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1 Introduction and Background

One of the most important recent developments in real algebraic geometry is
Schmiidgen’s Theorem. Let K C RM be the semi-algebraic set determined by
finitely many polynomial inequalities ¢; > 0,...,9s > 0. In case K is compact,
Schmiidgen’s Theorem characterizes the polynomials which take positive values
on K (in terms of {g;}.) In this paper, we consider some variations on this theme:
we look at some canonical non-compact sets K defined in this way, and at stronger
and weaker versions of positivity. In some sense, these studies go back at least
to Hilbert’s 17th Problem (for K = R", corresponding to an empty set {g;}.)
There is also a strong connection with the multidimensional moment problem,
in fact, Schmiidgen’s Theorem is actually a corollary to Schmiidgen’s solution to
the moment problem for compact semialgebraic sets. There are also applications
in problems of optimizing polynomial functions on semi-algebraic sets, see, e.g.,
[10], [11], [13]. For a wealth of information on these problems, their history, and
connections to the moment problem, see [4]. [V — Always write the first paragraph
at the end.]

We introduce some basic notation. Let S = {g1,...,9s} denote a finite set of
polynomials in R[z1,...,z,] := R,, and let

K:ngm{aeR" | fi(a) > 0}.
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Write > R? for the set of finite sums of squares of elements of R,; clearly, any
o in)_ R? takes non-negative values on on R*. We say that o € Y R? is sos.
The preorder generated by S, denoted T, is the set of finite sums of the type
Y ogi' ... g% where o is sos and €; € {0,1}. That is, a typical element of Ts has

the shape
oo + ZUI (HQI) ;
T iel
where the sum is taken over all non-empty I C {1,...,s}, and each o is sos. An

important subset of the preorder is the quadratic module, Mg, which consists of
sums in which ), ¢; <1 for each summand. That is, a typical element of Mg has
the shape

oo + Z OkGk-
k=1

This case is of interest because the quadratic module is computationally simpler
than the preorder and thus more useful for optimization. Clearly, Mg C Tg, and if
s > 2, then inclusion is formally strict. However, there can be non-trivial equality.
For example, if S = {1 — 2,1 + =}, then the identity

1—x)? (1+z)?

(1+2)1—2) = (T) (1+2z)+ (T) (1-z) (1)

shows that 1 — 22 € Mg, so Mg = Ty in this case.

Various notions of positivity. For K C R" and f € R,, we write f > 0 on
K if f(z) > 0for all z € K and f > 0 on K if f(z) > 0 for all z € K. We
also consider at a stronger version of positivity, defined below, which considers
positivity at “points at infinity”. This definition appeared in [17, Ch. 7], in the
context of moment and quadrature problems.

For x = (x1,...,1,) € R*, write (z,1) for (z1,...,Z,, 1) € R*" and let

¥ = (@ 1) € S" Cc R,
(=, 1)]

[V. — I rewrote this and put K* back in. Oddly enough, my father wrote for
“The Kay Starr Show” on radio in the 40’s; she was a singer. If you want to
replace L(K) with K*, then go right ahead.] Suppose K C R" is a closed set. Let
K*={z* | z € K} and let L(K) be the closure of {z* | x € K'}. For example, if
K =TR?, then K* consists of the Northern Hemisphere, and L(K) is the Northern
Hemisphere plus the equator.

Suppose p € R, of degree d and let p* € R, ;1 be the homogenization of p, i.e.,

x x
* o d 1 n
p(ml,...,xn+1).—xn+1p( ey )
Tpt1 Tnt1
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For x € R, let @, 4(z1,...,2) == (1 + 20, 22)%? = |(x,1)[4 It follows from
homogeneity that

p(x) = p*(2,1) = O a(z)p*(27). (2)

We say p is projectively positive on K if p* is positive on L(K), and write p > 0
on K. Clearly, p > 0 on K = p > 0 on K. A simple example shows that the
converse is false: Let K = R? and p(z,y) = 2%y*+1, so that p*(z,y, z) = 2?y?+2*.
Then p > 0 on K; but p*(1,0,0) = 0, so p is not projectively positive on K.
Observe that L(K) is compact, and so if p > 0 on K, then p* achieves a positive
minimum on L(K). [V. - I've rephrased 1. below so that the sentence doesn’t
begin with a symbol, and added a part that’s implicit in much of our reasoning.
If you think it’s trivial, we can delete it.]

