UNRAMIFIED COHOMOLOGY OF CLASSIFYING VARIETIES
FOR EXCEPTIONAL SIMPLY CONNECTED GROUPS

R. SKIP GARIBALDI

ABSTRACT. Let BG be a classifying variety for an exceptional simple simply
connected algebraic group G. We compute the degree 3 unramified Galois
cohomology of BG with values in (Q/Z)’(2) over an arbitrary field F. Com-
bined with a paper by Merkurjev, this completes the computation of these
cohomology groups for G semisimple simply connected over all fields.

These computations provide another family of examples of simple simply
connected groups G such that BG is not stably rational.

Let G be an algebraic group over a field F' with an embedding p: G — SL,
over F'. We call BG a classifying space of G. We will compute the unramified
cohomology of BG, defined as follows. We write H?(F) for the Galois cohomology

group HY(Gal(F),(Q/Z)'(d — 1)), where (Q/Z)'(d — 1) = lim | p2 @Y for n not
divisible by the characteristic of F. For each d > 2, define H? (BG/F) (or simply
HY.(BG@)) to be the intersection of the kernels of the residue homomorphisms

(0.1) dy: HY(F(BG)) — H¥1(F(v))

as v ranges over the discrete valuations of F(BG) over F. The natural homomor-
phism HY(F) — HY%.(BG/F) is split by evaluation at the distinguished point of
BG; this gives a direct sum decomposition of H¢.(BG), and we denote the com-
plement of HY(F) by H% (BG)uorm- This group depends only on G and F [M 02,
2.3].

This paper completes the computation of H3 (BG/F)yorm for G semisimple sim-
ply connected and F' arbitrary. The computation is quickly reduced to the case
where G is simple simply connected [M 02, §4]. In [M02], H3.(BG)norm Was com-

puted for G simple and classical. We compute it for the remaining cases, where G
is exceptional, that is, where G is of type Ga, 2Dy, D4, Fy, Es, E7, or Es.

Main Theorem 0.2. Let G be a simple simply connected exceptional algebraic
group defined over a field F'. Then

7/ if char F # 2, G is of type °Dy4, and G has
H? (BG)norm = a nontrivial Tits algebra
0 otherwise.

(See 5.3 for an explanation of the characteristic # 2 hypothesis.)

The general motivation for studying H¢ (X) is that it can sometimes detect if
X is not stably rational, see [C, pp. 35-39]. It was an open question whether BG is
stably rational for G’ semisimple simply connected. The first counterexamples were
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provided in [M 02], where Merkurjev exhibited groups G of type 24,,, 2D3, and D,
with H2.(BG)porm # 0, hence with BG not stably rational. The results here give
another class of such G’s, see 7.2.

Our basic tool is that one can compute H32 (BG)norm by inspecting the ramifi-
cation of the Rost invariant of G, see [M 02] or 5.2. Many questions are settled by
hopping along the chain of inclusions

GQCD4CF4CE6CE7CE8

of split groups, see §6 and 5.5.

The most interesting part of the proof is where we show that the mod 4 portion
of the Rost invariant is ramified for groups of type 2FEg. We prove (in 3.1) that every
isotropic trialitarian group embeds in a group of type ?Eg with trivial Tits algebras.
This settles the question, since the mod 4 portion of the Rost invariant for groups
of type ®Dy is easily shown to be ramified (6.3). The proof of 3.1 uses Galois descent
and interpretations of exceptional groups as acting on nonassociative algebras.

Remark 0.3. Computations of H¢.(X/F) in the literature for X a smooth variety
(e.g., a classifying variety) typically assume that F' is algebraically closed. The
examples of nonrational classifying varieties BG provided here and in [M 02] require
that F is not algebraically closed (e.g., F = Q).

1. VOCABULARY

An (affine) algebraic group is simple if it is # 1, is connected, and has no nontriv-
ial connected normal subgroups over an algebraic closure. (These groups are often
called “absolutely almost simple”.) Simple groups are classified in, e.g., [KMRT,
Ch. VI]. We say that a group is of type T, if it is simple with root system of type
T,, and of type 'T,, if additionally the absolute Galois group of F' acts as a group
of automorphisms of order ¢ on the Dynkin diagram.

