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1. Classical Euler Equations

(Ecl)

{
∂u
∂t +∇u(t)u(t) = grad p

div u(t) = 0

Let (M, g) be a smooth compact Riemannian manifold with volume µ and
Diffs

µ(M) = {f : M →M |volume preservingHs − diffeomorphism, f∗µ = µ}
the volume preserving diffeomorphisms

Theorem: (Ebin-Marsden, 1970)
Diffs

µ(M) is an infinite dimensional Riemannian manifold (Lie group)
and the Euler equations (Ecl) are equivalent to geodesics on Diffs

µ(M).
• short time existence of unique solutions
• smooth regularity of solutions

Notice:
1) M compact
2) µ = Riemannian volume form of metric g
3) ∇ = ∇g the covariant derivative of the metric g.

We generalize this theorem to open , non compact manifolds and and to
µ any volume form on M (not Riemannian).
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2. NON-COMPACT case: (Eichhorn, Schmid)

Eichhorn:

”In the non-compact case there is exactly one thing that works like in the

compact case: nothing ! ”

Idea: Bounded Geometry

• Control over the metric and its derivatives

• Control over the mappings and their derivatives by the metric,

i.e. maps adapted to the geometry

Definition: A Riemannian manifold (Mn, g) has bounded geometry of

order k, 0 ≤ k ≤ ∞, if M has a positive injectivity radius rinj(M) and

the curvature tensor R and all is derivatives up to order k are uniformly

bounded; i.e the following two conditions (I) and (Bk) are satisfied:

(I) : rinj(M) = inf
x∈M

rinj(x) > 0

(Bk) : |∇iR| ≤ Ci , 0 ≤ i ≤ k.
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Examples of manifolds with bounded geometry:

• compact manifolds

• Lie groups

• homogeneous spaces

• covering spaces of Riemannian manifolds

• leaves of foliations of compact manifolds

These conditions I and Bk can be expressed as follows:

(I) ⇔ there exists a ball around 0 in Rn which is domain of normal

(geodesic) coordinates for all x ∈M .

(Bk)⇔ there exists a constant dk (independent of x ∈M) such that

‖gij‖Ck ≤ dk in any normal coordinate system

⇔ |Dαgij| ≤ cα, |α| ≤ k in any normal coordinate system

⇔ ‖Γm
ij‖Ck−1 ≤ d′k in any normal coordinate system

⇔ |DβΓm
ij | ≤ cβ, |β| ≤ k − 1, in any normal coordinate system.

Fact: There is no topological obstruction for a metric with bounded

geometry of any order.
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Bounded maps C∞,m(M, N):

Consider now (Mn, g), (Nn′, h) open, complete Riemannian manifolds sat-

isfying (I) and (Bk) and f ∈ C∞(M, N). Then the differential f∗ = Tf

is a section of T ∗M ⊗ f∗TN . We endow f∗TN with the induced connec-

tion f∗∇h. Then ∇g and f∗∇h induce connections ∇ in all tensor bundles

T
q
s (M) ⊗ f∗Tu

v (N). Therefore ∇mdf is well defined. Assume m ≤ k. We

denote by C∞,m(M, N) the set of all f ∈ C∞(M, N) satisfying

b,m |df | :=
m−1∑
i=0

sup
x∈M

|∇idf |x <∞.

Equivalently:

f ∈ C∞,m(M, N) ⇔ ∂α

∂xαfν is uniformly bounded in any normal coordinate

system; |α| ≤ m,1 ≤ m ≤ k.

What is the topology and geometry of C∞,m(M, N) ?
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The bounded diffeomorphism group Diffp,m(M) .

Problem: C∞,m(M)
⋂

Diff(M) is not a group, i.e

f ∈ C∞,m(M)
⋂

Diff(M) 6⇒ f−1 ∈ C∞,m(M).

We need an additional assumption :

Let (Mn, g) be an oriented, open, complete Riemannian manifold of bounded

geometry of order k, 1 < p < ∞, k ≥ m > n
p + 1. A choice of an orthonor-

mal basis in each TxM implies that |λ|min(df), the absolute value of the

eigenvalues of the Jacobian of f , is well defined. Set

Diffp,m(M) := {f ∈ Ωp,m(M, M) | f orientation pres. isom. |λ|min(df) > 0}.

Theorem: Each component of Diffp,m is a Ck+1−m Banach manifold,

and for p = 2 it is a Hilbert manifold.

