
LECTURE 5

NON-COMPACT MANIFOLDS

and APPLICATIONS
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KdV equation and the group of

Fourier integral operators

Korteweg deVries (KdV) equation ut = 6uux − uxxx

Poisson bracket {F,G}(u) =
∫ δF
δu ∂x

δG
δu dx

Hamiltonian H(u) =
∫

(u3 + 1
2
u2

x)dx

Hamilton’s equations ut = {u,H} ⇐⇒ u satisfies KdV

Gardner, Kruskal 1971

Theorem: (M.Adams, J.Eichhorn, T.Ratiu, R.Schmid)

A: The KdV equation is a Hamiltonian system with

respect to the Lie-Poisson bracket on the coad-

joint orbit of the Lie group of invertible Fourier in-

tegral operators G = FIO∗ through the Schrödinger

operator.

B: The Kostant-Symes theorem applied to a split-

ting of the Lie algebra of FIO∗ , the space of

pseudodifferential operators g = ΨDO gives the

complete integrability of KdV, i.e. the Gelfand-

Dikii family of commuting integrals, including H.
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Kostant-Symes theorem:

Suppose we have a vector space decomposition

of the Lie algebra g into a direct sum of two

subalgebras, g = h ⊕ k. This gives the corre-

sponding decomposition g∗ = k⊥ ⊕ h⊥ which al-

lows us to identify the duals h∗ ∼= k⊥ and k∗ ∼= h⊥.

We obtain functions in involution as follows: Let

F,H : g∗ → R be two functions that are con-

stant on coadjoint orbits of G in g∗. Then for

A ∈ h∗, {FA, HA} = 0, where FA and HA are the

restriction of F and H to the coadjoint orbit of A

in h∗.

For KDV the Lie group is G = FIO∗(S1) with Lie

algebra g = ΨDO(S1).

Consider M = S1 the unit circle. Then each pseu-

dodifferential operator P ∈ ΨDOm(S1)has total

symbol of the form p(x, ξ) =
∑
−∞<j≤m pj(x)ξj.

The Lie algebra g = ΨDO decomposes into the

two subalgebras h = ΨDO− = ∪m<0ΨDOm and

k = ΨDO+ = ∪m≥0ΨDOm ,i.e. g = h⊕ k

ΨDO = ΨDO− ⊕ΨDO+
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The inner product < P,Q >= Trace(P · Q) where

Trace(P ) =
∫
p−1(x)dx identifies ΨDO∗ ' ΨDO

and (ΨDO−)∗ ' ΨDO+

So for g = h⊕ k we get g∗ = k⊥ ⊕ h⊥, i.e

g∗ = ΨDO∗ ' ΨDO⊥+⊕ΨDO⊥− ' ΨDO∗−⊕ΨDO⊥− '

' ΨDO+ ⊕ΨDO⊥−

The Lie-Poisson bracket on h∗ = ΨDO∗− ' ΨDO+

at A ∈ ΨDO+ is

{F,H}(A) =< A, [
δF

δA
,
δH

δA
] >=

∫
(A ◦ [

δF

δA
,
δH

δA
])−1dx

...)−1 means order(−1) part of the symbol.

The Lie-Poisson evolution equations Ḟ = {F,H}
for any function F on ΨDO∗− are equivalent to

Ȧ = XH(A) = ad∗δH
δA

(A) = [
δH

δA
,A]+

on ΨDO∗− ' ΨDO+, where ...]+ means taking only

the part in ΨDO+
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For the Schrödinger operator A ∈ ΨDO+ with

total symbol a(x, ξ) = a(x) + ξ2 the Lie-Poisson

bracket of two functions F,G : ΨDO∗ → R at A

becomes

{F,G} =
∫
δF

δa
∂x
δG

δa
dx

which is the Gardner bracket.

For the Hamiltonian H =
∫

(a3 + 1
2a

2
x)dx Hamiltons

equations Ȧ = [δHδA , A]+ become

at = 6aax − axxx

which is the KdV equation.