Let V be a finite-dimensional irreducible representation of an algebraic group
G over F. The F-algebra Endg(V) is a skew field by Schur’s Lemma, and it is
finite-dimensional over F; it is called a Tits algebra for G. If it is a (commutative)
field, we say that it is trivial.

The Dynkin index ng of a simple simply connected algebraic group G is a natural
number which depends only upon the type of G' and the (Schur) indices of its Tits
algebras. The value of ng can be found in [M 03, App. B], for example:

38Dy, all Tits | 3°Dy, some Tits
type of G || G2 | alg’s trivial | alg’s nontrivial | Fy | 'Eg | ?E¢ | By | Es
ng 2 6 12 6 6 12 | 12 | 60

We have functors H'(*,G) and H?(*) which take a field extension of F and give
a pointed set and abelian group respectively. A degree 3 invariant of G with values
in (Q/Z)'(2) is a morphism of functors

H' (+,G) — H(x)

which takes base points to base points. Such invariants are often called “normal-
ized”. We write Inv®(G) for the abelian group of such invariants. (Clearly, this
definition makes sense for every algebraic group G over F.)

Let p = char F' if the characteristic is prime and p = 1 otherwise. Write ng =
pFni;, where nj; is a natural number prime to p. The group Inv*(Q) is cyclic of
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order ng. It has a canonical generator r¢ which we call the Rost invariant of G.
(This is the prime-to-p part of what is called the Rost invariant in [M 03]. I do not
know how to define a residue map for the p-primary part.)

For a: H — G a map between simple simply connected algebraic groups over
F, there is a positive integer n, called the Rost multiplier or “Dynkin index” of «,
see [M 03, §7]. It has the properties: ny divides nong and for every extension FE
of F', the composition

HY(E,H) —*— HY(E,G) —“— H*(E)

1S NaTH-
2. Ay C Dy

2.1. In this section, we assume that F' contains a primitive cube root of unity and
hence has characteristic # 3. Let L be a cubic Galois extension of F'; by Kummer
theory it is obtained by adjoining a cube root of some element A\ € F*. We write
(A\) for the corresponding class in F*/F*3 = HY(F, u,), where p4 is the algebraic
group of cube roots of unity.

The short exact sequence 1 — pg — SL3 — PGL3 — 1 induces a connecting
homomorphism §: H'(F, PGL3) — H?*(F, p3).

Lemma 2.2. Continue the hypotheses of 2.1. Let G be the quasi-split simply con-
nected group of type Dy associated with the extension L/F. Then G contains a
subgroup isomorphic to PG L3 such that for every extension E of F the diagram

H'(E, PGLs) “~" 2%, 13(B, u$?)
HY(E,G) _re H3(E)

commutes up to sign, where the arrow on the right comes from the natural map
13 — (Q/Z)(2).

Proof. We have maps

(2.3) PGL3 x p3 — Sping XZ/3 —— F,

where Fy denotes the split algebraic group of that type and we identify w4 with Z/3
using the primitive cube root of unity in F. The first map comes from the fact that
PGL3 = Aut(M;5(F)) preserves the subspace of trace zero elements in M3(F'), see
[KMRT, pp. 504, 505]. The second map comes from the Springer decomposition
of Albert algebras, see [KMRT, 38.7]. The group Z/3 acts on Sping in a manner
which cyclically permutes the vector and half-spin representations and fixes PG L3
elementwise. The map Sping — F; has Rost multiplier 1.

When we twist the groups in (2.3) by (\) and restrict to connected components,
we obtain the sequence

(2.4) PGL; —— G —— F,

The map H'(ou) sends a class [A] € H'(E, PGL3) of a central simple E-algebra
of degree 3 to the class of the first Tits construction [J(A,\)] € HY(F, Fy), see
[KMRT, 39.9]. The composition rg, o H!(ow) is, up to sign, the composition of §
with the cup product - U (A) by [KMRT, p. 537]. Since ¢ has Rost multiplier 1,

rr, o HY(0) = rg, and the lemma is proved. ([l
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3. 319476134 C 2E6

In this section, we assume that F' has characteristic # 2. A simple algebraic
group is said to be trialitarian if it is of type D4 or ®D4. It is well-known that
every quasi-split simply connected trialitarian group is a subgroup of the split Fy,
hence of every simply connected quasi-split Eg, and the inclusion has Rost multiplier
1. In this section, we prove:

Theorem 3.1. (char F' # 2) Let T be a trialitarian simply connected group over
F which is F-isotropic but not F-quasi-split. Let K be a quadratic extension of F
such that T is K -quasi-split. Then there exists a simply connected group G of type
°E¢ over F' such that

(1) all of G’s Tits algebras are trivial;
(2) G is of type 'Eg over K; and
(3) T is a subgroup of G with Rost multiplier 1.

