LECTURE 4

Lie GROUPS of FOURIER INTEGRAL
OPERATORS



Lie groups of pseudodifferental operators
and Fourier integral operators

Consider differential operator P on 2 C R"™ of or-
der m with smooth coefficients aq

Pu(z) = )Y aa(z)Dgu(z), ueC®(Q)
ja|<m
the symbol of P is the polynomial
p(x,&) Y aa(z)E®
ja|<m

Fourier transform u(¢) of u(xz) we have

Dou(€) = €*u(¢) and Du(z) = (2m) ™" [ @ Eeu(E) dé

SO we write

Pu(z) = (2m)™" [ €€ p(z,£)u(€) d¢

= (2m) ™" [ [ @€ p(a, uly) dyds
a pseudodifferential operator P is of this form
but with symbol p(x, &) of more general class then
polynomials. A smooth function p(xz,£) on Q2 x R"
belongs to symbol class Sm 5(2), 0 <6< p<1
if for any compact K C Q any o, B exists const.
Cap(K) > 0 such that for all zx € K,{ € R"

IDEDE p(w,8)] < Cp g(K) (1 + |g))mrlel+oldl
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classical symbol has asymptotic expansion

0
p(x,8) ~ > pm—j(x,&) , m = order of p
j=0

each p,,_;(z, &) € C°(Q2 x R"™) homogeneous of

degree m — j, pp—j(z,76) = 7" Ipy,_i(z,£),7 >0
A classical WDQO of order m is of the form

Pu(z) = @m)™" [ [ @0 p(a, uly) dydg

with p(x, ) a classical symbol.

pm(x, &) = principal symbol of P

Denote WDO,, space of classical WDO of order m
and wWDO = {J,, WDO,, infinite dim. Lie algebra
of all WDO with commutator bracket P € WDO,,
Q e VDO, = [P,Q] € WDOm+n_|__1

note: WDQO; is a Lie subalgebra of WDO
question: are there Lie groups corresponding to
these Lie algebras 7

answer: YES ! FIOg the groups of invertible
Fourier integral operators of order O for WDOq
and FI0 the groups of all invertible Fourier inte-
gral operators for WDO.

We discuss these Lie group structures now:

1. What is a Fourier integral operator ?



generating functions for canonical transformations:

Let S : 2 x R — R be smooth in a nbhd of

2
(z0,£0) € © x R™ such that %géf) -+ 0. Then

P(y, &) = (z,m) where n = 2528, y = 9528 de-

fines canonical transformation

® : (yo,&0) € T"R™ — (z0,m0) €T7Q2, P'w=w

S = generating function of &®; every canonical
transformation ® has a locally generating function

Example: S(x,f)zx-fénzg—ng, yzg—gzx

hence & = id.
Fourier integral operators, FI0

Let S(z,&) generating function and a(x, £) classi-
cal symbol order m. Define an classical Fourier
integral operator A of order m by

Au(z) = [eP5@Oa(x, €)a(e) de
= (2m) " [ [ &B@OYDa(z, uly) dyde
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More generally , a Fourier integral operator A of
order m is defined by

Auz) = (2m) ™" [ [ @8 Da(a,)uly) dyd

where p(x,y,£) is nondegenerate phase function

(homogeneous +1) and the symbol a(z,§) € Z}a

notice: if S(x,&) = x - & or general p(x,y,£) =
(x —y) - £ then the operator A is a WDO, we have

FIO D WVDO D DO

FTIO are singular operators with nice properties

1) invariant under diffeomorphisms = can be de-
fined on manifolds M as bounded linear operators

A:C*°(M) —- C>*°(M), M compact!

such that A is locally of the form above, moreover
extend to distributions A : &'(M) — D'(M)

P e VDO, extends P : HS(M) — H:~™(M ), bounded



2) properties close to differential operators (DO)
P e DO < Pis local, i.e. supp Pu C supp u