Proposition 1. Suppose K C R" is closed and p € R of degree d.
1. There exists ¢ > 0 so that p — c®p 4 is > 0 on K iff p>> 0 on K.
2. If K is compact, then p>0 on K iff p >0 on K.
3. If (x1,...,2n41) € L(K) \ K*, then z,,1 = 0.
Proof. By (2), we have p* > ¢ > 0 on L(K) if and only if
p(0) = By a(@)p*(0") = cBpa(a).

for « € K, proving 1. For 2., it suffices to show that p > 0 on K implies p > 0
on K. Since ®,, 4 is bounded (say, by M) on the compact K, p > ¢ on K implies
that p* > ¢/M on L(K). Finally, suppose

. N N
@1,y ) = Jim (@7, 2),
where (x%N), e ,xﬂ)l) € K* and z,41 > 0. Then without loss of generality, we

may assume that xﬂ)l > 0 for all N, and so, each

—N gy —N
$£z+)1 $§z+)1

belongs to K. Since K is closed, the limit is in K, and by retracing the definition,
we see that (z1,...,2Zn41) € L(K). O

Fix S, and let K = Kg, M = Mg and T = Ts. We consider six properties of S:



x) f>0omnK=feT
v f>0om K= feM
xx) f>0onK=feT
xx)y f>0onK=feM
xxx) f>0on K= feT

xkk)yy f>0on K =feM

*

(
(
(
(
(
(

[V — There must be a reason that two stars don’t space funny, but three stars do. I
found this bizarre fix via google!] There is an immediate diagram of implications:

ft f ft

(k%) = (k%) = (¥)u

In case s = 1, the two rows of properties coalesce; if K is compact, then Proposition
1 implies that the last two columns coalesce. [V. — We should look more carefully
at which subsets of the six properties can hold. Presumably every non-implication
can be refuted. Perhaps this would be a good thesis topic for somebody.]

The motivation of this paper is Schmiidgen’s 1991 Theorem [21], which states
that if S is given and K is compact, then (**) holds. Also, when K is compact,

acobi and Prestel [8] have shown that (xx),; holds i T contains a polynomial
of the foorm — > z? for some non-negative real . In particular, this holds if S
consists of linear polynomials.

On the other hand, Scheiderer [20] showed that if K is not compact and
dim K > 3, or if dim K = 2 and K contains a two-dimensional cone, then (xx)
fails. (Observe that K contains a two-dimensional cone i L(K) contains an arc
on the equator of the unit sphere.) The proof is non-constructive. Although the
case where K is a curve has not been completely settled, there are many results,
especially in the smooth case, see [9], [16], [20]. The case of non-compact semi-
algebraic subsets of R has been settled completely by Kuhlmann and Marshall
[9]. They show that in this case, (**) and (x*%) are equivalent i S contains a
specific set of polynomials which generate S (what they call the “natural set of
generators”). They also show that (xx)y; and (x*x%), are equivalent, and only
hold in a few special cases.

In general, (x*x) will not hold, even in the compact case. An easy example is
given by S = {(1 — 2?)3} , in which case Kg = [-1,1] but 1 — 2? € Ts. [V —
reference and or explicit example desperately needed here!]

The authors [15] previously considered two special cases in R, in which K =
[-1,1] or [0, ). (It is easily shown that, without loss of generality, we may
consider any closed interval in R to be [—1,1], [0, ) or Ritself.) For each of these



intervals, mathematicians had long ago established (*#x*),, using the “natural set
of generators”. In the simplest case, it was already well-known to Hilbert that if
f(z) > 0for x € R, then f is a sum of two squares of polynomials; this corresponds
precisely to T . If we take S = {1+ z,1 — z}, so that K = [—1, 1], then Bernstein
proved (*x) in 1915. On the other hand, if S = {1 —2?}, then Fekete proved (*#x)
(some time before 1930, the first reference seems to be [14]).

