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DIFFEOMORPHISM GROUPS OF
OPEN MANIFOLDS

1. Review COMPACT case:

Let M be a smooth compact manifold and

Diff(M) = {f : M — M|dif feomorphism} the group
of diffeomorphisms . For different classes of diffeomor-
phisms we have the following classical results:

e diffeomorphisms of class Ck. k < oo
Diff¥(M) is a Banach manifold
(Palais 68, Omori 74)

e diffeomorphisms of class C°
Dif f°(M) is a Fréchet manifold
(Omori, Gutknecht, Schmid, 78)

e diffeomorphisms of Sobolev class H®, s > %dimM
Dif f$(M) is a Hilbert manifold
(Ebin-Fischer-Marsden 70, Ratiu-Schmid 79)



Lie group structure of Dif f(M)

The group multiplication

m : Dif fSTUM) x Dif f$(M) — Dif f5(M)

m(f,qg) = fogqg is of class C*

egift=0 : m is only continuous.

The inversion map

it Dif fSTHM) — Diff5(M)

i(f) = f~1 is of class C?

eg. if t=0 17 is only continuous.

In the notion of nested Lie groups (Adams, Ratiu,
Schmid; Omori) we have the Fréchet Lie group
Dif f°(M) as inverse limits

Diff*(M) =lim, Diff*(M), ILB — Lie group
Dif f°(M) = lim s Dif f5(M), ILH — Lie group
The Lie algebra of Diff(M) is identified as tangent
space at the identity e = id , TeDif f(M) ~ Vec(M) the
space of vector fields on M. This is only a Lie algebra

(i.e. closed under the bracket) for C° vector fields.

The exponential map EXP : Veec(M) — Diff(M)
X — d;—q the flow of X at time ¢t =1 is NOT a local
diffeomorphism, it is not locally onto !



Important Subgroups of Dif f>°(M):
1) Volume preserving diffeomorphisms

Let © be a volume form on M and

Dif fi°(M) ={f | f*p = u} the group of volume preserv-
ing diffeomorphisms. Then Dif f;°(M) is an ILH - (ILB)
- Lie group (a closed subgroup of Dif f°(M)) with Lie
algebra Vec?(M) = {§ € Vec™(M)| div,§ = 0} the space
of divergence free vector fields on M.

( VecP(M) is a Lie subalgebra of Vec™(M).)

2) Symplectomorphisms

Let w be a symplectic 2-from on M and

DiffSe(M) ={f | ffw = w} the group of canonical trans-
formations, (symplectomorphisms). Then Dif fS°(M)
is an ILH - (ILB) - Lie group (a closed subgroup
of Dif f°(M)) with Lie algebra: Vec(M) = {£ €
Vec™®(M)| Lew = 0} the space of locally Hamiltonian
vector fields on M.

( Vec2°(M) is a Lie subalgebra of Vec>*(M).)



2. NON-COMPACT case:

Boos-Bleecker: Topology & Analysis: Atiyah-Singer
Index formula & Gauge theoretic Physics:

" In what follows, the manifolds M is "closed” i.e. com-
pact, without boundary. We make this convention in
part for convenience ( in order to make some proofs go
easier) but also because otherwise some of the following
theorems would be meaningless or false.”

Eichhorn: '"In the non-compact case there is exactly
one thing that works: nothing "

Example: Let M"™ and N™ be open manifolds, then a
map f: M" — N™ is of Sobolev class H* if and only if the
local representatives f} Ui CR" =V, C R"™ are of class
H#, where M C U(Us, ¢3), N CU(Vj,%5), fi = biofops L.
These covers are finite if M, N are compact.

This definition is invariant & s> 75+ 1

In the compact case we can define the distance by

*(f,9) = (CIIfi — g}2)2
(2¥)

T hese definitions are meaningless if M, N are open |



Idea: Bounded Geometry
e Control over the metric and its derivatives

e Control over the mappings and their derivatives by
the metric, i.e. maps adapted to the geometry

Definition: A Riemannian manifold (M",g) has
bounded geometry of order k, 0 < k < oo, if M has a
positive injectivity radius r;,;(M) and the curvature ten-
sor R and all is derivatives up to order k are uniformly
bounded; i.e the following two conditions (I) and (Bg)
are satisfied:

(1) @ rip;(M) = xlg}\} Tinj(x) > 0

(Br): |[V'R|<C;, 0<i<k.