Given a T as in the first sentence of 3.1, such a K always exists by [Ga98, 0.1].
‘We postpone the proof of the theorem until the end of this section.

3.2. Let € be the split Cayley algebra over F' with canonical involution (a.k.a.
“conjugation”) me. Fix the basis uq, ..., ug of € as in [Ga98] and [Ga0la] so that
the bilinear norm form is n(z,y) = rme(y) + yme(x) is given by n(us, uj) = d¢ivj).0
(Kronecker delta). Write o for the involution on GL(€) which is adjoint for n.

Let R denote the subgroup of GL(€)*? consisting of so-called related triples
of proper similitudes of n, see [Ga98, §1] or [KMRT, §35] for a definition. This
group is reductive with center of rank 2; its derived subgroup consists of triples
t = (to,t1,t2) with t; € SO(n) for all ¢ and is isomorphic to Sping [KMRT, 35.7].

The group S3 = (r,7 | 73 = 72 = 1, mr = r?7) acts on R via

"t = (t1,t2,t0) and  "(to,t1,t2) = (Tetome, TetaTe, Tel1Te).
Define R x S3 to be the Cartesian product R x S3 with multiplication

(o) (. 8) = (L-°t', ap).

The split Albert algebra J has underlying vector space the matrices in M3(€)
fixed by the conjugate transpose. With that in mind, we may write a general
element of J as in (3.4) below where ¢; € F, ¢; € €, and the entries given as - are
forced by symmetry. The algebra J has a canonically determined norm form; write
Inv(J) for the group of norm isometries.

There is an injection ¢g: R X S3 < Inv(J) defined by

€0 ca - (o) teo  ta(ca) :
gt (c' €1 §°> = : p(t1) " ter  to(co) )
1 2 tl(Cl) . /t(t2)7162
c0 2 €& C - 0 on - €0 TeC1
gr (C. €1 c0> = - &2 C1 , and g ( S el CO) = : €2 TeCo
1 €2 c1 E9
c2 - €o TeC2 : €1
3.3. Construction of a quasi-split ?Fs. The algebra J is also endowed with a
nondegenerate symmetric bilinear form s defined by
2
s(z,y) =Try(zy) = ) [eivi +n(ci, d;)]
i=0
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for

Ep C2 - vo d2 -
(34 r= (0 %) y:(d; ”.”52)'
For each f € GL(J), there is a unique fT € GL(J) such that s(f(x), fT(y)) = s(x,7)
for all z,y € J.

The map f +— f1 restricts to automorphisms of Inv(J) and R x Ss defined over
F. We have

rf=r al=n, and t' = (o(te) !, 0(t1)7 1, 0(t2)™1).

Let ¢ be a generator for Gal(K/F). We define the groups E and H to be the
groups Inv(J) and R with twisted t-actions: For f a K-point, we set ‘f = tfTs
where the action on the left is the new action and juxtaposition denotes the usual
action. The group EE is quasi-split of type %Fg.

3.5. Proof of Theorem 3.1. Since T is isotropic and not quasi-split, it has a Tits
algebra which is a nonsplit quaternion algebra ) over a cubic extension L of F
[Ga98, 0.1]. Put K = F(v/b). Since T is K-quasi-split, Q is split by L(v/b), hence
Q is of the form (a,b)r, for some a € L* such that Ni p(a) = 1 [KMRT, 43.9].
Since @ is not split over L, it is not split over the normal closure L¢ of L/F [Ga 98,
3.2]. In particular, L® does not contain a square root of b, so P = K @p L¢ is a
quadratic field extension of L°.

To simplify our argument, we assume that L is not Galois over F', so Gal(L¢/F)
is isomorphic to S3. (This is the case that will be used in the rest of the paper.
The other case — where L is Galois over F' — is only easier.) Then, the group
Gal(P/F) is isomorphic to S5 X pt = Z/6 X p, where the factor of Z/6 corresponds
to the subgroup Gal(P/A) for A the unique quadratic extension of F in L. We fix
generators ¢ := (r~1, —1) € S3x p, (which generates the copy of Z/6) and 7 = (m, 1)
(which generates the copy of py in Z/6 x p, corresponding to Gal(P/L(V/b))).