The authors showed as Corollary 14 in [15] that if S is given and K = [0, ),
then e+x € Tg forallei S contains cx for some ¢ > 0. In other words, (xx) fails
for the (non-compact) set [0, ) unless the natural generator is included.

In view of the foregoing, we shall consider in this paper products of intervals in
the plane, and our explicit examples will easily apply to all non-compact products
of intervals in R" for > 3. [V — We need to do something about this in the
paper, or else omit the remark.|

There are, up to linear changes and permutation of the variables, six cases of
products of closed intervals in the plane, and we shall use the natural generators:

Ky =[-1,1] [-1,1] So={l—-z,1+z,1—y,1+y};
K, =[-1,1] [0, ) Si={1-z,1+z,y};
K,=[-1,1 (- , ) So={1—-z,1+zx};

K; = [0’ ) [07 ) S3 = {x,y};

K, = [07 ) (_ ) ) Sy = {.’L‘},

K5 = (_ ’ ) (_ ’ ) S5 = -

Since Ky is compact, f > 0 and f > 0 are equivalent and (**) holds, and
(1) implies that () and (), are equivalent. [V — Is this really true Why should
(1+z)(1+y) bein M | It was recently shown in [20] that (s*x*) holds for Kj.
Thus all properties hold for K.

If f> 0 on Kj, then it is > 0 on R? and hence has even degree, as does f*,
which is then an even polynomials. Since L(Kj) is the Northern Hemisphere plus
the equator, it follows that f > 0 if and only if f* is a positive definite ternary
form; since |S5| = 0, () and () are equivalent. Hilbert [6] showed in 1888 that
there are positive polynomials in two variables (that is; on K5) that are not sos,
and Robinson gave a positive definite ternary form that is not sos. Thus, all the
properties fail for K.

[Place holder for a paragraph on K; and K».]

Finally, K3 and K, contain two-dimensional cones, so we already know from
Scheiderer, that (xx) fails for them; we shall present simple examples here. As we
shall see in the next section, (*) does not hold for the cases where we know (xx)
does not hold, namely, K3 and K4. [V — () = () for K4 automatically, but not
for K3, so this ought to be looked at. I have the feeling I'm missing something
here.]



an a an and wuart r an

In the section we consider the semialgebraic sets K3, K4, and K5 with generators
Ss, Sy, and Ss. As stated above, it has been shown that (x*) does not hold for Kj
(Hilbert) nor for K3 and K, (Scheiderer). In this section, we will construct explicit
examples showing that (%) does not hold, which implies (x*) does not hold. [B
- this paragraph also needs some work! V — Again, we write this when we’re
done]

First we consider polynomials f € Ry := R = R[z,y] which are non-negative
in the plane and review some results about when they are in R?. We shall use
the standard terminology that p is psd if p > 0 on R? and p is pd if p > 0 on R?
In 1888, Hilbert [6] gave a construction of a non-sos polynomial which is psd on
R2. This construction was not explicit, and the first explicit example was found
by Motzkin [12] in 1967. R. M. Robinson simplified Hilbert’s construction [19]; we
will use this example to construct the counterexamples in this section:

(z,y,2) = 2% +9° + 28 — (2 + 2%y + 2*2° + 222" + y*2® + yP2?) + 32722

For details on the Motzkin and Robinson examples, see [18]; the form  is usually
denoted R, but we have renamed it to avoid confusion with the many other R’s
in this paper! (V — Hope this is ok.)

Fora > 0,let (x,9,2) = (x,9,2)+ a(x? + y? + 2?)3, then since is psd,
for a > 0, is pd. It is shown in [2], and the observation really goes back to
[6], that the cone of sos ternary sextic forms is closed. Since  does not belong to
this cone, it follows that for some positive value of a, is not sos. In fact, the
methods of [3] can be used to show that  is pd but not sos for a € (0,1/48); we
omit the details. Let (z,y) € R[z,y] be the dehomogenization of , then for
0 a 1/48, is pd and not sos. As already noted, L(K5) = S? C R? is the

unit sphere in R> and *= | hence >>0on K;and is not in T5. Thus (x)
does not hold for Kj.