Theorem: Assume (Mn, g), k, p, m as above.

a) Assume f, g ∈ Diffp,m, g ∈ comp (idM) ⊂ Diffp,m. Then g ◦ f ∈ Diffp,m

and g ◦ f ∈ comp (f).

b) Assume f ∈ comp(idM) ⊂ Diffp,m.

Then f−1 ∈ comp(id) ⊂ Diffp,m.

c) comp(id) is a metrizable topological group.
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Volume preserving and symplectic diffeomorphisms

Theorem: Assume (Mn, g) is an open manifold satisfying the conditions (I)

and (Bk), k ≥ m ≥ r > n
2+1 and the spectral condition inf σess(∆1|(ker∆1)⊥

) >

0. Let ω be a Cm-bounded closed q-form with infx∈M |ω|2x > 0, and consider

Diffr
ω = {f ∈ Diffr|f∗ω = ω)}.

Then the group Diffr
ω,o = Diffr

o ∩Diffr
ω is a Ck−r+1 submanifold of Diffr

o .

Theorem: Assume (Mn, g) with (I) and (B∞) . Let ω be a C∞-bounded

strongly nondegenerate closed q-form, q = n or q = 2, and assume the

spectral condition above. Set Diff∞ω,o = lim←r Diffr
ω,o .

Then {Diff∞ω,o , Diffr
ω,o| r > n

2+1} is an ILH-Lie group and the Lie algebra of

Diff∞ω,o consists of divergence free ( q = n), or locally Hamiltonian (q = 2)

vector fields X with finite Sobolev norm |X|r for all r.
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Applications

1) Classical Euler equations for an incompressible, homogeneous fluid
without viscosity

Ecl

{
∂u
∂t +∇u(t)u(t) = grad p

div u(t) = 0

where u = u(x, t) is a time dependent C1 vector field on (Mn, g),
∇ = ∇g, div = divdvolx(g). Additionally, we assume u(t) ∈ Ωr(TM) for all t

which means that the fluid moves very slowly at infinity , r > n
2 + 1. Then

u(t) defines a 1-parameter family of diffeomorphisms ft defined by

dfs

ds
|s=t = u(t) ◦ ft .

The ft remain in the indentity component of Diff
∞,r
µ (M), since f0 = id ,

div u = 0, and µ = dvolx(g).

Theorem: Assume (Mn, g) with (I) and (Bk), inf σe(∆1|(ker ∆1)⊥
) > 0,

k−2 ≥ r > n
2+1. Then u(t) satisfies the classical Euler equations (Ecl)

iff {ft}t is a geodesic in Diff
∞,r
µ,0 (M).

• short time existence of unique solutions

• smooth regularity of solutions
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2) Topological Euler equations

µ = fixed volume form on (M, g)

u = u(x, t) is a time dependent C1 vector field on (Mn, g)

∇ = ∇g the Riemannian covariant derivative

but now div = divµ , defined by LXµ = (divµX)µ.

The topological Euler equations are given by

(Etop)

{
∂u
∂t +∇u(t)u(t) = grad p

divµ u(t) = 0

Theorem: Assume (Mn, g) with (I) and (Bk), inf σe(∆1|(ker ∆1)⊥
) > 0,

k − 2 ≥ r > n
2 + 1.

Then u(t) satisfies the topological Euler equations (Etop) iff {ft}t is a

geodesic in Diff
∞,r
µ,0 (M).

• short time existence of unique solutions

• smooth regularity of solutions

9



3) Non-homogeneous Euler equations

The non-homogeneous Euler equations with a mass density ρ(x, t) > 0
are given by

ENH


∂u
∂t + ∇u(t)u(t) = 1

ρ grad p
∂ρ
∂t + (grad ρ) · u = 0

divµ u(t) = 0 .

(1)

If ρ = constant these are the classical homogeneous Euler equations.
For µ = µ(g) the corresponding equations on Diffs

µ(M) are not right in-
variant, i.e. they are not derivable from Arnold’s method as above. But if
we take µ̃ = ρoµ(g) as volume form, then we have the following

Theorem: (Eichhorn-Schmid )
u(t) is a solution of ENH ⇔ (ft)t the flow of u(t) is a geodesic on
Diffs

µ̃(M) and ρ(x, t) = ρo(f
−1
t (x)), where the volume form is µ̃ = ρoµ(g).

work in progress
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