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1. Classical Euler Equations
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Let (M, g) be a smooth compact Riemannian manifold with volume u and
Dif fi(M) ={f: M — M|volume preservingH?® — dif feomorphism, f*u = p}
the volume preserving diffeomorphisms

Theorem: (Ebin-Marsden, 1970)

Dif f;(M) is an infinite dimensional Riemannian manifold (Lie group)
and the Euler equations (E;) are equivalent to geodesics on Dif f;(M).
e short time existence of unique solutions

e smooth regularity of solutions

Notice:

1) M compact

2) 1 = Riemannian volume form of metric g

3) V = VY the covariant derivative of the metric g.

We generalize this theorem to open , non compact manifolds and and to
1 any volume form on M (not Riemannian).



2. NON-COMPACT case: (Eichhorn, Schmid)

Eichhorn:

"In the non-compact case there is exactly one thing that works like in the
compact case: nothing ! ™"

Idea: Bounded Geometry

e Control over the metric and its derivatives

e Control over the mappings and their derivatives by the metric,

i.e. maps adapted to the geometry

Definition: A Riemannian manifold (M"™, g) has bounded geometry of
order k, 0 < k < oo, if M has a positive injectivity radius r;,;(M) and
the curvature tensor R and all is derivatives up to order k are uniformly
bounded; i.e the following two conditions (I) and (B;) are satisfied:

(1) @ rip; (M) = x'g}\} Tinj () > 0

(By): |VIR|<C;, 0<i<k.



Examples of manifolds with bounded geometry:
e compact manifolds

Lie groups

homogeneous spaces

covering spaces of Riemannian manifolds
leaves of foliations of compact manifolds

These conditions I and B can be expressed as follows:

(I) & there exists a ball around 0 in R™ which is domain of normal
(geodesic) coordinates for all x € M.

(By) < there exists a constant d; (independent of x € M) such that
gijllox < dj, in any normal coordinate system

& | D% < ca, |af <k in any normal coordinate system

< Ml or-1 < dj. in any normal coordinate system

& Dﬁl’?ﬂ <cg, || < k-1, in any normal coordinate system.

Fact: There is no topological obstruction for a metric with bounded
geometry of any order.



Bounded maps C°™(M,N):

Consider now (M“,g),(N“/,h) open, complete Riemannian manifolds sat-
isfying (I) and (Bg) and f € C°(M,N). Then the differential f. = Tf
is a section of T"M ® f*I'N. We endow f*I'N with the induced connec-
tion f*V". Then V9 and f*V" induce connections V in all tensor bundles
Td(M) ® f*T*(N). Therefore V™df is well defined. Assume m < k. We
denote by C°™(M, N) the set of all f € C°°(M, N) satisfying

m—1

bm |df| := Y sup |Vidf|s < oco.
i=0 TEM

Equivalently:
f e C®(M,N) < %f” is uniformly bounded in any normal coordinate
system; |a| <m,1 <m < k.

What is the topology and geometry of C>™(M,N) ?



The bounded diffeomorphism group Dif f>™(M) .

Problem: C°™(M)NDiff(M) is not a group, i.e

f e C®omMM)NDiff(M) # f~1 € C™™(M).

We need an additional assumption :

Let (M™, g) be an oriented, open, complete Riemannian manifold of bounded
geometry of order k, 1 <p<oo, k>m > %—I— 1. A choice of an orthonor-
mal basis in each T, M implies that |A|,,;n(df), the absolute value of the
eigenvalues of the Jacobian of f, is well defined. Set

Dif fP(M) = {f € QP (M, M) | f orientation pres. isom. |A|yin(df) > 0}.

Theorem: Each component of Dif fP™ is a Ck¥t1-™ Banach manifold,
and for p = 2 it is a Hilbert manifold.

Theorem: Assume (M", g), k,p, m as above.

a) Assume f,g € Dif fP™ g & comp (idy;) C Dif fP™. Then go f € Dif fP™m
and go f € comp (f).

b) Assume f € comp(idys) C Dif fm,

Then =1 e comp(id) C DiffPm™.

c) comp(id) is a metrizable topological group.



Volume preserving and symplectic diffeomorphisms

Theorem: Assume (M™, g) is an open manifold satisfying the conditions (1)
and (By),k > m > r > 5+1 and the spectral condition inf 0633(A1|(ke7~A1)J—) >

0. Let w be a C™-bounded closed ¢-form with inf,c,s |w|2 > 0, and consider

Diffl, ={f € Dif f'|ffw =w)}.
Then the group Dif I, , = Dif fyNDif fr is a C*~"+1 submanifold of Dif f}.

Theorem: Assume (M™, g) with (I) and (Bx) . Let w be a C°°-bounded
strongly nondegenerate closed g-form, ¢ = n or ¢ = 2, and assume the
spectral condition above. Set Diff5%, = lim—, Dif fg , -

Then {Dif 3% , Diffi, ol 7 > 5+1} is an ILH-Lie group and the Lie algebra of
Dif 3% consists of divergence free ( ¢ =n), or locally Hamiltonian (¢ = 2)
vector fields X with finite Sobolev norm |X|, for all r.



Applications

1) Classical Euler equations for an incompressible, homogeneous fluid
without viscosity

E, % + Vu(t)u(t) grad p
c divu(t) = 0

where u = u(x,t) is a time dependent C! vector field on (M7, g),
V = VY9, div = divg,e,g)- Additionally, we assume u(t) € Q"(T'M) for all ¢
which means that the fluid moves very slowly at infinity , r > %—l— 1. Then
u(t) defines a 1-parameter family of diffeomorphisms f; defined by

df s

£s=t = u(t) o fr .

The f; remain in the indentity component of Diff, " (M), since fo =1id
divu =0, and p = dvolz(g).

Theorem: Assume (M" g) with (I) and (Byg), infae(A1|(ker Al)J') > 0,
k—2>r>5+1. Then u(t) satisfies the classical Euler equations (E)
iff {f;}; is a geodesic in Diffﬁ?dr(M).

e short time existence of unique solutions

e Smooth regularity of solutions



2) Topological Euler equations

n = fixed volume form on (M, g)

w=u(z,t) is a time dependent C! vector field on (M™", g)
V = VY9 the Riemannian covariant derivative

but now div = div,, , defined by Lxu = (div,X)pu.

The topological Euler equations are given by
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Theorem: Assume (M",g) with (I) and (B;), infae(A1|(ker Al)J‘) > 0,
k—2>r>5+1.

Then u(t) satisfies the topological Euler equations (E,,) iff {f;}; is a
geodesic in Diffifdr(M).

e short time existence of unique solutions

e smooth regularity of solutions



3) Non-homogeneous Euler equations

The non-homogeneous Euler equations with a mass density p(z,t) > 0
are given by

(

% + Vauyu(®)
Eng o 8—§ + (grad p) -u
div,, u(t)

grad p

(1)

|
O Ox|-

If p = constant these are the classical homogeneous Euler equations.

For u = pu(g) the corresponding equations on Dif f;(M) are not right in-
variant, i.e. they are not derivable from Arnold’'s method as above. But if
we take 1 = pou(g) as volume form, then we have the following

Theorem: (Eichhorn-Schmid )

u(t) Is a solution of Eyy < (ft): the flow of u(t) is a geodesic on
Diffﬁ(M) and p(x,t) = po(ft_l(a?)), where the volume form is i = pou(g).
WOrK in progress
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