For the functionals

Hk(A) = Trace(Ak) =
∫

(Ak)−1dx, k ∈ N we have

δHk
δA = kAk−1, hence [A, δHkδA ] = [A, kAk−1] = 0.

Thus Hk are constant on coadjoint orbits. By

Kostant-Symes theorem, restricting the Hk to

ΨDO∗− ' ΨDO+ gives the Gelfand-Dikii family of

commuting integrals for KdV.
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Example:

H0 =
∫
a dx

H1 =
∫ 1

2a
2 dx

H2 =
∫

(a3 + 1
2a

2
x)dx ≡ H above !

H3 =
∫

(5
8a

4 + 5
4aa

2
x + 1

8a
2
xx)dx

etc.
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Diffeomorphism groups and FIO for
NON-COMPACT manifolds

J. Eichhorn:
”There is exactly one thing that work in the
non-compact case: NOTHING”

Example of what’s going wrong:
Let M , N be compact manifolds, then f : M → N
is of Sobolev class Hs ⇐⇒ the local representa-
tives
f ij : Ui ⊂ Rm → Vj ⊂ Rn are of class Hs, where
M =

⋃
(Ui, φi), N =

⋃
(Vj,ΨDOij), f

i
j := ΨDOij ◦

f ◦ φ−1
i . These covers are finite if M,N are com-

pact.
This definition is invariant ⇔ s > n

2 + 1.
In the compact case we can define the distance by

ds(f, g) := (
∑
i,j

‖f ij − g
i
j‖

2
s)

1
2

This definition is meaningless if M,N are open !

Idea: Bounded Geometry
• Control over the metric and its derivatives
• Control over the mappings and their derivatives
by the metric i.e. maps adapted to the bounded
geometry
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Definition: (Mn, g) has bounded geometry of or-
der k, 0 ≤ k ≤ ∞, if it has a positive injectivity
radius and the curvature and all is derivatives up
to order k are uniformly bounded; i.e the following
two conditions are satisfied:

(I) : rinj(M) = inf
x∈M

rinj(x) > 0

(Bk) : |∇iR| ≤ Ci , 0 ≤ i ≤ k.

(I) ⇔ there exists a ball around 0 in Rn which is
domain of normal (geodesic) coordinates for all
x ∈M .

(Bk) ⇔ there exists a constant dk (independent
of x ∈ M) such that ‖gij‖Ck ≤ dk in any normal
coordinate system
⇔ ‖Γmij‖Ck−1 ≤ dk in any normal coordinate system

Examples of manifolds with bounded geometry:
compact manifolds, Lie groups, homogeneous spaces,
covering spaces of Riemannian manifolds, leaves
of foliations of compact manifolds.

Fact: There is no topological obstruction for the
existence of a complete Riemannian metric with
bounded geometry of any order.
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Bounded maps C∞,r(M,N):

Let (M, g), (N,h) open, complete Riemannian

manifolds satisfying (I) , (Bk) and f ∈ C∞(M,N).

Assume r ≤ k. Let C∞,r(M,N) be the set of all

f ∈ C∞(M,N) satisfying

|df |r =
r−1∑
i=0

sup
x∈M

|∇idf |x <∞.

Equivalently: f ∈ C∞,r(M,N)⇔ ∂α

∂xαf
ν is uniformly

bounded in any normal coordinate system;

|α| ≤ r,1 ≤ r ≤ k.

Topology: Cp,r(M,N) the completion of C∞,r(M,N)

in Hp Sobolev topology is a Ck+1−r-Banach man-

ifold, p = 2 Hilbert manifold. f, g are close iff ex.

a vector field ξ along f with small Sobolev norm

‖ξ‖p,r < ε such that g(x) = expf(x)ξ(x)

The bounded diffeomorphism group Diffp,r(M)

Problem: f bounded 6⇒ f−1 bounded, i.e no group

We need an additional assumption then Diffp,r(M)

is open in Cp,r(M,M) and hence a Ck+1−r-Banach

manifold, and for p = 2 it is a Hilbert manifold.
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Additional assumption to obtain a group: Set
Diffp,r(M) := {f ∈ Cp,r(M,M) | f bijective,
preserves orientation and |λ|min(df) > 0},
then Diffp,r(M) is open in Cp,r(M,M) , hence a
Ck+1−r-Banach manifold

Theorem:(J. Eichhorn, R. Schmid)
Let (Mn, g) be an open, oriented, complete
Riemannian manifold satisfying (I), (B∞) and let
r > n

p + 1. Then Diffp,∞(M) = lim←Diffp,r(M)
is an ILB - Lie group; and for p = 2 it is an ILH -
Lie group.

