.

Theorem
(Erd}os, Jacobson and Lehel)� (K3; n) = 2 n; for n � 6:

Conjecture
� (Kt ; n) = ( t � 2)(2n � t + 1) + 2 :
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Reason:

-
K

t-2
K n-t+2
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On the Conjecture:
RG, Jacobson, Lehel, 1999:

Theorem
If n � 9, then � (K4; n) = 4 n � 4:

Theorem
For n � 4,

� (C4; n) =

8
<

:

3n � 1 if n is odd

3n � 2 if n is even.

Ron Gould On Saturated Graphs



Classic Extremal Numbers
Saturation Numbers
Potential Sequences

Finally, as a corollary to a technical lemma, we obtain the following
very useful result.

Corollary
If S is a graphical sequence with a realization G containing Has a
subgraph, then there is a realization G� of S containing H with the
vertices ofH having thejV (H)j largest degrees of S.
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More on the conjecture:
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More on the conjecture:

I Li and Song, 1998: Ifn � 10, then� (K5; n) = 6 n � 10.

Ron Gould On Saturated Graphs



Classic Extremal Numbers
Saturation Numbers
Potential Sequences

More on the conjecture:

I Li and Song, 1998: Ifn � 10, then� (K5; n) = 6 n � 10.
I Li, Song and Luo, 2002: Fort � 6 andn �

� t
2

�
+ 3 ;

� (Kt ; n) = ( t � 2)(2n � t + 1) + 2 :

(uses linear alg.)
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Problem
What is � (K t

s ; n) where Kt
s is the complete t-partite graph with

each set of size s?

The following will be useful.
The value of� (Ks;s; n) is known (there are several cases) and is
useful to us.
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Theorem
Let n and s be positive integers.

I If s is even and n� 4s2 � s � 6, then

� (Ks;s; n) =

(
( 5

2s � 2)n � 11
8 s2 + 5

4s + 2 if (s; n) 2 E1

( 5
2s � 2)n � 11

8 s2 + 5
4s + 1 if (s; n) 2 E2:
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Theorem
Let n and s be positive integers.

I If s is even and n� 4s2 � s � 6, then

� (Ks;s; n) =

(
( 5

2s � 2)n � 11
8 s2 + 5

4s + 2 if (s; n) 2 E1

( 5
2s � 2)n � 11

8 s2 + 5
4s + 1 if (s; n) 2 E2:

I If s is odd and n� 4s2 + 3s � 8, then

� (Ks;s; n) =
�

( 5
2s � 5

2)n � 11
8 s2 + 5

2s + 7
8 if (s; n) 2 E4:
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Extremal graph for this problem:

in here

edges

but

n � j vertices

K j

No K s;s

� (K s;s; n � j )

Let � (n; s; j ) denote the size of this graph.
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with Chen, Ferrara, and Schmitt

Theorem
Let j � 1 and s� 3 be integers and� be an n-term graphic
sequence, where n is su�ciently large. If� (� ) � � (� (n; s; j )) + 2
then � is potentially Kj + Ks;s-graphic.

Theorem
Let n; s and t be positive integers with n su�ciently large. Then

� (K t
s ; n) = � (� (n; s; st � 2s)) + 2 :
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Note, the cases = 2 was done earlier by Ferrara, RG and Schmitt.
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Note, the cases = 2 was done earlier by Ferrara, RG and Schmitt.

I The proof of the general case uses degree stripping, a new
technique more general than Havel - Hakimi.
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Note, the cases = 2 was done earlier by Ferrara, RG and Schmitt.

I The proof of the general case uses degree stripping, a new
technique more general than Havel - Hakimi.

I The proof of thes = 2 case used more standard extremal
techniques and the earlier lemma to show the existence of the
desired graph via edge interchanges. However, the proof
would not generalize to values higher than 2.
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