We construct the group G by descent as follows. The group EZ — and hence
H % S3 — is a closed subgroup of GL(V') for some F-vector space V. (Specifically,
E[ is the group of algebra automorphisms of a Brown algebra with underlying
vector space V, cf. [Ga01lb, 2.9(2)].) We call an additive homomorphism f: VQP —
V ® P w-semilinear if there is some w € Gal(P/F) such that

f(pv) =w(p)f(v) forallpe PandveV ® P.
Let ﬁ(V) denote the (abstract) group of such maps f. We define a group homo-
morphism ¢ : Gal(P/F) — GL(V) such that ¢(w) is w-semilinear for all w and
T(F) and G(F) are the subgroups of Sping(P) and EL(P) commuting with ¢(w)
for all w.
Define t = (to,t1,t2) € GL(€)*® by setting t; = m; P, for
m; = diag (17 pi(a)’ _pi(a)v pi+2(a)_17 pH_l (a)_lv -11, pi(a))

with p := (2, and P the matrix permuting the basis vectors as (12)(36)(45)(78),

for the basis of € fixed in 3.2 above. Since Ny, p(a) = 1, t is a related triple by
[Ga98, 1.5(3), 1.6, 1.8]. Set

(3.6) () =tr¢ and ¢(1) =nT.
We have
(¢ = (0(C(t)), o (¢ (1)), 0(C(t2))) ™ = (o(ta), o(to), o (tr)) =71t 1,
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since o(t;) = t; for all i. Hence

#(Q)* =% ¢(Q)* =t¢°, and

(3.7) $(¢)° =Idvgp.
Since m and 7 commute, we have

(3.8) ¢(r)* =1dvep.
Since

#(Q)° = 6(0)* - 9(¢)* = tr?¢®,

and 77 and ¢ commute, it is easy to verify that

(3.9) $(1)6(¢) = ¢(0)° (7).

Equations (3.7), (3.8), and (3.9) give that (3.6) defines a homorphism ¢: Gal(P/F) —
aE(V) Then the set map z: Gal(P/F) — H x S3 defined by 2z, := ¢(w)w ! is
in fact a 1-cocycle. (This correspondence between groups of semilinear transforma-
tions and 1-cocycles is well-explained in [Jac, §3].) Set G to be the twisted group
(E¥).; it automatically satisfies (2). Since z takes values in the simply connected
group EE, (1) holds.

Since the values of z normalize the subgroup Sping of E{, the twisted group
(Sping). is a subgroup of G. The inclusion has Rost multiplier 1 since the inclusion
Sping C E¥ over an algebraic closure arises from the natural inclusion of root
systems Dy C Es. The restriction of z to Sping is the descent given in [Ga98, 4.7]
to construct T, i.e., (Sping), is isomorphic to T', hence (3). |

Remark 3.10. The isotropic group G occurring in Theorem 3.1 is typically not
quasi-split, even over L. This can be seen by examining the mod 2 portion of the
Rost invariant for (z) € H'(P/L, E[), which is typically nontrivial by [GaO0la,
6.7].

4. A CONSTRUCTION

The purpose of this section is to construct a suitable extension of F' over which
we may apply 3.1:

Proposition 4.1. Let F be a field of characteristic # 2, and let K be a quadratic
extension of F. There is a reqular extension E of F and a group T of type D, over
E such that T is E-isotropic and (E ®@p K)-quasi-split, but not E-quasi-split.

Presumably one could prove 4.1 by applying [M 96] to produce a group Ty of
type %D, whose Tits algebras have index 8 and then extending scalars to function
fields of transfers of generalized Severi-Brauer varieties so that the Tits algebras of
Ty have index 2 and are split by a quadratic extension of the base field. Then by
[Ga98] there is a group T as in 4.1 with the same Tits algebras as in Ty. We give
a low-tech argument here.