Volume preserving and symplectic diffeos.

Let ω be a C∞-bounded non-degenerate q-form,
q = n or q = 2, let Diffp,rω = {f ∈ Diffr|f∗ω = ω}.

Theorem: (Eichhorn , Schmid)
a) Diff

p,∞
ω = lim←rDiff

p,r
ω is an ILH-Lie group

with Lie algebra consisting of divergence free (
q = n), or locally Hamiltonian (q = 2) vector fields
ξ with finite Sobolev norm |ξ|p,r for all r.
b) Diffp,rω is an infinite dim. Riemannian manifold,
with (weak) metric

g(X,Y )id =
∫
M

(X,Y )xdvolx(g)
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Contact transformations on Ṫ ∗M

If (Mn, g) is an open, oriented, complete Rieman-

nian manifold satisfying (I), (Bk) then the Sasaki

metric on the co-sphere bundle in Ṫ ∗M satisfies

(I), (Bk−1)

Let θ be the canonical 1-form on T ∗M and

consider

Diff
p,r
θ (Ṫ ∗M) = {f ∈ Diffp,r(Ṫ ∗M)| f∗θ = θ }

Theorem: (Eichhorn, Schmid)

Diff
p,∞
θ (Ṫ ∗M) = lim∞←rDiff

p,r
θ (Ṫ ∗M)

is an ILH-Lie group.

This is the space of phase functions for the

Fourier integral operators !
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Pseudodifferential operators and
Fourier integral operators

on open manifolds

If (Mn, g) is open the previous definition of ψs and
FIOs does not make sense. We need to adapt
the class of symbols and phase functions to the
bounded geometry of M in order to obtain globally
defined Fourier integral operators A : C∞c (M) →
D′(M). Then the corresponding spaces ψ and FIO
have similar properties as in the compact case and
we can use the same ideas as before to construct
Lie group structures.

FIO Au(x) = (2π)−n
∫ ∫

eiϕ(x,y,ξ)a(x, ξ)u(y)dy dξ

• symbols: the family of local symbols a(x, ξ)
together with their derivatives should be uniformly
bounded

• phase functions: the phase functions ϕ(x, y, ξ)
should locally generate canonical transformations
in the space Diff

p,r
θ (Ṫ ∗M)

This defines the class of uniform pseudodifferential-
and Fourier integral operators UΨDOm, UFIOm
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Again we get an exact sequence of groups

I → (UΨDO0)∗
j
↪→ (UFIO0)∗

p→ Diff
p,r
θ (Ṫ ∗M)→ id

Now we follow the same ideas as in the compact
case: step 1,2...7 to construct ILH Lie groups
structures on these spaces.

Main Theorem: (Eichhorn, Schmid, 2001)

UΨDO = lim∞←sUΨDOs is an ILH Lie group

UFIO = lim
∞←t

UFIOt is an ILH Lie group

multiplication µ : UFIOt+r × UFIOt → UFIOt
µ(A,B) = AB is Ck differentiable, k = min(r, t)

inversion ν : UFIOt+r → UFIOt ; ν(A) = A−1

is Ck differentiable, k = min(r, t)

right mult. RA : UFIOt → UFIOt : RA(B) = BA

is Ct differentiable, for any A ∈ UFIOt

left mult. LA : UFIOt → UFIOt : LA(B) = AB

is C0 (continuous), for any A ∈ UFIOt
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APPLICATIONS to HYDRODYNAMICS

1. Euler equations and Diff
∞,r
µ (M)

Topological Euler equations

Etop

{
∂u
∂t +∇u(t)u(t) = grad p

divµ u(t) = 0

µ = fixed volume form on (Mn, g)
u = u(x, t) time dep. C1 vector field on (Mn, g)
∇ = ∇g the Riemannian covariant derivative
but div = divµ, defined by LXµ = (divµX)µ.
Then u(t) defines a 1-parameter family of diffeo-
morphisms ft defined by

dfs

ds
|s=t = u(t) ◦ ft .

