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Classical Field Theory

Lagrangian: £(¢;,0,¢;), i=1,..k 9, =-2

Oz
action: S = fﬁ(qﬁi,a“qbi)d”x
variational principle: S =0

Euler-Lagrange equations of motion
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Quantum Chromo Dynamics (QCD),
Quantum Electro Dynamics (QED)

LAY, p) = —4—T'r F FHY kinetic energy

g
—1p[yH (8, + ieAy) + mly fermionic interaction
+ (D4 go)Jr(D 0) —m2pTp bosonic interaction

Motion of an electron ¥ (x) (fermion, spinor) in an elec-
tromagnetic field F', interacting with a bosonic field .
A, (z) potential 1-form (boson)

field strength: Fj,, = 8MA,, VAM+[AM,AV]; U(1l), SU(2)

Dirac v -matrices: ~* = ~
1

0 ) o; Pauli matrices
) = wafyO Pauli adjoint, ~° (1) (1)

m = electron mass

e = electron charge

— coupling constant



E uations o motion

— =0 O FF = eypy’y, Ma well s equations, U(1)

Ap

free case: vy =0 OyF*Y =0 vacuum Ma well equ.

SU(2): DFF =0 ang-Mills equations

global: D F =0

— =0 (84—m)yy=0 Dirac s equations

where 8y = y#(8y, + ieAy) = v* DY

free case: A=0 (0 —m)y = 0 classical Dirac equ.



o al ormulation
principal -bundle : ,

— S4 T%, compact, orientable Riemannian manifold,
= SU( ), compact nonabelian gauge group.

= connection 1-forms ( dim., a ne); A :
-valued, equivariant 1-form on  (vector potential)
D = dy + [A, go] covariant derivative
Fy= DA = dA + [A A] curvature 2-form

pure ang-Mills:

S(A) = Fy 2:% Tr(Fu M.

with fermionic interaction:

1 = section of spin bundle 1

S(A, ) = Fu 2+  9q1,%



vmmetries

) au e in ariance
— group of gauge transformations
di eomorphism over :d , equivariant:

¢ )= 0) ., :

actson : A=( 1A
locally: ( A)u(z) =0y (=) '@+ @Au(z) (z)
induces: D 4= Dy 1, F 4= F4 1L

he action S is gauge invariant:

ang — Mills: S( A) = S(A)

ED:S( A, ¢)=5(A79)



) chiral symmetry = anomalies and RS

D:¢ € 1, =constant, ~ = iy°yly2y

he classical oether current of this symmetry:

w =YYy ¥

is conserved, i.e. 0¥ , =0 .

his conservation law breaks down after quanti ation

2
oF = 2imipy ¢ — QTTFMVF‘“/ =0, = m

Quani ation: eynman path integral:
e 4 (AY) Ay = (AY)
mn

e pectation value of the function (A,v)
note: infinite dimensional ere in integral



Physicist compute these integrals by gauge fi ing

o — , (e.g9. 0(A) = 0,A* =0, Lorent gauge)
and integrate over section o ( ribov ambiguity )

e tra terms in Lagrangian

ghost fields via addeev-Popov procedure
loose gauge invariance of Lagrangian

we get Lagrangian, eg. D:

L (A, ) =%TT(FWFW) Kinetic energy

—I—QLTT((()’MA“)Q gauge fi ing term

— 8y~ DY ghost term
4. interaction terms
global: £ = Fj 24 o(A) 24~

= —(oc( A)) addeev-Popov determinant
de = [ e d-d eynman rules (diagrams).

L IS gauge invariant but RS invariant.



T symmetries
( ecchi,Rouet,Stora; yutin, 1 ;)

SA=d +[A, ]
L iIs RS invariant

—_ 1
s =-2[, ]
s= RS operator, mi es bosons and fermions
nilpotent s2 =0 = M L
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