P € WDO = P pseudolocal, sing supp Pu C sing supp u
P preserves wave front sets WF, WF(Pu) C WF(u)
where WF(u) C T*M, 7;WF(u)= sing supp u

A € FIO moves the wave front set by canonical
relation A : WF(Au) CANoWUF(u) where
AN C T*M xT*M is a conic Lagrangian submanifold
locally generated by phase function o(x,y, &)

N={(z,y,d(z Pz, y,8)) | dep = O}

Remarks:

1) iIfA=A=(x,¢),(x,&)) diagonal = A € VDO
2) A € FIO is determined by symbol a(z,£) and
canonical relation A

3) principal symbol is globally defined

am(z, &) : T*M — R



3) closed under multiplication, let ® : T*M — T*M
d*w = w locally generated by S(z, &)

denote FIO;,(®P)= space of F'IO order m
associated to canonical relation A = graph(®)

If Ay € FIOm,(®1), Ap € FIOm,(P2) then

A1 0As € FIOm1+m2(¢1 o CDQ)

if Ac FIOn(®) and A~1 € FIO exists,
then A=l € FIO (1) .

Note ® =id: T*M — T*M = FIOn(id) = W DO,

Notation: FIO« , VDO« , (FIOm)x , (WDO)«
invertible elements
FIOs« , VDO« , (FIOg)x , (WDQOg)« are groups

Example: Let f: M — M be a diffetomorphism.
Then

fru@) = @m™ [ [ U@ty de

defines a FIO f*:C*®(M) — C°°(M) whose phase
function generates the canonical cotangent lift
T f: T*M — T*M



exact sequence

let S(x,€) be generating function of & |, d*w = w
S homogeneous +1 in & = ® homog. 41 in &
hence $*0 = 6 canonical 1-from on T*M

i.e. ® € Dif f°(T*M). Get surjective map

p: FIO — Dif f°(T*M) , p(A) = &

where graph(®) = A canonical relation of A
kernel of pis p~1(e) = WDO, , e = id s g

W DOsx and F IO, are groups under operator multi-
plication, graded by order (additive) and p is group
homomorphism p(Ao B) = p(A) o p(B)

exact sequence of groups

I — WDO, < FIO. 25 Dif fo(T*M) — e

we want exact sequence of LIE GROUPS

Notice: zero order operators are groups and form
exact sequence

I — (WDOQ)* <& (FIOg)* 2 Dif fo(T*M) — e

we make this zero order operators into ILH Lie
groups, then move structures by fixed elliptic op-
erator T to any order m, e.g. T = (1 4+ A)™/2
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what are parameter spaces ? Lie algebras 7 of

I — (WDOg)* < (FIOQ)* 2 Dif f§o(T*M) — e

Lie algebras

[ — WDOg <& WDO; - %% (T*M) — e
w(P)= principal symbol (homog. +1)
2 (T*M) 2 X5°(T*M) = {X|Lx6 = 0} globally
Hamiltonian vector fields (Egorov’s theorem)

Idea: we construct a principal fiber bundle with
o base space = Dif f§°(T*M)

o total space = (FI10q)«

e fiber = p~1(®) = (FIOg(®))s = (WDOp)«
o structure group =(WDOg)«

stepl:Dif fg°(T*M) = lim Dif f5(T*M) ILH Lie group
step2: (WDOgq)+ = lim(WDOg)« ILH Lie group
step3: piece 1 & 2 together via local section o

o:UCDifffe(T*M) — (FIOq)+«
then (FIOp)« locally: p~1(U) ~ U x (WDOg)«

= chart at identity I € (FIOgq)«



step4: move this chart around by group structure
of Dif f5(T*M) = (FIOq)+ topological group

step 5: chart transitions smooth = (F10g)« smooth
manifold

step 6: multiplication "smooth” = (FIOg)« Lie
group

step 7: identify (1 — A)Y™2: (FIOp)s = (FIOm)«

Theorem: (M. Adams, T. Ratiu, R. Schmid, 1985)
The group FIO«(M) of invertible Fourier

integral operators on a compact manifold M is a
graded ILH-Lie group with graded ILH-Lie algebra
W DO(M) of pseudodifferential operators on M.
FIO«(M) is and oco-dim principal fiber bundle over
the base manifold Dz’ffg(T'*M) of contact trans-
formations of T*M with gauge group WDO.(M)
of invertible pseudodifferential operators.
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Step 1: Diffg°(1T*M) as ILH Lie group