Note that is even in z and so we can consider f(z,y) = ( x,y), so that
f(z%,y)= (z,y). Then f*(2%,y,2) = (z,y,2), hence f*(z,y,z) > 0 for z > 0.

Since L(K}) is the northern hemisphere plus the equator, it follows that f > 0 on
K,. But if f € T}, then there exist sos o; so that

f(xv y) = O'()(SC, y) + .TO'l(.T, y)
If we replace x by z2 above, we obtain
(z,y) = f(z*,y) = oo(a?, y) + 2’01 (2%, y).

This implies that is sos, a contradiction.
A virtually identical argument shows that ( z, ) > 0 on K3 for a > 0,
but does not belong to 75.



on co act tri int an

Before we discuss K; and Ky, we make a detour to K = [—1,1]. There are two
natural sets of generators for K. Let S; = {1 —x,1+x} and Sy = {1 —2%}. Then
clearly Kg, = K¢ = K and Mg = Ts , because |Sz| = 1. As remarked earlier,
(1) implies that Mg, = Ts,; finally, Ts C T, is immediate and

1 2 (1-27)

1 z= 5 T (3)
shows the converse. Thus it does not matter whether one takes S; or Sy (or M or
T) in discussing [—1, 1].

What do (1) and (3) have to say in the plane First, for K5, we might take
either S; or S, above as the set of generators, keeping in mind that the set of
possible ¢’s is taken from Y R2, rather than Y R? as above. Then, once again
M and T are not a ected by the choice of generators and M = T. For K;, we

similarly have from (3) that 7y | =74 14+, and M, = =M 1.
However, in this case, T'= M. In fact, y(1 — z), which evidently is an element of
T, .4+, ,doesnot belongto M, 4 =M, . Thisis a special case of

the following theorem, which also shows that (xx),; does not hold for any set of
generators for K of the form S = {fi(z),...,f (z),y}. [V. - I've rewritten the
proof extensively, taking s ¢ for consistency and fixing a subtle aw; namely,
that if f; (ag) = 0, then one can’t say anything about s; (ag,y)!]

eore 1. Suppose S = {fi(z),...,f (x),y} is such that Ks = K;. Then for
e er f(zr)eR[z], ehaeglxz,y) =f(x)+y(l—=x)€ Mg. In particular, (%)
does not hold for S.

Proof. Suppose otherwise. Then we would have an identity.

(2) g(z,y) = f(2) +y(1 —2) =0o(z,y) + Zoi(m, y) fi(x) +o 1i(z,y) v,

where the ¢;’s are sos. Let

I={ac|0,1) | Hfi(a) = 0};

I is the interval [0, 1) minus a finite set of points. Fix a € I. Since (a,y) € K;, it
follows that f;(a) > 0. Consider (2) when z = a:

(@) f(a) +y(l—a) =oo(a,y) + Y _oila.y)fila) +0 +(ay) v.

i=1

Each o;(a,y) is sos, and hence psd, and so as a polynomial in y has leading term
c;y? , where ¢; > 0. Let M = max ;. Then the highest power of y occurring in



any term on the right hand side of (4) is y* or y?”*!, with positive coefficient

or coefficients, and so no cancellation occurs. In view of the left hand side, this
highest power must be y*. It follows that M = 0, so that each o;(a, y) is a constant.
Writing 0;(z,y) = 32, 7;(%,9), we see that, deg  ;;(a,y) = 0 fora € I. Suppose
now that deg ;,(z,y) = ,; and write

(1Y) = syt

k=0

We have seen that ;;x(a) =0fora € I'if > 1. Any polynomials which vanishes
on I must be identically zero, hence ;;x(xz) =0for > 1. Thus ,; = 0and each

i.;j(z,y) is, in fact, a polynomial in z alone, so that o;(z,y) = 0,(z). Therefore,
(2) becomes

f@) +y(l—2) =00l +Zog z) +yo (z).