Examples of manifolds with bounded geometry:
e compact manifolds

e Lie groups

e homogeneous spaces

e covering spaces of Riemannian manifolds

e |leaves of foliations of compact manifolds



These conditions can be expressed as follows:

(I) The exponential map expy : ToM — M is a diffeo-
morphism from an open ball Bx(0,r) C TM of radius r
around O in T3 M onto an open neighborhood Uz, C M of
x in M. Let rp ;= sup(r), i.e. the biggest radius in T, M
such that exp, is a diffeomorphism. Then the injectivity

radius is def. by r;,; := inf cpsrz, i.€ 1y, is the smallest
distance from x where geodesics intersect.
Hence

(I) < there exists a ball around 0 in R™ which is domain
of normal (geodesic) coordinates for all x € M.

(Bj) < ther exists a constant d;, (independent of x € M)
such that ||g;j||-x < dj in any normal coordinate system
& |D%;] < ca, |af <k in any normal coordinate system
< Ml gr-1 < dj. in any normal coordinate system

& |D5I';7'}| < cg, |B] < k-1, in any normal coordinate
system.

Fact: Given an open manifold M™ and k > 0, then there
exists a complete Riemannian metric g on M™ satisfying
the conditions (I) and (By); i.e there is no topological
obstruction for a metric with bounded geometry of any
order.



Bounded maps C°"™(M,N):

Consider now (M”,g),(N”',h) open, complete Rieman-
nian manifolds satisfying (I) and (B;) and

f e C®(M,N). Then the differential fx = T'f is a section
of T"M ® f*I'N. We endow f*I'N with the induced con-
nection f*V". Then VY and F*V" induce connections V
in all tensor bundles Td(M)® f*T¥(N). Therefore Vdf is
well defined. Assume m < k. We denote by C>°™ (M, N)
the set of all f € C°°(M, N) satisfying

m—1

bm |df| == 3" sup |Vidf|e < occ.
i=0 xeM

Equivalently:
f e CmM(M,N) %f” is uniformly bounded in any
normal coordinate system; |a| < m,1 < m < k.

What is the topology and geometry of C™(M,N) 7



Review COMPACT case:

Local coordinates in C°°(M, M)

As for finite dimensional manifolds the parameter space
at a point f € C°°(M, M) is isomorphic to the tangent
space TyC®(M,M) ~ C®°(f*T'M) the space of vector
fields along f.

Canonical chart at e =id € C°(M,M): T.C°(M,M) ~
Vec™® (T M) the space of vector field on M. The exponen-
tial map expy : ToM — M , expr(v) := geodesic tangent
to v through x att=1. The map Exp : TM — M x M,
Fxp(vg) := (x,exps(v)) is a local diffeomorphism from a
neighborhood U(0) € T'M onto an open neighborhood
V(A) C M x M, (A the diagonal in M x M).
Definition:

e feC®(M,M) is close to id € C>°(M, M)

& graph(f) C V(A)

e £ e Vec™®(M) is close to 0 € Vec™ (M)

< E(M) CcU(0)

e &(f) :=Exzplo(id, f) is a local bijection

This defines a chart at id of C>°(M, M) if M is compact!



We can choose different topologies on the parameter
space Vec(M) ~ TeC®(M,M):

e CF - top: Vect(M) is a Banach space, k < oo

o O - top: Vec™® (M) is a Fréchet space,

o H - top: Vec®*(M) is a Hilbert space, s > idimM
independent of trivialisation if M is compact.

Facts:

e {X close to 0} C Vec®(M) is open & M is compact.
e The change of coordinates is C° if M is compact
(o -lemma, 2 - lemma ).

Theorem: If M is compact then
Ck(M, M), C°(M,M), C5(M,M) are smooth Banach-
Fréchet-, Hilbert- manifolds.

Dif f*(M) is open in C*(M, M) hence a smooth Banach-
Fréchet-, Hilbert- manifolds.
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NON compace case

Let (M",gq), (N”/,h) be open, complete Riemannian
manifolds satisfying the conditions (1), (By).

Let f € C™(M,N) and £ € C°(f*TN).

Define g¢ : M — N © ge(x) := empf(x)(ﬁ(f(zv)), (= exp §).

Proposition: Assume m <k, f € C>®™(M,N) and
£ € CO(f*TM) with

m

bm |¢| 1= Z sup |Vi£|g; <Oy < 7ipi(N).
i=0 €M

Then ge =exp £ € C™(M, N).

Definition: We define " f close to ¢" in C°™(M,N) in
the L,-category: Let 0 <& < 3r;;,j(N),1 < p < oo.

Vs ={f,g€ C"(M,N) | 3 € C(f*TN) st. g=g¢ }

and [€lpm == (| 3 IV d volo(9))!/P < 6}
1=0

Theorem (J.Eichhorn): V:= {V5}0<5<rmj(M)/2 is a
basis for a metrizable uniform structure on C°"™(M, N).
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We denote by QP"™(M, N) the completion of C™ (M, N)
with respect to this uniform structure. EXxplicit descrip-
tion of QP (M, N):

Proposition: f e QP"(M,N) & f=expgoy,
feC®m(M,N), £ € C®(g*TN,g*V), [{lpm <e.