Theorem: Diffe(T*M) = lim Dif f5(T*M) is
an ILH Lie group where Dz’ffg(T*M) is isomorphic
to the semidirect product

Dif f5(ST*M) = {(p,h) € Dif f*(ST*M)p< C*(ST*M) |

¢ s = hog}
with ILH Lie algebra

Xg(S(T*M)) ={Y e X5(S(T*M)) | Lyo = 0}
iIsomorphic to
OfH(T*M) = {H € C*(T*M,R)|H homog.degl}

Step 2: (WDOg)+ as ILH Lie group

topology determined by the symbols P € WDOqg
p(z, &) = Zj_:o% p;(z, &) infinitely many term

= Frechet space. We cut the symbol at the term
p_i , fixed k < co. In terms of operators : quotient
spaces WDO,, , = VDO /VWDO_j_;. Similar for
FIO take FIOmk(n) = FIOm(n)/FIO_;_1(n) and
FIOy, 1, = U, FIOy, (1) , where

FIOm(n) ={A € FIOn | p(A) =n € Dif fg°}
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Composition well defined in WDOq ;. and FIOqgy ,
denote by (WDOq )« and (FIOO,k)* the groups of
invertible elements We still have the exact
sequence of groups:

I — (WDOg )+ <& (FIOg )« 2 Dif f3°(T*M) — id

For P € WDO,, ;, with symbol p(z,§) = pm(z,§) +
-+ p_p(x,&) we define the norm by

||PHm—|—k s = IBmllZ kg 1Bm—1 2 k1t 1Bk II2
where p pm —j Is the restriction of p,,_; to ST*M and
15— 5124 kg mm_ 1S the HsThktm—i_Sobolev norm on
ST*M. Let \IJDO m.k: 0€ the completion of WDO,,,
and (\UDOS),{)* the group of invertible elements in
\IJDO&,C

Theorem: (Adams,Ratiu,Schmid,1986) For each
s > n the group (\IJDOS k)* is a Hilbert Lie group
with Lie algebra WDOg ,. That means (WDO] k)*
is @ smooth (C*°) Hllbert manifold with smooth
group operations. Moreover the inverse limit

(WDOg )« = ong(WDOS,k)* is an ILH Lie group .

At the end of the day we will take the limit £k — oo !

12



Step 3: Local section: U nbhd of id € Dif f3°(T*M)

o:UCDiffi°(T*M) — (FIOg)«

this gives (F'10q)« local product structure

p~ 1 (U) 2 U x (WDOg)+

defined by A — (p(A), Aoo(p(A))~1), and inverse

(p, P) — P-o(p).
We get chart at identity I € (FIOg)«

problem: FIO are locally defined, need global
writing of FI0 i.e. global phase function for FIO
close to I. This is done by constructing explicit
chart about id of Dif f5(T*M).