[V. - I've changed the next argument .| Taking the partial derivative of both sides
of this equation with respect to y, we see that 1 —z = o (). This contradicts
the assumption that o 4, is sos.

Suppose now that f(z) is any polynomial which is positive on [—1,1], say
f(x) = e for some € > 0. Then g(z,y) = e+y(1 —z) is positive on K, but g € M,
thus (sx),s fails for K. Observe, however, that if we take either of the standard
generators for Ky, then

1—1)? 1 — 22
(-2, y(1—?)
2 2
This shows that T = Mg in this case. ]

9@, y) =e+y(l—x)=€c+y € Ts.

Proposition . et K = K, =[—1,1] R and suppose f € Rz, y]. The follo ing
are equi alent

1. f>0o0n K
2. f>0on K and f*(0,1,0) >0

3. f > 0 on K and the leading term of f as a pol nomial in y is of the from
cy?, herec €R and d = deg f.

Proof. Tt is not too hard to see that L(K) consists of the intersection of the unit
sphere with the set of ( , , ) satisfying | | < . Then 1. = 2. is clear since
(0,1,0) € L(K). [V. - This is awkward, because we’ve used (1) and (2) as equation
markers. Is there a way to do “item” that gets them as (i), (ii), etc.] Let d = deg f
and write f = ¢+ + 4, where ; is the homogeneous part of f of degree |,



so that f*(z,y,z) = Z?ZO 2% 9 ;(z,y). Then f*(0,1,0) = 4(0,1), which implies
2(0,1) > 0. Hence 4(z,y) must be of the form cy?.

Suppose that (3) holds. We need to show that f( , , )>0for (, , )€ S?
with | | C I =0 then =0and (,, )= (0,1,0: f(0,1,0) > 0
by hypothesis. If > 0, then ( , , )isin K* hence ( / , / ) € K. Since
f(C/ , / )>0 by hypothesis, (2) implies that f (,, )>0.

O

[B — We need to decide if (x)3s holds or not for Sy, if we can.]

[V — I had some trouble understanding this last part, and only made minor
editorial changes. I assume you have a proof of lemma 1. We now want to show
that (x) holds for Ky. We will make use of a representation for polynomials in
R[z] positive on [—1,1] from [15]:

Proposition . Suppose p € Rz], degp = d is positi e on [—1,1] and suppose
that the a solute alue of the coe cients of p is ounded a o e L. et =
min{p( ) | € [-1,1]}. Then there is N € , hich depends onl on d and —

such that p can e ritten

N
p=)Y a(l—z)1+z)" 7 (4)
=0

here a; € Rt for all .

For any polynomial g, write L(g) [V — This is not good, given the definition
of L(K) earlier in the paper. There is no technical reason to avoid it, because
the “variable” is di erent, but it will be confusing to the reader.] for the largest
coefficient (in absolute value) of g. Given f € R[z,y], for € R define f € R|x]

by f (z) = f(z, ).

e a 1. Suppose f € Rz, y], let L denote L(f ) and rite  for the minimum
of f on [—1,1]. Suppose f > 0 on K, then there is some M €  such that for

L
all , = <M.

eore . (%) holds for Ky If f >> 0 on Ky, then f € Ts.

Proof. Foreach € R, f > 0on [—1,1]. By the proposition and the lemma, there
is some N € such that for each € R, we can write

N

f=) al,)1-a2)1+a)"" (5)

=0

with a( , ) € R for all . For each , 0 < < N, define a function ; on R
by () =a(, ). Then each ; is continuous [B-is it V — This is too tersely



written for me to say, or maybe my mind is gone. Magic 8-Ball says “reply hazy,
try again.”] and from (5) we have

f= Z (1—2) (1 +z)V ° (6)

Di erentiating both sides of (6), we see that each ; must be a polynomial, and
from (5) we see that ; > 0 on R Then each ; is a sum of squares and plugging
sos representations of the ;’s in to (6) yields a representation of f in T5. O
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