Lemma 4.2. (char F # 2) For p,q € F*, the ring L = F(t)[x]/(z3 + px + qt) is
a separable cubic field extension of F(t) which is regular over F and not Galois
over F(t). There is a prolongation of the t-adic valuation on F(t) to L which is
unramified with residue degree 1 and with respect to which x has value 1.
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Proof. If L is not a field, then there is some a € F(t) such that a3 + pa + gt = 0.
Since a is integral over the UFD Ft], it belongs to F[t], so it makes sense to speak
of the degree of a. In particular, at least two of the terms a?, pa, and ¢t must
have the same degree, which is also the maximum of the degrees. This implies that
a cannot have positive degree. But then ¢, with degree 1, is the unique term of
maximal degree, which is a contradiction.

Since p, q are in F*, the discriminant —4p® — 27¢%*t? of L is not 0, hence L
is separable over F'. An argument similar to the one in the preceding paragraph
shows that the discriminant is not a square in F(t): Any square root b € F(t)
of the discriminant would belong to F[t] and have degree 1. Then the coefficient
of t in b* would be nonzero. Thus L is not Galois over F(t). If £ € L\ F(t) is
algebraic over F, then L is generated by ¢ as an F(t)-algebra and the discriminant
of the extension L/F(t) comes from F*/F*2 which is a contradiction. Hence F is
algebraically closed in L and L is regular over F.

Hensel’s Lemma gives that x> + pz + tq has a linear factor of the form = — 7 in
F((t))[x], where 7 has t-adic value 1. The map = — 7 gives an isomorphism of L
with the subfield F(t)(7) of F((t)), and the t-adic valuation obviously extends to
L so that x has value 1. Since F((t)) is the completion of F'(t) with respect to the
t-adic valuation and hence is unramified with residue degree 1, the claims about
ramification and residue degree of our prolongation to L follow. O

Lemma 4.3. (char F # 2) Let p,b € F* be such that the quaternion algebra (p,b)r
is nonsplit. Let L be as in Lemma 4.2. Then the quaternion algebra (x,b)r, is
nonsplit and is not isomorphic to (—qt,b)r,.

Proof. Since Ny g (x) = —qt, the corestriction of (x,b); down to F(t) is Brauer-
equivalent to (—qt,b)p(;). This algebra is split if and only if the quadratic form
(1, —b, qt) is isotropic over F'(t). Over the completion F'((t)), this form has residue
forms (1,—b) and (g). Since the algebra (p,b)r is nonsplit, the first form is
anisotropic, hence (1, —b, gt} is anisotropic over F'((¢)) by Springer’s Theorem. Thus
(—qt,b) p(t) is nonsplit, and hence so is (z,b)r.

For the sake of contradiction, suppose that (z,b), is isomorphic to (—gt,b),
i.e., the algebra (—xzqt,b)r, is split. Since

—z(qt) = —x(—2® —pzr) =2* + pr? =2 +p mod L*?,

the algebra (22 + p,b)z, is split.

Let L be a completion of L with respect to the prolongation of the t-adic
valuation on F(t) given by Lemma 4.2. The norm of (2 4 p,b)r is the form
(1,— (2 + p), —b, b(x% + p)) over L. Since z has value 1, over L this form has one
residue form (1, —p, —b, bp) over the residue field F'. This is the norm of the algebra
(p,b) , which is anisotropic because the algebra is nonsplit. By Springer’s Theo-
rem, the norm of (2% + p, b), is anisotropic over Z, hence the algebra is not L-split,
which contradicts our assumption that (z,b)r, is isomorphic to (—qt,b)r. O

4.4. Proof of 4.1. Write K as F(v/b). Let Fy := F(p,t) for p, t indeterminates.
Set Lo := Fy(t)[x]/(23 + px +t) as in 4.2. Set E to be the function field of the
Severi-Brauer variety of the quaternion algebra (—t,b)p,. Since E is regular over
Fy, L:= Ly ®p, E is a field which is cubic and not Galois over E; it is the function
field of the Severi-Brauer variety of (—t,b)r,.
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Since b is not a square in F', the quaternion algebras (p, ), is not split. By 4.3,
(x,b)L, is nonsplit and is not isomorphic to (—t,b)r,, hence (x,b)r = (z,b)r, ®L, L
is not split by a well-known theorem of Amitsur. The corestriction cory,/p(z,b)r
is (—t,b) g, which is split. Thus there is a simply connected E-isotropic trialitarian
group T over E with nontrivial Tits algebra (z,b); [Ga98, 4.7], hence it is not
E-quasi-split. It is of type ®Dy since L is not Galois over E. It is E (\/B)—quasi—split
since (x,b) is split over L(v/b) [Ga 98, 5.6]. O

5. RAMIFICATION

Let G be an algebraic group over F. We say that an invariant a € Inv3(G) is
unramified if the composition

HY(B((1),6) —"— H*(E((t)) —— H*(E)
is 0 for every field extension E of F. Otherwise we say that a is ramified. The
following example is typical:

Example 5.1. Let F' be a field with a primitive cube root of unity, and let
L = F(A\Y3) be a cubic Galois extension of F. We claim that the invariant
a € Inv*(PGL3) from §2 given by a(z) = §(x) U (\) is ramified.