Theorem: Let (M”,g),(N”/,h) be open, complete
Riemannian manifolds of bounded geometry of order
kE,1<p<oo, m<k, m> %—I— 1. Then each component
of QP™(M,N) is a Ckt1-m_Banach manifold, and for
p =2 it is a Hilbert manifold.

Remarks:
e Neighborhood of f € QP (M, N): let 0 <& < 7r,;(N)

Us = {g € QP(M,N)|g =exp &, £ € CC(f'TN), [€lpm <€

o TyQPM(M,N) = QP™(f*TN)

e Change of coordinates: exp, o eq;pjTl is ¢k—m+1,
If M is compact then k£ = co.

o If g € comp(f) then T QP"™(M,N) ~ TyQP"™ (M, N)
otherwise not.
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The bounded diffeomorphism group Dif fP™ (M) .

Problem: C>>™(M)NDiff(M) is not a group, i.e

f e COMM)NDiff(M) # [~ € CoM(M).

We need an additional assumption :

Let (M™ g) be an oriented, open, complete Rieman-
nian manifold of bounded geometry of order k£, 1 < p <
oo, k>m > %—I— 1. A choice of an orthonormal basis in
each TpM implies that |A|,;»n(df), the absolute value of
the eigenvalues of the Jacobian of f, is well defined. Set

Dif fP(M) = {f € QP (M, M) | f is injective, subjective

preserves orientation and |\|in(df) > 0}.

Theorem: Dif fP™ is open in QP (M, M) in particular,
each component is a C*¥t1-m_Banach manifold, and for
p =2 it is a Hilbert manifold.

Theorem; Assume (M",g),k,p,m as above.

a) Assume f,g € DiffP™ g € comp (idy;) C Dif fP™.
Then go f € DiffP™ and go f € comp (f).

b) Assume f € comp(idy;) C Dif fPm,

Then f=1 € comp(id) C DiffPm.

c) comp(id) is a metrizable topological group.
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Differentiability of the group operations

The differentiability of group multiplication (com-
posiyion) and inversion follows from the o - and w -
lemma.

Theorem: (o - lemma)
Assume m < k, m > % + 1, f & DiffP"™(M).
Then the right multiplication

oy Dif f'"" (M) — Dif fP™(M), ar(g) =gof
is of class ¢kt1-m,

Theorem: (w - lemma)

let k+1—(m+s) > s f € Difff™ (M) c
Dif f&"(M), m > S+ 1

Then the left multiplication

wy Dif fO(M) — Dif fP"(M), wi(g) = fog
is of class C'°.

Main Theorem:(J. Eichhorn)

Let (M™ g) be an open, oriented, complete Rieman-
nian manifold satisfying (I), (Bso) . Let Dif fi™°(M) :=
lim— Dif f5"" (M) with the inverse limit toplogy. Then

(Dif (M), Dif FE™ (M) | m >+ 1)

is an ILB - Lie group; and for p = 2 it is an ILH - Lie
group.



14
Volume preserving and symplectic diffeomprphisms

Theorem: Assume (M™, g) is an open manifold satis-
fying the conditions (1) and (Bg),k > m > r > 5+ 1
and the spectral condition inf 0633(A1|(k€rA1)L) > 0. Let
w be a C™-bounded closed ¢-form with inf ¢ |w|2 > 0,
and consider D!, = {f € D"|f*w = w)}. Then the group
DI, ,= D5n D is a Ck="T1 submanifold of DJ.

Theorem: Assume (M"™, g) with (I) and (Bsx) . Let w
be a C°°-bounded strongly nondegenerate g-form, ¢ = n
or g = 2, and assume the spectral condition above. Set
D7y = lim—rD},, . Then {Df;?o ,DZ;70| r > %—I— 1} is an
ILH-Lie group and the Lie algebra of ijfo consists of
divergence free ( ¢ = n), or locally Hamiltonian (g = 2)

vector fields X with finite Sobolev norm | X | for all 7.
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Applications

1) Euler's equations of incompressible fluids are equiva-

lent to geodesics on Dif f 3"
Analogous results hold for compressible fluids (in

progress).

2) The group of bounded quantomorphisms on an open
manifold form an ILH - Lie group.

3) The group of invertible , bounded pseudodifferential
operators form an ILH - Lie group.

4) The group of invertible , bounded Fourier integral
operators form an ILH - Lie group.