Theorem: (J.Eichhorn, R. Schmid, 2001)
Assume (Mn, g) with (I) and (Bk). Then u(t)
satisfies the topological Euler equations Etop iff
{ft}t is a geodesic in Diff

∞,r
µ (M).

Classical Euler equations for an incompressible,
homogeneous fluid without viscosity
∇ = ∇g, div = divdvolx(g).
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Non-homogeneous Euler equations

Let ρ(x, t) > 0 be a mass density

ENH



∂u
∂t + ∇u(t)u(t) = 1

ρ grad p

∂ρ
∂t + grad ρ · u = 0

divµ u(t) = 0

ρ = constant ⇒ homogeneous Euler equations

for µ = µ(g) the corresponding equations on Diffsµ(M)

are not right invariant, i.e. they are not derivable

from Arnold’s method

Take µ̃ = ρoµ(g) as volume form, then

Theorem: (Eichhorn, Schmid, 2002)

u(t) is a solution of (ENH) ⇔ (ft)t = flow of u(t)

is a geodesic on Diffsµ̃(M) and ρ(x, t) = ρo(f
−1
t (x)).

proof: need generalized Hodge decomposition

theorem with densities for open manifolds
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KdV equation and the Lie group UFIO∗

Theorem: (J.Eichhorn, R.Schmid, 2003)

The non-periodic KdV equation on the real line

is a Hamiltonian system with respect to the Lie-

Poisson bracket on the coadjoint orbit through the

Schrödinger operator of the infinite dimensional

Lie group of invertible Fourier integral operators

G = UFIO∗(R)
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ΨDO and quantization

Another interpretation of the exact sequences of
Lie groups and Lie algebras

I −→ (ΨDO0)∗
j
↪→ (FIO0)∗ p−→ Diff∞θ (Ṫ ∗M) −→ e

0 −→ ΨDO0
j
↪→ ΨDO1

π−→ C∞+1(Ṫ ∗M) −→ 0

For P ∈ ΨDO1 its principal symbol
π(P ) : Ṫ ∗M → R is a smooth function , homoge-
neous degree +1, i.e π(P ) ∈ C∞+1(Ṫ ∗M), moreover
π is a surjective Lie algebra homomorphism

π([P,Q]) =
1

i
{π(P ), π(Q)}

Quantization of C∞+1(Ṫ ∗M) via ΨDO1 !

Consider the Lie subalgebra DO1 ⊂ ΨDO1 of all
differential operators of order 1. DO1

∼= X∞(M)
smooth vector filed on M . i.e. we consider a
vector field X on M as ΨDO of order 1
locally X =

∑
Xj(x) ∂

∂xj
⇒ π(X) =

∑
Xjξj and

Xu(x) = (2π)−n
∫ ∫

ei(x−y)·ξπ(X)u(y)dydξ
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consider Lie subalgebra L(T ∗M) ⊂ C∞+1(Ṫ ∗M) of

all smooth functions on T ∗M linear on each fiber

T ∗xM . Locally f ∈ L(T ∗M), f(x, ξ) =
∑
f j(x)ξj

Theorem: The symbol map π induces a Lie

algebra isomorphism π : X∞(M)→ L(T ∗M) :

π(X) · αx = iαx ·X(x), x ∈M,αx ∈ T ∗xM

π([X,Y ]) =
1

i
{π(X), π(Y )}

Quantization of L(T ∗M) via X∞(M) !

General: For any f, g ∈ C∞(T ∗M) define P,Q ∈
ΨDO such that P has principal symbol f and Q

has principal symbol g. Then the principal symbol

of [P,Q] if {f, g}.
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