The set H!(F, PGL3) classifies degree 3 cyclic central simple algebras (C,d) for
C a cubic Galois extension of F and d € F*. Let [C] € H'(F,Z/3) denote the class
corresponding to C. Then 6(C,d) U (\) is £[C] U (d) U (\) in H3(F, u$?). Taking
E = F(u) for u an indeterminate and C' = E((t))(t'/3) a cubic Galois extension of
E((t)), we have

A(C,u)UN)] =) U(\) € HX(E).

This is nonzero in H?(E) since u is not a norm from the extension E(A\/3)/E.
Hence a is ramified, as claimed. [l

For the rest of the section, we assume that G is simple and simply connected. We
write Inv? (G) for the subset of unramified invariants in Inv®(G). It is a subgroup
since J is a group homomorphism.

Lemma 5.2. [M02] H2,(BG)norm = Inv?lr(G). O

In particular, H3 (BG)pnorm is necessarily finite, see §1.

5.3. If F' has prime characteristic p, then multiplication by p is an isomorphism
of (Q/Z)(2). Hence H*(F), Inv*(G), and — by 5.2 — H2.(BG/F)porm have no
nontrivial p-torsion.

This explains the hypothesis “char F' # 2” in the Main Theorem: a simply con-
nected group G of type D, with nontrivial Tits algebras “should” have H3 (BG)norm
equal to Z/2, but this is impossible in characteristic 2.

Strongly Inner Lemma 5.4. Let G be a simple simply connected group over F,
and fir = € Z'(F,G). The canonical identification Inv®(G) = Inv®(G.,) defined by
rq < rq, restricts to an identification Inv: (G) = Inv? (G.).

Proof. Since G and G, are strongly inner forms of each other, they have ng = ng._,
hence ng = ng_ .
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Let E be an extension of F', and consider the diagram

HY(B((1)),G) ™% H3(E((t)) —— H>(E)

Tzl% ~—m7’g(z)l H

mrg, o

HY(E((t),G:) — H*(E((t))) —— H*(E),
where 7, is the twisting isomorphism and m is an integer. The left box commutes
by [Gi00, p. 76, Lem. 7] or [MPT, 1.7]. The right box commutes because 0 is a

group homomorphism and 9(r¢(z)) = 0. Hence mr¢ is ramified if and only if mrq.
is. O

5.5. Functoriality (homomorphisms). Let a«: H — G be a morphism of
algebraic groups. Then a induces natural homomorphisms

o Inv*(G) — Inv*(H) and o, : Inv? (G) — Inv> (H).

Now suppose that H and G are simple simply connected. If the Rost multiplier
of ais 1, then ny divides ng, hence ng, /n’y; divides ng/ng. (See §1 for definitions.)
Also, o* is a surjection with kernel of order n/, /n’;. Then we have: If Inv> (H) is
trivial, then Inv> (G) is (ng/ny)-torsion.

5.6. Functoriality (scalar extension). Let K be an extension field of F', and
write G for G x g K. The restriction homomorphism

resg/p: Inv? (G/F) — Inv®(G/K)
is the natural surjection Z/ng; — Z/ng, ; its kernel is the (ng/ng, )-torsion in
Inv®(G/F). It restricts to a homomorphism

(resg /) : Invi (G/F) — Invi (G/K).

The kernel of this map is killed by ng/ng, , hence by ng/ng,. We have: If
Inv? (G/K) is trivial, then Tnv> (G/F) is (ng/ng, )-torsion.

6. THE CASE WHERE (G HAS TRIVIAL TITS ALGEBRAS
In this section, we prove:

Proposition 6.1. Let G be a simple simply connected exceptional algebraic group
defined over a field F. If G has only trivial Tits algebras, then Invf’lr(G) =0.