Theorem:(Adams-Ratiu-Schmid, 86)

Let H € C3,(T*M) close to zero. define

o T"M x M — R

er(az,y) = az - (expz 1 (y)) + H(ow)

Then there ex. ® € Dif fj(1T*M) close to id such
that oy is global phase function for graph(®)

H «— & bijection H(az) = —ay - exp; L(7* P 1(ay))
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define local section ¢ as follows: let n € Dif f§°(1T*M)
close to the identity and define o(n) by

o(Mu(z) = |
2m)" [ x(z,y)etrrleny)y(y)| det exp, |dydE
1M Bs(z)

o(n) is a FIO with smooth phase function ¢y and
amplitude a = 1. Moreover, o(n) is invertible mod-
ulo smoothing operators since n is invertible and its
principal symbol is a = 1, hence o(n) € (FIOg)x.
Furthermore, po(n) = n, hence o is a local section
of the exact sequence. We use this local section
o to give (F'10p)« the local product structure

p N U) ~U x (WDOg)x .
define topology around identity in (FIOO )« by
the bijection & : p~1(U2t) — U2t x (\UDOQ(t k)Y,

P(A) = (p(A),Aoco(p(A))~1) and
®~1(n,P) = Poo(n), where U%t = U N Dif f2t

This defines a local chart at the identity I € (FIOO,;{)*
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Step 4: (FI10g)+« as topological group

To define the topology on (FIOO,k)* we move the
open sets p~1(U?%) by right translations. Com-
plete this topological space in the right-uniform
structure and denote it by (FIOgjk)*. For each
t > n/2 we obtain (FIO%),{)* as a topological group
and (FIOq i)« = mt(FIOak)* with the inverse limit
topology is a topological group as well.

To prove this, we have to show that the map
(A, B) — AB~lis continuous for any A, B € (FIO§ )«
This amounts to show that the following map in
local coordinates is continuous:

(U2 xy3 N x (U xwDOgY ™) — (U2 xwDOg ),

((n1, P1), (2, P2)) — (n1om5 T,
Pro(n1)o(n) 1Py to(niony 1)~1)

which involves a careful study of products of F10s.
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Step 5: (FI10g)« as smooth manifold

Overlap conditions in local charts give conditions
on o to make (FIOp)x into a smooth manifold.
To prove that the transition maps between local
charts are smooth we have to show that the fol-

lowing map is differentiable
2(t—k 2(t—k

(n, P) — Po(noa )AB ta(nop= 1)1

for any A, B € (FIOf),k)*, where a = p(A),

B8 = p(B). The symbol calculus shows that this
map is of class C* , hence (FIOg’k)* is @ smooth
manifold of class Cv.
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Step 6: (FI0p)s« as ILH Lie group

We check smoothness of multiplication and inver-
sion

1 (FIOQ)«x(FIOg)x — (FIOQ)s , n(A,B) = AoB

v (FIOp)« — (FIOp)s , v(A)=A"1

To show that group multiplication in (F[O’fO k)* is
smooth we have to show that the following map
is differentiable

(U2(t—|-s) ) % (wa(é-FS-l-k))* % (U2(t—|-s) .3) x (Wg,(l§+8+k))*
(UQ(t+S) (TOé B) >< (Wz(t‘l'S‘I'k))*

((n1,P1), (02, P2)) —

(n1om2, Pro(nioa™ V) APso (B A o (ninaBta 1)1

for any A € (FIOH'S)*,B € (FIO% 1) %
where o = p(A), 8 = p(B).

This makes (FIOg)« = I|m (FIO )« into an ILH
Lie group.
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Step 7. FI0O+« as Lie group

(FIOg)+« as a Lie group . To obtain a Lie group
structure on all FIO«+ we use the Laplace opera-
tor to identify (1 — A)Y™/2 : (FIOg)s = (FIOm)+.
Multiplication is smooth between the appropriate
spaces.

The final result:

Main Theorem: (M. Adams, T. Ratiu, R. Schmid)
The group FIO«(M) of invertible Fourier integral
operators on a compact manifold M is a graded
oco-dim ILH-Lie group with graded oo-dim Lie
algebra WDO(M) of all pseudodifferential opera-
tors on M.

FIO«(M) is and oo-dim principal fiber bundle over
the base manifold Dif f5(1T*M) of contact trans-
formations of T*M with gauge group WDO.(M)
of invertible pseudodifferential operators.
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