That is, the Main Theorem holds for groups with only trivial Tits algebras by
5.2. In proving the proposition, we may assume that G is quasi-split by the Strongly
Inner Lemma 5.4.

The proposition still holds if the hypothesis “exceptional” is dropped; the clas-
sical groups are treated in [M02].

6.2. Type 3D,. Let L be a separable cubic extension of F over which the quasi-
split group G is of type 'D4. Since G is quasi-split, ng, = 2 and Invir(G/L) =0
by [M 02, 8.5]. Hence Inv> (G/F) is 3-torsion by 5.6. By 5.3 we may assume that
char F' # 3.

Let F’ be the extension obtained from F by adjoining (if not already in F) a
primitive cube root of unity. Then G is still of type D4 over F’ and the invariants
2ra and 4rg are ramified over F’ by 2.2 and 5.1. Since 2rg and 4rg are the only
nontrivial 3-torsion elements of Inv®(G/F), we have shown that Inv? (G) is 0.
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Lemma 6.3. Let G be simple simply connected of type °Dy over F (no restriction
on the Tits algebras). Then Inv: (G) = 0.

Proof. Let A be the unique quadratic extension of F over which G is of type 3D,.
Let K be a generic quasi-splitting field for G over A as in [KR]. Then G is quasi-
split of type 3Dy over K, hence ng,. = 6 and Inv® (G/K) = 0 by the Dy case (6.2).
We have that Inv? (G/F) is 2-torsion by 5.6.

Let L be a cublc extension of F over which G is of type 2Dy. Then ng, = 2
or 4 and Inv? (G/L) = 0 by [M02, 8.5]. Since ng = 6 or 12 (as ng, = 2 or 4),
Inv2 (G/F) is 3-torsion.

Combmmg the two previous paragraphs, we find Inv® (G/F) = 0. O

6.4. Type G,. Here ng = 2, so we may assume that char F # 2. The Rost
invariant for the split group of type Gs is given explicitly in [KMRT, p. 441]. Tt is
the Elman-Lam invariant for 3-Pfister quadratic forms, which is clearly ramified.
6.5. Type Fy. The split G, is contained in our split group G of type Fy with Rost
multiplier 1. Since np, = 6 and ng, = 2, the group Inv> (G) is 3-torsion by 5.5
and the Go case (6.4). In characteristic # 3, the mod 3 part of the Rost invariant
is described in [PR, 3.2], and it is clearly ramified. So Inv3 (G) = 0.

6.6. Type 'Es. The split group G of type Eg contains a subgroup which is split
of type Fy [Sp, 14.20, 14.24] with Rost multiplier 1 [Ga0la, 2.4], and we have
nr, = ng = 6. Hence Inv? (G) = 0 by 5.5 and the F} case (6.5).

6.7. Type ?Es. The group G is split by a quadratic extension and ng = 12. By 5.6
and the 'F case (6.6), Inv® (@) is 2-torsion, hence we may assume that char F' # 2.

Let T and F be as in 4.1. By 3.1, T is contained in a strongly inner form G’ of
G over E. By Lemma 6.3, Inv® (T/E) = 0. Since T has a nontrivial Tits algebra
over E, the Dynkin index np is 12. Since ngs = 12 and the inclusion T C G’
has Rost multiplier 1, we have Inv3 (G’/E) = 0. By the Strongly Inner Lemma,
Inv? (G/E) =0. Slnce G is of type %Fg over F and E, we have ng = ng,,, hence
Inv® (G/F) =0 by 5.6.

6.8. Type FE;. The natural inclusion of root systems gives a split simply connected
subgroup of type Fg inside the split group G of type E;. Since ng = 12 and
ng, = 6, Inv> (@) is 2-torsion by 5.5 and the 'Fg case (6.6). Hence we may assume
that char F' # 2.

Set F/ = F(z) and K = F'(y/z). There is a quasi-split simply connected group
E[ over F of type %Fg associated with the extension K/F'; it injects into G+ with
Rost multiplier 1 [GaOla, §3]. Since ngx = ng,, = 12, Inv (G/F) =0Dby 5.5
and the %F case (6.7). Since ng = 12, we have Inv3 (G/F) = 0.

6.9. Type Eg. As in the previous cases, we may assume that our group G of type
Fg is actually split. The natural inclusion of root systems gives an embedding of a
split simply connected group of type E7 in G with Rost multiplier 1, so Inv3 (G) is
5-torsion by 5.5 and the E7 case (6.8). In particular, we may assume that char F' # 5
by 5.3.

Let F’ be the extension obtained from F by adjoining two indeterminates and (if
necessary) a primitive 5th root of unity. There is an F’-central division algebra D
of dimension 52, namely the symbol algebra determined by the two indeterminates.
Arguing in a manner similar to [Gi02, §1], one finds a strongly inner form G’ of G
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over F' and an injection SL;(D) < G’ with Rost multiplier 1. Now ngr,(py =5
[M 03, 11.5] and Inv? (SLi(D)/F") = 0 (as can be seen from the explicit formula
for the Rost invariant in [M 03, p. 138]), hence Inv? (G’/F’) is 12-torsion by 5.5.
By the Strongly Inner Lemma, Inv? (G/F’) is 12-torsion. Since the Dynkin index
of G is 60 over F and F’, Inv® (G/F) is 12-torsion by 5.6.

Combining the two preceding paragraphs gives that Invir(G ) is 0. This completes
the proof of Prop. 6.1. O

7. PROOF OF THE MAIN THEOREM

Let G be as in the Main Theorem 0.2. If G has only trivial Tits algebras (e.g.,
G is of type Ga, Fy, or Eg), then the Main Theorem holds for G by Prop. 6.1 and
Lemma 5.2.

If G is of type Eg or E7, then we pick a generic quasi-splitting field K of G over
F. We have ng,, = ng and Inv® (G/K) = 0 (by 6.1), hence Inv? (G/F) = 0 by
5.6.

If G is of type %Dy, the Main Theorem holds by Lemma 6.3. The remaining case
is where G is of type 3D, with nontrivial Tits algebras. We have ng = 12 and as
in the proof of 6.3, Inv3 (G) is 2-torsion. Hence we may assume that char F # 2.

The only nontrivial 2-torsion element of Inv®(G) is 6r¢, so we will complete the
proof of the Main Theorem if we show that 6rg is unramified. That is, if we show
that for every extension E of F', the composition

(7.1) HY(E((1),G) 22 g3(B((1) —2— H(E)

is 0.

If G is of type 'Dy over E, then ng, = 2 or 4 [M03, 15.4]. Hence 6r¢,,, =
27G gy, and the composition (7.1) is 0 by [M 02, 8.2].

Otherwise, G is of type D4 over E. That is, if L is a cubic Galois extension of
F over which G is of type Dy, the tensor product I’ := L ®p E is a cubic field
extension of E. We have a diagram

HY(B((1),6) 2% g3 (B((1)) —2— H2(E)

resl resl
1 6re L) ) 9
HY(L'((t),G) ——— H(L'((t)) —— H*(L').

The left box commutes because the Rost invariant is compatible with restriction,
and the right box commutes because the extension E((t)) C L'((t)) is unramified,
hence the whole diagram commutes. Fix a class o in H'(E((t)), G). Since G/ ()
is of type 'Dy, the composition of the two bottom arrows is 0 by the preceding
paragraph, and the image of a in H?(L') is 0. Let 8 € H?(E) be the image of «;
it is 2-torsion because 67 is 2-torsion. Hence

'/ E

B =38 =corp presy g(f8),

which is 0 by the commutativity of the diagram. This shows that the composition
(7.1) — which is the top row of the diagram — is 0 in this case.

Thus Inv? (G) = Z/2 for G of type 3D, with nontrivial Tits algebras when
char F' # 2. This completes the proof of the Main Theorem 0.2. (]
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Corollary 7.2. Let G be a simply connected group of type >Dy or ®D4 over a field
F of characteristic # 2. If G has a nontrivial Tits algebra, then BG is not stably
rational.

Proof. If G is of type 3Dy, this is a direct consequence of the Main Theorem.

If G is of type %Dy, let K be the unique quadratic extension of F over which G
is of type 3Dy. It follows from [Ga 98, 3.2] that G has nontrivial Tits algebras when
G is considered as a K-group. Therefore BG is not stably rational as a K-variety,
hence not as an F-variety. O

Acknowledgements. Thanks to Adrian Wadsworth for his comments on §4 and to
Alexander Merkurjev for suggesting the problem and for enlightening conversations.
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